Nankai
Series in
Pure,
Applied
Mathematics
and
Theoretical
Physics

Vol. 9

OPERADS AND
UNIVERSAL
ALGEBRA




OPERADS AND
UNIVERSAL
ALGEBRA



NANKAI SERIES IN PURE, APPLIED MATHEMATICS AND
THEORETICAL PHYSICS

Editors: S. S. Chern, C. N. Yang, M. L. Ge, Y. Long

Published:

Vol. 1  Probability and Statistics
eds. Z. P. Jiang, S. J. Yan, P. Cheng and R. Wu

Vol. 2 Nonlinear Anaysis and Microlocal Analysis
eds. K. C. Chung, Y. M. Huang and T. T. Li

Vol.3  Algebraic Geometry and Algebraic Number Theory
eds. K. Q. Feng and K. Z. Li

Vol.4  Dynamical Systems
eds. S. T. Liao, Y. Q. Ye and T. R. Ding

Vol.5  Computer Mathematics
eds. W.-T. Wu and G.-D. Hu

Vol. 6  Progress in Nonlinear Analysis
eds. K.-C. Chang and Y. Long

Vol.7  Progress in Variational Methods
eds. C. Liuand Y. Long

Vol. 8  Quantized Algebra and Physics
Proceedings of International Workshop
eds. M.-L. Ge, C. Bai and N. Jing

Vol.9  Operads and Universal Algebra
Proceedings of the International Conference
eds. C. Bai, L. Guo and J.-L. Loday



Proceedings of the International Conference on
Operads and Universal Algebra

Tianjin, China 5-9 July 2010
Nankai
tw' OPERADS AND
Pure,
Applied
wieies.  JNIVERSAL
and
Theoretical
s ALGEBRA
Vol. 9
Edited by
Chengming Bai
Nankai University, China
Li Guo

Rutgers University at Newark, USA

Jean-Louis Loday

CNRS, France & Université de Strasbourg, France

\\:3 World Scientific

NEW JERSEY - LONDON - SINGAPORE « BEIJING « SHANGHAI « HONG KONG « TAIPEI -« CHENNAI



Published by

World Scientific Publishing Co. Pte. Ltd.

5 Toh Tuck Link, Singapore 596224

USA office: 27 Warren Street, Suite 401-402, Hackensack, NJ 07601
UK office: 57 Shelton Street, Covent Garden, London WC2H 9HE

British Library Cataloguing-in-Publication Data
A catalogue record for this book is available from the British Library.

Nankai Series in Pure, Applied Mathematics and Theoretical Physics — Vol. 9
OPERADS AND UNIVERSAL ALGEBRA
Proceedings of the International Conference

Copyright © 2012 by World Scientific Publishing Co. Pte. Ltd.

All rights reserved. This book, or parts thereof, may not be reproduced in any form or by any means,
electronic or mechanical, including photocopying, recording or any information storage and retrieval
system now known or to be invented, without written permission from the Publisher.

For photocopying of material in this volume, please pay a copying fee through the Copyright
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923, USA. In this case permission to
photocopy is not required from the publisher.

ISBN-13 978-981-4365-11-6
ISBN-10 981-4365-11-4

Printed in Singapore.



Preface

The Summer School and the International Conference “Operads and
Universal Algebra” were held at the Chern Institute of Mathematics
(Nankai University, Tianjin) from June 28 to July 9 of 2011. The present
volume is the Proceedings of these events.

The goal of the Summer School was to introduce the non-specialists to
the theory of algebraic operads and to the current problems in universal al-
gebra. The aim of the International Conference was to expose the forefront
research on these themes. These events successfully brought together teach-
ers and students in mathematics from all around China (including Beijing,
Tianjin, Guangzhou, Hangzhou, Harbin, Kunming and Lanzhou) and from
France (including Paris, Lyon and Strasbourg), but the International Con-
ference hosted also specialists from several other countries (see the list of
participants).

During these two weeks we found a strong convergence of the methods:
the Grobner-Shirshov bases. They are a key tool in the work on rewriting
systems of the mathematical school of South China Normal University and
they turn out to be an efficient ingredient in the algorithmic proof of Koszul
duality, both for algebras and for operads. It was also a first opportunity
to compare the work of the French school and the Chern Institute of Math-
ematics school on the “higher algebra” types like dendriform algebras and
the like.

These Proceedings show the strong relationship between topics coming
from universal algebra, algebraic topology, computer science and mathe-
matical physics. Also included in these proceedings are a list of problems
in operad theory and an encyclopedia of types of algebras accumulated as
of 2010.

The fruitfulness of this meeting can be judged not only by these Pro-
ceedings, but also by the productive collaborations which occurred during
and after this meeting, and the ties forged through this meeting that result
future visits and events, including the next meeting “Operads and rewrit-
ing” to be held in Lyon in November 2011.



vi Preface

The Summer School and the International Conference were preceded
by a preparatory week which was held at the Capital Normal University,
Beijing from June 21 to June 25, 2011.
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Fig. 1.

Group Photo of the Preparatory School on “Operads and Universal Algebra”
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Fig. 2. Group Photo of the Summer School on “Operads and Universal Algebra”




Fig. 3.

Group Photo of the International Conference on “Operads and Universal Algebra”
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Grobner-Shirshov Bases for Categories™

L. A. Bokut'

School of Mathematical Sciences, South China Normal University,
Guangzhou 510631, P. R. China
Sobolev Institute of Mathematics, Russian Academy of Sciences
Siberian Branch, Novosibirsk 630090, Russia
E-mail: bokut@math.nsc.ru

Yuqun Chen? and Yu Li

School of Mathematical Sciences, South China Normal University,
Guangzhou 510631, P. R. China
E-mail: yqgchen@scnu. edu.cn
liyu820615@126.com

In this paper, we give a short survey of Grébner-Shirshov bases in algebra. We
establish Composition-Diamond lemma for categories that is closely related
to non-commutative Grobner bases for quotients of path algebras. Grobner-
Shirshov bases for simplicial category and cyclic category are obtained.

Keywords: Grobner-Shirshov basis; simplicial category; cyclic category.

1. Introduction

This paper devotes to Grobner-Shirshov bases for small categories (all cat-
egories below are supposed to be small) presented by a graph (=quiver)
and defining relations (see, Maclane®®). As important examples, we use the
simpicial and the cyclic categories (see, for example, Maclane,?® Gelfand,
Manin??). In an above presentation, a category is viewed as a “monoid with
several objects”. A free category C'(X), generated by a graph X, is just “free
partial monoid of partial words” v = z;, ...xz;,, n > 0, x; € X and all
product defined in C'(X). A relation is an expression u = v, u,v € C(X),

*Supported by the NNSF of China (Nos.10771077, 10911120389).

fSupported by RFBR. (project 09-01-00157), Integration Project SB RAS No.94, and
the Federal Target Grant “Scientific and educational staff of innovation Russia” for
2009-2013 (contracts 02.740.11.5191, 02.740.11.0429, 14.740.11.0346).

fCorresponding author.
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where sources and targets of u,v are coincident respectively. The same as
for semigroups, we may use two equivalent languages: Grébner-Shirshov
bases language or rewriting systems language. Since we are using the for-
mer, we need a Composition-Diamond lemma (CD-lemma for short) for a
free associative partial algebra kC(X) over a field k, where kC(X) is just
a linear combination of uniform (with the same sources and targets) par-
tial words. Then it is a routing matter to establish CD-lemma for kC(X).
It is a free category (“semigroup”) partial algebra of a free category. Re-
mark that in the literature one is usually used a language of rewriting
system, see, for example, Malbos.?* Let us stress that the partial asso-
ciative algebras presented by directed multi-graphs and defining relations
are closely related to the well-known quotients of the path algebras from
representation theory of finitely dimensional algebras, see, for example, As-
sem, Simson, Skowroniski.! In this aspect Grébner-Shirshov bases for cate-
gories are closely related to non-commutative Grobner bases for quotients
of path algebras, see Farkas, Feustel, Green.*! Rewriting system language
for non-commutative Grébner bases of quotients of path algebras was used
by Kobayashi.*” Main new results of this paper are Grébner-Shirshov bases
for the simplicial and cyclic categories.
All algebras assume to be over a field.

2. A short survey on Grobner-Shirshov bases

What is now called Grobner and Grobner-Shirshov bases theory was ini-
tiated by A. I. Shirshov (1921-1981),5667 1962 for non-associative and Lie
algebras, by H. Hironaka,***5 1964 for quotients of commutative infinite
series algebras (both formal and convergent), and by B. Buchberger,3!:32
1965, 1970 for commutative algebras.

English translation of selected works of A. I. Shirshov, including,
recently pulished.%8

Remark that Shirshov’s approach was a most universal as we under-
stand now since Lie algebra case becomes a model for many classes of
non-commutative and non-associative algebras (with multiple operations),
starting with associative algebras (see below). Hironaka’s papers on reso-
lution of singularities of algebraic varieties become famous very soon and
Hironaka got Fields Medal due to them few years latter. B. Buchberger’s
thesis influenced very much many specialists in computer sciences, as well
as in commutative algebras and algebraic geometry, for huge important ap-
plications of his bases, named him under his supervisor W. Grébner (1898-
1980).

66,67 ig



Grobner-Shirshov Bases for Categories 3

Shirshov’s approach for Lie algebras,%” 1962, based on a notion of com-
position [f, gl of two monic Lie polynomials f, g relative to associative
word w, i.e., f,g are elements of a free Lie algebra Lie(X) regarded as
the subspace of Lie polynomials of the free associative algebra k(X) and
w € X*, where X* is the free monoid generated by X. The definition of
Lie composition relies on a definition of associative composition (f,g). as
(monic) associative polynomials (after worked out into f, g by Lie brackets
[,y] = zy —yx) relative to degree-lexicographical ordering on X*. Namely,
(f,9)w = fb— ag, where w = acb, f = ac, g = cb, a,b,c € X*, ¢ # 1.
Here f means the leading (maximal) associative word of f. Then (f,g)w
belongs to the associative ideal Id(f,g) of k(X) generated by f, g, and the
leading word of (f, g) is less than w. Now we need to put some Lie brackets
[fb] — [ag] on fb— ag in such a way that the result would belong to the Lie
ideal generated by f, g (so we can not trouble bracketing into f,g) and the
leading associative word of [fb] — [ag] must be less than w. To overcome
these obstacles Shirshov used his previous paper,5* 1958 with a new linear
basis of the free Lie algebra Lie(X). As it happened the same linear basis
of Lie(X) was discovered in the paper Chen, Fox, Lyndon,3? 1958. Now
this basis is called Lyndon-Shirshov basis, or, by a mistake, Lyndon ba-
sis. It consists of non-associative Lyndon-Shirshov words (NLSW) [u] in X,
that are in one-one correspondence with associative Lyndon-Shirshov words
(ALSW) w in X. The latter is defined as by a property u = vw > wv for
any v,w # 1. Shirshov,% 1958 introduced and used the following properties
of both associative and non-associative Lyndon-Shirshov words:

1) For an ALSW u, there is a unique bracketing [u] such that [u] is a
NLSW.

There are two algorithms for bracketing an ALSW. He mostly used
“down-to-up algorithm” to rewrite an ALSW u on a new alphabet X, =
{xi(xp)?, i > B, j >0, xg is the minimal letter in u}; the result v’ is again
ALSW on X, with the lex-ordering z; > ;23 > ((z;x8)zg) > .. ..

It is Shirshov’s rewriting or elimination algorithm from his famous pa-
per Shirshov,%® 1953, on what is now called Shirshov-Witt theorem (any
subalgebra of a free Lie algebra is free). This rewriting was rediscovered by
Lazard,* 1960 and now called as Lazard elimination (it is better to call
Lazard-Shirshov elimination).

There is “up-to-down algorithm” (see Shirshov,%® 1958, Chen, Fox, Lyn-
don,?® 1958): [u] = [[v][w]], where w is the longest proper end of u that is
ALSW and in this case v is also an ALSW.

2) Leading associative word of NLSW [u] is just u (with the coefficient

1).
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3) Leading associative word of any Lie polynomial is an associative
Lyndon-Shirshov word.
4) A non-commutative polynomial f is a Lie polynomial if and only if

f=f—==fi=fipn— = fa=0,

where fi = fiv1 = fi — ailug], fi = u; is an ALSW, q; is the leading
coefficient of f;, i =0,1,....

5) Any associative word ¢ # 1 is the unique product of (not
strictly) increasing sequence of associative Lyndon-Shirshov words: ¢ =
c1eo - Cp, ¢ <o < ¢y, ¢; are ALSW's.

6) If w = avdb, where u,v are ALSW, a,b € X*, then there is a rel-

ative bracketing [u], = [a[v]b] of u relative to v, such that the leading
associative word of [u], is just u. Namely, [u] = [a[vc]d], ed = b, [u], =
[a[[v[e1]] ... [en]]d], ¢ = cica--- ¢y as above.

7) If ac and cb are ASLW’s and ¢ # 1 then acb is an ALSW as well. If
a,b are ALSW’s and a > b, then ab is an ALSW as well.

Property 5) was unknown to Chen-Fox-Lyndon,®® 1958 (cf. Berstel-
Perrin,% 2007).

Lyndon,”® 1954 was actually the first for definition of associative
“Lyndon-Shirshov” words. To the best of our knowledge no one use the term
“Lyndon words” before Lothaire,?? 1983. For example, Schiitzenberger,®?
1965 and Viennot,% 1978 mentioned Chen-Fox-Lyndon,? 1958 and Shir-
shov,%* 1958 as a sorce of ALSW. On the other hand, there were dozens
of papers and some books on Lie algebras that mentioned both associative
and non-associative “Lyndon-Shirshov” words as Shirshov’s regular words,
see, for example, P. M. Cohn,?” 1965 and Bahturin,? 1978.

Now a Lie composition [f, g],, of monic Lie polynomials f, g relative to
a word w = fb= ag = ach, ¢ # 1 is defined by Shirshov,5” 1962 as follows

[/ glw = [f] 7 — [aglg,

where [fb] ; means the result of substitution f for [f] into the relative brack-
eting [w]qe of w with respect to f = ac and the same for [ag]s.

According to the definition and properties above, any Lie composition
[f,glw 1s an element of the Lie ideal generated by f,g, and the leading
associative word of the composition is less than w.

The composition above is now called composition of intersection. Shir-
shov avoided what is now called composition of inclusion

[fa g]w = f - [agb]flv w = f: agb,
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assuming that any system S of Lie polynomials is reduced (irreducible)
in a sense that leading associative word of any polynomial from S does
not contain leading words of another polynomials from S. This assumption
relies on his algorithm of elimination of leading words for Lie polynomials
below.

For associative polynomials the elimination algorithm is just non-
commutative version of the Fuclidean elimination algorithm. For Lie poly-
nomial case Shirshov,5” 1962 defined the elimination of a leading word as
follows:

If w = avdb, where w,v are ALSW’s, and v is the leading word of some
monic Lie polynomial f, then the transformation [w] — [w]—[afb], is called
an elimination of leading word of f into w. The result of Lie elimination is
a Lie polynomial with a leading associative word less than w.

Then Shirshov,%” 1962 formulated an algorithm to add to an initial
reduced system of Lie polynomials S a “non-trivial” composition [f, g]u,
where f, g belong to S. Non-triviality of a Lie polynomial h relative to S
means that A is not going to zero using “elimination of leading words of
S”. Actually, he defines to add to S not just a composition but rather the
result of elimination of leading words of S into the composition in order to
have a reduced system as well.

Then Shirshov proved the following.

Composition Lemma. Let S be a reduced subset of Lie(X). If f
belongs to the Lie ideal generated by S, then the leading associative word
f contains, as a subword, some leading associative word of a reduced multi-
composition of elements of S.

He constantly got the following corollary.

Corollary. The set of all irreducible NLSW’s [u] such that u does not
contain any leading associative word of a reduced multi-composition of
elements of S is a linear basis of the quotient algebra Lie(X)/Id(S).

Some later (see Bokut,” 1972) the Shirshov Composition lemma was
reformulated in the following form: Let S be a set of monic Lie polynomials
closed under compositions (it means that any composition of intersection
and inclusion of elements of S is trivial). If f € Id(S), then f = asb for
some s € S. In other words, S-irreducible NLSW’s is a linear basis of the
quotient algebra Lie(X)/Id(S).

The modern form of Shirshov’s lemma is the following (see, for example,
Bokut, Chen'3).

Shirshov’s Composition-Diamond lemma for Lie algebras. Let
Lie(X) be a free Lie algebra over a field, S monic subset of Lie(X) relative
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to some monomial ordering on X*. Then the following conditions are equiv-
alent:

1) S is a Grobner-Shirshov basis (i.e., any composition of intersection
and inclusion of elements of S is trivial).

2) If f € 1d(S), then f = a3b for some s € S, a,b € X*.

3) Irr(S) = {[u]|[u] is a NLSW and u does not contain any §,s € S} is
a linear basis of the Lie algebra Lie(X|S) with defining relations S.

The proof of the Shirshov’s Composition-Diamond lemma for Lie al-
gebras becomes a model for proofs of number of Composition-Diamond
lemmas for many classes of algebras. An idea of his proof is to rewrite any
element of Lie ideal generated by S in a form

> aifaisibil,

where each s; € S, a;,0; € X*, «; € k such that

i) leading words of each [a;s;b;] is equal to a;5;b; (in this case an ex-
pression [asb] is called normal Lie S-word in X') and

11) a151b1 > agSaby > .. ..

Now let F'(X) be a free algebra of a variety (or category) of algebras.
Following the idea of Shirshov’s proof, one needs

1) to define appropriate linear basis (normal words) of F(X),

2) to define monomial ordering of normal words or some related words,

3) to define compositions of element of S (they may be compositions of
intersection, inclusion and left (right) multiplication, or may be else),

4) prove two key lemmas:

Key Lemma 1. Let S be a Grobner-Shirshov basis (any composition of
polynomials from S is trivial). Then any S-word is a linear combination of
normal S-words.

Key Lemma 2. Let S be a Grobner-Shirshov basis, [a1$1b1] and [a252b5]
normal S-words, s1,s2 € S. If w = a;57by = a253ba, then [a;si1by] =
[a2s2b2] mod(S,w), i.e., [a151b1] — [a282b2] is a linear combination of normal
S-words with leading terms less than w.

There are number of CD-lemmas that realized Shirshov’s approach to
them.

Shirshov,%” 1962 assumed implicitly that his approach, based on the
definition of composition of any (not necessary Lie) polynomials, is equally
valid for associative algebras as well (the first author is a witness that
Shirshov understood it very clearly and explicitly; only lack of non-trivial
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applications prevents him from publication this approach for associative
algebras). Explicitly it was done by Bokut!? 5

CD-lemma for associative algebras is formulated and proved in the same
way as for Lie algebras.

Composition-Diamond lemma for associative algebras. Let k(X
be a free associative algebra over a field k£ and a set X. Let us fix some
monomial ordering on X*. Then the following conditions are equivalent for
any monic subset S of k(X):

1) S is a Grobner-Shirshov basis (that means any composition of inter-
section and inclusion is trivial).

2) If f € 1d(9), then f = asb for some s € S, a,b € X*.

3) Irr(S) = {u € X*|u # asb,s € S,a,b € X*} is a linear basis of the
factor algebra k(X|S) = k(X)/Id(X).

and Bergman.

There are a lot of applications of Shirshov’s CD-lemmas for Lie and
associative algebras. Let us mention some connected to the Malcev embed-
ding problem for semigroup algebras (Bokut,”® 1969, there is a semigroup
S such that the multiplication semigroup of the semigroup algebra k(.S),
where k is a field, is embeddable into a group, but k(S) is not embed-
dable into any division algebra), the unsolvability of the word problem for
Lie algebras (Bokut?), Grobner-Shirshov bases for semisimple Lie algebras
(Bokut, Klein?%27), Kac-Moody algebras,® finite Coxeter groups (Bokut,
Shiao??), braid groups in different set of generators (Bokut, Chainikov,
Shum,?* Bokut,'! Bokut'?), quantum algebra of type A, (Bokut, Mal-
colmson?®), Chinese monoids (Chen, Qiu3*).

There are applications of Shirshov’s CD-lemma,¢ 1962 for free anti-
commutative non-associative algebras: there are two anti-commutative
Grobner-Shirshov bases of a free Lie algebra, one gives the Hall basis
(Bokut, Chen, Li'®), another the Lyndon-Shirshov basis (Bokut, Chen,
Li'?).

Bokut, Chen, Mo?!' proved and reproved some embedding theorems for
associative algebras, Lie algebras, groups, semigroups, differential algebras,
using Shirshov’s CD-lemmas for associative and Lie algebras.

Bahturin, Olshanskii® found embeddings without distortion of finitely
generated associative and Lie algebras into 2-generated simple algebras.
They also used Shirshov’s CD-lemmas for associative and Lie algebras.

Mikhalev®® used Shirshov’s approach and CD-lemma for associative al-
gebras to prove CD-lemma for colored Lie super-algebras.

Mikhalev, Zolotykh®” proved CD-lemma for free associative algebra over
a commutative algebra. A free object in this category is k[Y]®@k(X), tensor
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product of a polynomial algebra and a free associative algebra. Here one
needs to use several compositions of intersection and inclusion.

Bokut, Fong, Ke?® proved CD-lemma for free associative conformal (a
sense of V. Kac0) algebra C(X, (n),n = 0,1,...,D, N(a,b),a,b € X) of
a fixed locality N(a,b). A linear basis of free associative conformal alge-
bra was constructed by M. Roitman.®® Any normal conformal word has
a form [u] = ai(n1)[az(n2)l...[ax(ng)D'agy1]...]], where a; € X,n; <
N(aj,aj41), ¢ > 0. The same word without brackets is called the leading
associative word of [u]. One needs to use external multi-operator semigroup
as a set of leading associative words of conformal polynomials (it is the same
as for Lie algebras), several compositions of inclusion and intersection, and
new compositions of left (right) multiplication (last compositions are ab-
sent into classical cases). Also in the CD-lemma for conformal algebras we
have 1) = 2) < 3), but in general, 1) does not follow 2). Here conditions
2) and 3) are formulated in terms of associative leading words, the same as
for Lie algebras. We see that CD-lemma for associative conformal algebras
has a lot of in common with CD-lemma for Lie algebras, but there are also
some differences. Though PBW-theorem is not valid for Lie conformal alge-
bras (M. Roitman®!), some generic intersection compositions for universal
enveloping algebra U(L) of any Lie conformal algebra L are trivial (it is
called “1/2 PBW theorem”).

Bokut, Chen, Zhang?? proved CD-lemma for associative n-conformal
algebras, where instead of one derivation D and polynomial algebra k[D)]
one has n derivations Dq,..., D, and polynomial algebra k[D1,...,D,].
Here 2) follows 1) but not conversely. This case is treated in the same way
as for n = 1. A more general case, the associative H-conformal algebra (or
H-pseudo-algebra in a sense of Bakalov, D’Andrea, Kac?), where H is any
Hopf algebra, is still open.

Mikhalev, Vasilieva®® proved CD-lemma for free supercommutative
polynomial algebras. Here they use compositions of multiplication as well.

Bokut, Chen, Li'" proved CD-lemma for free pre-Lie algebras (also
known as Vinberg-Koszul-Gerstenhaber right-symmetric algebras).

Bokut, Chen, Liu?° proved CD-lemma for free dialgebras in a sense of
Loday.%% Here 2) follows 1) but not conversely.

The cases of associative conformal algebras and dialgebras show that
definition of Grobner-Shirshov bases by condition 1) is in general preferable
to one by condition 2).

Bokut, Shum?® proved CD-lemma for free I'-associative algebras, where
I" is a group. It has applications to the Malcev problem above and to Bruha
normal forms for algebraic groups.
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Eisenbud, Peeva, Sturmfels® found non-commutative Grébner basis of
any commutative algebra (extending any commutative Grobner basis to
non-commutative one).

Bokut, Chen, Chen'® proved CD-lemma for Lie algebras over commu-
tative algebras. Here one needs to establish Key Lemma 1 in a more strong
form — any Lie S-word is a linear combination of S-words of the form [asb]s
in the sense of Shirshov’s special Lie bracketing. As an application they
proved Cohn’s conjecture® for the case of characteristics 2, 3 and 5 (that
some Cohn’s examples of Lie algebras over commutative algebras are not
embeddable into associative algebras over the same commutative algebras).

Bokut, Chen, Deng'® proved CD-lemma for free associative Rota-Baxter
algebras. As an application, Chen and Mo?® proved that any dendriform
algebra is embeddable into universal enveloping Rota-Baxter algebra. It
was Li Guo’s conjecture,*3

Bokut, Chen, Chen'* proved CD-lemma for tensor product of two
free associative algebras. As an application they extended any Mikhalev-
Zolotyh commutative-non-commutative Grobner-Shirshov basis laying into
tensor product k[Y]®k(X) to non-commutative-non-commutative Grébner-
Shirshov basis laying into k(Y)®k(X) (a la Eisenbud-Peeva-Sturfels above).
They also gave another proof of the Eisenbud-Peeva-Sturmfekls theorem
above.

As we mentioned in introduction, Farkas, Feustel, Green*! proved CD-
lemma for path algebras.

Kobayashi*® proved CD-lemma for algebras based on well-ordered semi-
groups.

Drensky, Holtkamp?®® proved CD-lemma for nonassociative algebras
with multiple linear operators.

Bokut, Chen, Qiu?? proved CD-lemma for associative algebras with mul-
tiple linear operators.

Dotsenko, Khoroshkin3® proved CD-lemma for operads.

3. Composition-Diamond lemma for categories
3.1. Free categories and category partial algebras

LetX = (V(X), E(X)) be an oriented (multi) graph. Then the free cat-
egory on X is C(X) = (Ob(X), Arr(X)), where Ob(X) = V(X) and
Arr(X) is the set of all paths (“words”) of X including the empty paths 1,,
v € V(X). It is easy to check C'(X) has the following universal property.
Let € be a category and T'¢ the graph relative to €, i.e., V(I'¢) = Ob(%)
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and E(T'y) = mor(%¢). Let ¢ : X — C(X) be a mono graph mor-
phism of the graph X to the graph I'c(x), where e = (e1,e2), and e;
is a mapping on V(X), ez on E(X), both e; and ey are mono. For any
graph morphism b from X to 'y, where b = (b1,b2), and by is mono,
there exists a unique category morphism (a functor) f : C(X) — ¥,
such that the corresponding diagram is commutative, i.e., fe = b. There-
fore each category ¥ is a homomorphic image of a free category C(X)
for some graph X and thus % is isomorphic to C(X)/p(S) for some set
S, where S = {(u,v)|u,v have the same sources and the same targets} C
Arr(X) x Arr(X) and p(S) the congruence of C(X) generated by S. If this
is the case, X is called the generating set of ¥ and S the relation set of ¢
and we denote ¥ = C(X|5).

Let € be a category, k a field, k¢ the set of elements f = > | a;pi,
where «; € k, u; € mor(€), n >0, u; (0 <i<n) have the same sources
and the same targets.

Note that in k%, for f, g € k€, f + g is defined only if f, g have the
same sources and the same targets.

A multiplication - in k% is defined by linearly extending the usual com-
positions of morphisms of the category . Then (k% -) is called the cat-
egory partial algebra over k relative to ¥ and kC(X) the free category
partial algebra generated by the graph X.

3.2. Composition-Diamond lemma for category partial
algebras

Let X be a oriented (multi) graph, C'(X) the free category generated by
X and kC(X) the free category partial algebra. Since we only consider the
morphisms of the free category C(X), we write C'(X) just for Arr(X).

Note that for f,g € kC(X) if we write gf, then it means that the target
of g is the source of f.

A well ordering > on C'(X) is called monomial if it satisfies the following
conditions: u > v = ww > vw and wu > wv, for any u,v,w € C(X).

In fact, there are many monomial orderings on C'(X). For example, let
E(X) be a well-ordered set. We order C(X) by the following way: for any
words 4 = &1+ Ty, v = Y1+ Yy € C(X), u > v iff m > nor (m =
n and T1 = y1,T2 = Yo2,..., Tt = Y, Ter1 > Y1 for some 0 <t < n).
It is easy to check that the above ordering, called degree lexicographical
(deg-lex) ordering, is a monomial ordering on C(X). In the next section,
we will give other monomial orderings on C'(X).
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Suppose that > is a fixed monomial ordering on C'(X). Given a nonzero
polynomial f € kC(X), it has a word f € C(X) such that f = af +>_ a;u;,
where f > u;, a,o; € k, u; € C(X). We call f the leading term of f and
f is monic if o = 1.

Let S C kC(X) be a set of monic polynomials, s € S and v € C(X).
We define S-word us inductively:

(i) us = s is an S-word of s-length 1.

(ii) Suppose that us is an S-word of s-length m and v is a word of length
n, i.e., the number of edges in v is n (denoted by |v| = n). Then ugv
and vus are S-words of s-length m + n.

Note that for any S-word us = asb, where a,b € C(X), we have asb =
asb.

Let f,g be monic polynomials in kC(X). Suppose that there exist
w,a,b € C(X) such that w = f = agb. Then we define the composition of
inclusion by

(f,9)w = [ — agb.

For the case that w = fb = ag, w,a,b € C(X) and |w| < |f| +|g|, the
composition of intersection is defined by

(f.9)w = fb—ayg.

It is clear that

(fs9)w € 1d(f,9) and (f,g9)w < w,

where Id(f,g) is the ideal of kC'(X) generated by f,g.
The composition (f, g) is trivial modulo (S, w), if

(fs 9w = Z Q;a;5;b;

where each a; € k, a;,b; € C(X), s; €S, a;s;b; an S-word and a;5;b; < f.
If this is the case, then we write (f,¢)w = 0 mod(S,w). In general, for
p,q € kC(X), we write

p=q mod(S,w)

which means that p—q = > a;a;8,;b;, where each o; € k, a;,b; € C(X), s; €
S, a;s;b; an S-word and a;5;b; < w.
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Definition 3.1. Let S C kC(X) be a nonempty set of monic polynomials.
Then S is called a Grobner-Shirshov basis in kC(X) if any composition
(f,9)w with f,g € S is trivial modulo (S, w).

Lemma 3.1. Let ays1b1, ass2by be S-words. If S is a Grobner-Shirshov
basis in kC'(X) and w = a157b1 = a23S3ba, then

a151b1 = ass3ba mod(S, w).

Proof. There are three cases to consider.

Case 1. Suppose that subwords 31 and 55 of w are disjoint, say, |as| >
|a1| 4 |81]. Then, we can assume that as = a151¢ and by = ¢Saby for some
c € C(X), and so, w = a151¢S2b2. Now,

a151b1 — ass2bs = a181¢52bo — a151¢s2bo

= a1510(§2 — 52)b2 + CLl(Sl — §1)CSQb2.
Since 33 — s3 < §9 and s1 — 51 < §1, we conclude that

a151b1 —CLQSQbQ = E ;U S1V; + E ﬂj’UJjSQUj
i J

for some ay, 3; € k, S-words u;s1v; and u;s9v; such that u;51v;, u;520; < w.

This shows that a1s1b1 = azs2bs  mod(S, w).

Case 2. Suppose that the subword §; of w contains S5 as a subword. We
may assume that 51 = aS2b, as = aja and by = bby, that is, w = a;1aS20b;
for some S-word assb. We have

alslbl — a232b2 = alslbl — a1a32bb1
= 181 — CLSbel
= ai(s1, 52)s701
=0 mod(S,w)
since S is a Grobner-Shirshov basis.

Case 3. 51 and 52 have a nonempty intersection as a subword of w. We

may assume that ao = aya, by = bba, w1 = 510 = aS,. Then, we have
alslbl — a232b2 = alslbbg — a1a32b2
= al(slb - aSQ)bQ
= a1(51,52)w, b2
0 mod(S,w)

This completes the proof. O
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Lemma 3.2. Let S C kC(X) be a subset of monic polynomials and
Irr(S) = {u € C(X) | uw # asb, a,b € C(X), s € S}. Then for any

fekC(X),
f= Z Uy + Z Bjajsib;

ui<f a;55b;<f

where each oy, B € k, u; € Irr(S) and ajs;b; an S-word.

Proof. Let f = «a;u; € kC(X), where 0 # o; € k and uy > ug > ---. If

uy € Irr(S), then let f1 = f — aquy. If uy & Irr(S), then there exist some
s€ Sanday, b € C(X),suchthat f =u; = a151b1. Let fi = f—aja151b;.
In both cases, we have f; < f. Then the result follows from the induction
on f. O

Theorem 3.1. (Composition-Diamond lemma for categories) Let S C
kC(X) be a nonempty set of monic polynomials and < a monomial or-
dering on C(X). Let I1d(S) be the ideal of kC(X) generated by S. Then the
following statements are equivalent:

(i) S is a Grobner-Shirshov basis in kC(X).
(i) f € Id(S) = f = asb for some s € S and a,b € C(X).
(i1)" f e Id(S) = f = ajar1siby + asazsaba + ..., where each o; € k, a;s;b;
is an S-word and a151b1 > ax82b0 > .. ..
(iii) Irr(S) ={ue C(X) | u#asbabeC(X), s€ S} is alinear basis of
the partial algebra kC(X)/1d(S) = kC(X]S).

Proof. (i) = (ii). Let S be a Grobner-Shirshov basis and 0 # f € Id(S).
Then, we have

n
[= E o;a;5:b;
i=1

where each o; € k, a;,b; € C(X), s; € S and a;s;b; an S-word. Let
Wi = a;5b;, w1 = wp = =W > Wiy >

We will use the induction on [ and w; to prove that f = a3b for some
se Sanda,be C(X).

If { =1, then 7 = a181b1 = a151b1 and hence the result holds. Assume
that [ > 2. Then, by Lemma 3.1, we have

a151b1 = agsaby mod(S,wy).
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Thus, if a1 +ag # 0 or [ > 2, then the result holds. For the case a; +as = 0
and [ = 2, we use the induction on w;. Now, the result follows.

(ii) = (i7)'. Assume (i) and 0 # f € Id(S). Let f = ay f +---. Then,
by (i), f = a157b;. Therefore,

fi=f—aia1s1by, f1 < f, fi € Id(S).

Now, by using induction on f, we have (i)’

(#4)" = (23). This part is clear.

(#4) = (i4i). Suppose that Y a;u; = 0 in kC(X|S), where oy € k, u; €
Irr(S). It means that > a;u; € Id(S) in kC(X). Then all o; must be equal

to zero. Otherwise, > au; = uj; € Irr(S) for some j which contradicts (ii).

Now, by Lemma 3.2, (iii) follows.

(#i1) = (4). For any f,g € S, by Lemma 3.2 and (iii), we have (f, g)w
0 mod(S,w) . Therefore, S is a Grobner-Shirshov basis.

o

Remark. If the category in Theorem 3.1 has only one object, then Theorem
3.1 is exactly Composition-Diamond lemma for free associative algebras.

4. Grobner-Shirshov bases for the simplicial category and
the cyclic category

In this section, we give Grobner-Shirshov bases for the simplicial category
and cyclic category respectively.

4.1. Grobner-Shirshov basis for the simplicial category

For each non-negative integer p, let [p] denote the set {0,1,2,...,p} of
integers in their usual ordering. A (weakly) monotonic map p : [q] — [p]
is a function on [g] to [p] such that i < j implies p(é) < p(j). The objects
[p] with morphisms all weakly monotonic maps p constitute a category L
called simplicial category. There is an equivalent definition for simplicial
category given by Maclane.?”

Let X = (V(X), E(X)) be an oriented (multi) graph, where V(X) =
(B | pe 2% U0} and BCX) = &} lp— 1] — ol m) < o+ 1) —
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[q)|p>0,0<i<p,0<j<gqg} Let S CC(X)xC(X) be the relation set
consisting of the following:

. i J—1 _ _J i : ;
fq+1,q ©Eq1fg T Egpifp b
. T 0nt i, gt : :
gq,q+1 . nqnq+1 - 77q77q+17 J 2 2
; j—1 . .
‘ €q—1"g—2> J >,
X i i . .
hq—l,q . 77q_15q— 1q,1, =17, 7’_]+17

53'1__1177;_27 1>7+ 1.

Then the simplicial category L is just the category C(X|S) generated by
X with defining relation set S, see Maclane,” Theorem VIII. 5.2. We will
give another proof in what follows.

We order C(X) by the following way.

Firstly, for any 77;,772 € {77;|p >0,0<i<p}, 17; > ng iffp>qor(p=gq
and i < j).

Secondly, for each u = 77;1177;22---77;2 € {77;|p > 0,0 < i < pp* (all
possible words on {nfo |p > 0,0 < i < p}, including the empty word 1,, v €
Ob(X)), let wt(u) = (n,n;’z,n;:‘lj, -+ ,mit). Then for any u,v € {n}|p >
0,0 <i<p}* u>viff wi(u) > wt(v) lexicographically.

Thirdly, for any E;,EZ S {sfo, lpe Z+,0 <i<p}, sfo > ag iff p>qor
(p=gqandi<j).

Finally, for each u = voel viel2 - - efr v, € C(X), n >0, v; € {n}|p >
0,0 < i < p}*, let wt(u) = (n,vg,v1,- - ,’Un,E;ll,--- ,52;;). Then for any
u,v € C(X),

u =, v< wt(u) > wt(v) lexicographically.

It is easy to check that the =, is a monomial ordering on C(X). Then
we have the following theorem.

Theorem 4.1. Let X, S be defined as the above. Then with the ordering
=1 on C(X), S is a Grobner-Shirshov basis for the category partial algebra
kC(X|S).

Pro?f. According.to the ordering >, qu’q = sfﬁlag’l, Ggar1 = 77577;+1
andh,_, = 772_1531. So, all the possible compositions of S are the following:

(a> (fq+2,q+1’ q+1,q)5k ci =17 k S 1 S ] - 1,
a+2g+179 )
(b) (gqflwq’gq,qﬂ) & 1 <5<k

Jpt
Tg—1"9"g+1
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(C) (hq,q+17 q+1,q) ki j—17 { S .] - 17

NG€q+1°

(@) (92013 R014) , J<k

k3
ng nq 164

We will prove that all possible compositions are trivial. Here, we only
give the proof of the (b). For others cases, the proofs are similar.

Let us consider the following subcases of the case (b): (I) ¢ < j < k; (II)
i<jgj=korj=k+1; ) i<k k+1<j(AV)ji>k+1,i=kk+1;
V)j>i>k+1.

For (I),
_ i k—1_j—1 _  k_j _i
(hq,q+1’ q+l,q)n§€i+1€é*1 = &¢Ng-1%y Nq€q+1%4
q
i J—1_k—2 G k—1 z
= CqCq-1"g—2 ~ &¢Mlg-184
— Jj—1
=0 mod(S, nq5q+15q ).
For (I1),
_ i k=1_j-1  k_Jj i
(Mg g Hlvq)nw -1 = Eqllg-184 Nq€q+184
q%0+1°4
_ ki _j—1
=0 mod(S,n,eq 160 7)
For (I11),
i k=1_j—1 _  k_j i
(h’q,q+1’ q+1,q)ng€i+laj—1 —Eqanli?q nq5q+15q
q
— i g2 k-1 J—1_k i
€q€q-1"lg—2 — g Tg—1%q
_ j—1
=0 mod(S, nq q+15 ).
For (IV),
-1 k.j o i
(hq,q+17 Q+1,q)7k5i i—1 =& Ng€q+1%q
1q€q4+1%9
_ -1 g1k i
=e)  —¢ nq 184
_ J—1
=0 mod(S, nq q+15 ).
For (V),
j—1 _ k_J i
(hq,q+1= Q+1,q)n§€i+lsg*1 nq 1&g Nq€q+184
q
— gi—1.-2 =1k i
=8¢ Eg- lnq— € Tlg-184
_ i _j—1
=0 mod(S,nq5q+1sq ).
Therefore S is a Grobner-Shirshov basis in kC'(X). |
) glm J ;
By Theorem 3.1, Irr(S) = {e}} --- &, m+117q no P > > >

im >0, 0<j1 <...<jn<gqgandqg—n+m = p}is a linear basis
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of the category partial algebra kC(X|S). Therefore, we have the following
corollaries.

Corollary 4.1. (Maclane,”® Lemma VIII. 5.1) In the category C(X|S),
each morphism i : [q] = [p] can be uniquely represented as

i1 . .'Einl

J1 Jn
€p p—m+1Mg—n """ Mg—1>

wherep>11 > ...>0, 20, 0<j1<...<jp<qandqg—n+m=np.

Corollary 4.2. (Maclane,’® Theorem VIII. 5.2) Let L be the simplicial
category defined as before. Then L = C(X|S).

4.2. Grobner-Shirshov basis for the cyclic category

The cyclic category is defined by generators and defining relations as fol-
lows, see.®? Let Y = (V(Y),E(Y)) be an oriented (multi) graph, where
VY)={lpl Ip€ Z*U{0}} and E(Y) ={e}, : [p— 1] = [p], n) : [a+1] =
lq], tq gl =gl [p>0,0<i<p,0<j<g} Let SCCOY)xC(Y) be
the set consisting of the following:

Joiia: sfﬁlag_l = aéﬂsfp J >,
Gowsr T MMbr = Mymity. G >4,
. 5271772:;7 ] > i,
Ryryt Th1Ey= Ly, =g, i=j+1,
8211177;_2, i>7+1,
p1: tqsfzzsf';ltq_l, 1=1,...,q,
p2 fq772=772_1fq+17 1=1,...,q,
p3 thrl =1,

Then the category C(Y]S) is called cyclic category, denoted by A. In the
following, we give a Grobner-Shirshov basis for the cyclic category.

Let us order C(Y) by the following way.

Firstly, for any ), tJ € {tylg > 0}*, (t,)" > (tg)7 iff i > j or (i =
jand p > q).

Secondly, for any 77;,773 € {77;)|P > 0,0 <i < p}, 17;‘7 > 773 iff p>qor
(p=gqandi<j).

Thirdly, for each w = wonilwin? - wp_1nrw, € {tg,nhlg,p >
0,0 < 4 < pi¥ where w; € {tgl¢g > 0}, let wi(u) =
(n,wo, Wi, Woy M ey, ++ 51y ). Then for any w,v € {tg,n}lq.p >

0,0 <i<p}* u>viff wi(u) > wt(v) lexicographically.
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Fourthly, for any E;,EZ S {5;, lpe Zt,0<i<p}, 5; > ag iff p>qor
(p=gqandi<j).

Finally, for each u = woejlviel? - -eirv, € CY), n > 0, v; €
{tqvn;)|q7p > 050 <i< p}*a let Wt(u) = (nav()vvlv e avnvgzi)llv 75;-)2)

Then for any u,v € C(Y),
u >, ve wt(u) > wt(v) lexicographically.

It is also easy to check the ordering >, is a monomial ordering on C'(Y'),
which is an extension of >,. Then we have the following theorem.

Theorem 4.2. Let Y, S be defined as the above. Let S¢ = S U {p4, ps},
where

q
q’

P5 tqﬁg = nZtﬁﬂ-

. 0 _
pa: tggg =€

Then

(1) With the ordering =, on C(Y), S is a Grébner-Shirshov basis for the
cyclic category partial algebra kC(Y'|S).

(2) For each morphism p : [q] — [p] in the cyclic category A = C(Y|S), p
can be uniquely represented as

’L‘l.'.im jl _.'jn k
Ep Epferlnq—n anltq’

IN

where p > 41 > ... > 0y >0, 0< 1 < ... <jn<gq 0<Ek

q and q—n+m=p.

P;‘oof. It is easy to check t_hat fqﬂ’q = aflﬂsg_l, Jyarr = ngnéﬂ, ﬁqfl,q =
My—1Eqs P1 = teeh, P2 = tally, p3 = t4T, pa = t4el) and ps = tyny.

First of all, we prove Id(S) = Id(S¢). It suffices to show p4, ps € Id(S5).
Since (pg,pl)tg+1ag:tgag_ltq,1 — Eg = tq62t371
(P3, p2) a1 s =tdnd™ a1 —nd = tangtyy —nd, pa € 1d(S) and tgngtg,, —
nd € Id(S). Clearly, the leading term of the polynomial t,nJtl,, — nd is
tyngte . Therefore (tgmgtd,, — ng’p3)tqn2t3ﬁ = —tgn) +nlt2,, and thus
pPs5 € Id(S).

Secondly, we prove that all possible compositions of S¢ are trivial which
are the following:

—ed = tqsg — el = ps and

(@) (frizgss Q+1,q)5k G g1 k<i<j-1
at2ser1ts
(b) (gq—l,q7gq,q+1)nk i 0 < J < kv
q—1"a"g4+1
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" i<i-1;
JozatsPara) o i o TEK

q—2"'q—1"4g ) )
pl?fq+l,q) j—1> j>landz:172,,”’q7

t +15 +15

q,q+17 q+1,q) kot j—17?
77q5q+15q

(

(

(

(pg,p1)tg+1az, i=1,2,...,¢q

(P2 9a.q1) i o =i and j=1,2,...q;
(p2’hqvq+1)tqnés;+1’ j>iand j=1,2,...,¢q
(pg,pz)tgﬂné, 1=1,2,...,q;

(

(

(

(

(

(J 14 7p4)tq+1

(k) (p3,p5) 041,05

(] P4, fq+1’q)tq+152+15§*1 , J>0;
(IIl P5, gq,q+1)tq770n0+1;

0.i ,12>0.
tangehi’

pss Py i)

Here, we only give the proof of the case (n) (ps,h,,,.), e, The
ang€ge1
others can be similarly proved. Let us consider the following subcases of

the case (n): (I) ¢ = 0; (IT) 4 = 1; (III) ¢ > 1.
For (I),

2 0
(p57 hq,q+1) = ngthrlqurl - tq

tanq<g+1
=1 tq-l-lggii —tq
=1 q+1t(1 — 1
=0 mod(S,tenied, ).

For (1),

g2 1 _
(p57hq,q+l)tqngsé+l = Nglo+1€q+1 — tg
= nit 0
= Ngte+1€q+1te — Ug
q+1
= nq q+lt tq

=0 mod(S, tqngs}ﬁl).
For (III),

(p57hq’q+1)fqﬂ2€é+l nq q+1€q+1 nq 1

= 77q5;+21t2 Z_21€(1_177(171
=0 mod(S,tengeli1)-

Thus S is a Grobner-Shirshov basis in kC(Y).
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Now, by Theorem 3.1, for each morphism p : [¢q] — [p] in A = C(Y|S)
can be uniquely represented as

i im, j in 4k

521 ...5;_m+1n3117n . ..né_ltq,
where p > i1 > ... > 4y, >0, 0< j1 < ... < jJn <gq 0< k<
qand ¢—n—+m=p. O

Remark. According to Loday,?' the uniqueness property in Theorem 4.2
(2) was known.

Acknowledgement: The authors would like to thank the referee for com-
ments.
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We show how non-symmetric operads (or multicategories), symmetric oper-
ads, and clones, arise from three suitable monads on Cat, each extending to
a (pseudo-)monad on the bicategory of categories and profunctors. We also
explain how other previous categorical analyses of operads (via Day’s tensor
products, or via analytical functors) fit with the profunctor approach.

1. Introduction

Operads, in their coloured and non-symmetric version, are also known as
multicategories, since they are like categories, but with morphisms which
have a single target as codomain but a multiple source (more precisely, a
list of sources) as domain. These morphisms are often called operations
(whence the term “operad” for the whole structure). Operads for short are
the special case where the multicategory has just one object, and hence the
arity of a morphism is just a number n (the length of the list), while the
coarity is 1. There are many variations.

e non-symmetric operads versus symmetric operads versus clones (these
variations concern the way in which operations are combined to form
compound operations);

e operations versus cooperations (one input, several outputs), or “biop-
erations” (several inputs, several outputs);

e operations whose shape, or arity, is more structured than a list (it could
be a tree, etc...).

In this paper, we deal principally with the first variation, and touch on
the second briefly. Our goal is to contribute to convey the idea that these
variations can be smoothly and rather uniformly understood using some
categorical abstractions.
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We are aware of two approaches for a general categorical account of
such variations. The first one, which is also the earliest one, is based on
spans, while the second one is based on profunctors. In both approaches,
one abstracts the details of the variant in a monad, and one then extends
the monad to the category of spans, or to the category of profunctors. Here,
we take the profunctor approach.

e Spans are pairs of morphisms with the same domain, in a suitable cate-
gory C. Burroni has shown [®] that every cartesian* monad T on C ex-
tends to a monad on spans, and then, for example, multicategories arise
as endomorphisms endowed with a monoid structure in the (co)Kleisli
(bi)category of a category of spans.

e Profunctors are functors ® : C x C’°? — Set. As pointed out by
Cheng ['] , every monad in Cat (the 2-category of categories) satisfying
a certain distributive law can be extended to the category of profunctors
(whose objects are categories and whose morphisms are profunctors).
We exhibit here how

non-symmetric and symmetric operads, and clones, arise (again) as
monoids in the (co)Kleisli (bi)category associated with the respective
extended monad.

This is all rather “heavy” categorical vocabulary. We shall unroll this slowly

in what follows. We offer the following intuitions for why monads, spans,
and profunctors are relevant here.

e Monad. Consider the following composition of operations:

By plugging the output of g and h on the inputs of f in parallel, we put
together the three inputs of ¢ and the input of A, yielding a compound

*A monad T is cartesian if it preserves pullbacks (hence C is required to have pullbacks)
and if all naturality squares of the unit and multiplication of the monad are pullbacks.
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operation with 3 + 1 = 4 inputs. In other words, one may read two
shapes on the upper part of the picture: ((-,-,-),-), and (-,-,-,-). The
first one remembers the construction, the second one flattens it. This
flattening is a typical monad multiplication (monad of powersets, of
lists, etc...).

e Span. Each bioperation has an arity and a coarity: the legs of the span
are this arity and coarity mappings, respectively.

e Profunctor: A profunctor gives a family of sets of bioperations of fixed
arity and coarity.

Arities (or coarities) are governed by the monad T. For example, an
operad will be a span / profunctor from 7'1 to 1, where T" takes care of the
multiplicity of inputs (1 is the category with one object and one morphism).
Similarly, a cooperad will go from 1 to T'1.

The span approach and the profunctor approach should be related,
since one goes from profunctors to spans via the “element” or so-called
Grothendieck construction. But under this correspondence the (bi)category
of profunctors is (bi)equivalent to a subcategory of spans only, the discrete
fibrations, while on the other hand the span approach leaves a lot of free-
dom on the choice of the underlying category C. As a matter of fact, the
two approaches have led to different types of successes. The current state
of the art seems to be that:

(1) using spans, an impressive variety of shapes in the non-symmetric case

[23] for a book-length account;

(2) using profunctors, one may cover the two other kinds of variations men-
tioned in this introduction.

have been covered. We refer to

In the sequel, we use (and introduce) the profunctor road. In Section
2, we introduce several monads on Cat. After recalling the notion of Kan
extension in Section 3, we present two classical categorical accounts of op-
erads in Sections 4 and 5. We proceed then to profunctors in Section 6. A
plan of the rest of the paper is given at the end of that section.

Notation We shall use juxtaposition to denote functor application. More-
over, if F' is a functor from, say C to SetP, we write FXD for (FX)D,
ete... .
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2. Three useful combinators

Consider the following three operations, or combinators. Think of them
as morphisms in a category whose objects are (possibly empty) sequences
(C1,...,Cp), where the C;’s range over the objects of some category C.

Ch Co C C
Cs Ch C C &
These combinators should satisfy equations:
Cl Cg 03 C1 02 CS
&
o S S
Cs
03 CQ 01 = 03 02 Cl

(compare with the familiar equations of transpositions, and notice that here
we do not have to index them over natural numbers).

Cq Cs C C
Cs . ¢y ¢4 Cs C C : :
Ch Cs = C c = C C

The other equations are the familiar ones for comonoids, and (mutatis

mutandis) for distributive laws (see below). For a complete list, we refer
the reader to [>??] .
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Take any X C {0, 0, ¢}. We build a category ! x C as follows: objects are
sequences (C1,...,C,) of objects of C .T Morphisms are string diagrams
built out of the combinators taken from X and out of the morphisms of
C, quotiented over all the equalities that concern the combinators of X,

including their naturality, and the equalities
Ch C1 C

D
QD <

Cs = Cs c =
which allow to embed C functorially into !x C. String diagrams are com-
binations of vertical and horizontal combinations of the basic combinators
0,0,€, f, such as the ones drawn above.

For six of the eight choices of X, the functor !y is equipped with a
monad structure: the unit takes C to (C) and f: C' — D to f: (C) — (D)
and the multiplication on objects is the usual flattening, which takes
(C},...,CH),(CL,...,Ci)) to (CF,...,CM). A little care is needed to
define the “flattening” on morphisms. A morphism of !!C is an assem-
bling of boxes connected by combinators typed in !C. When we remove
the boxes, we need to turn these combinators into (assemblings of) com-
binators typed in C. We call this an expansion. A o is expanded by
means of ¢’s, an e is expanded by putting €’s in parallel, but we need
0’s and o’s to expand a §. For example, at type (C1,Cs), the expansion
of § : ((C1,C2)) = ((Cy,C4),(Cy,C3)) is the following morphism from
(Cl, CQ) to (Cl, Cg, Cl, CQ)Z

C 1 C’2
Cy Cs
C 1 CQ Cl 02

fThis notation, that comes from linear logic ['8] ,

(see [*] for explicit links with linear logic).

stresses the idea of multiple input
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We therefore exclude !¢5y and !5 ) from our treatment. But all the other !
constructions are fine.

Three of the six remaining combinations are of particular interest. If
X =0 (resp. X = {0}, X = {0,d,¢}), then !C is the free strict monoidal
(resp. symmetric monoidal, cartesian) category over C. (By cartesian cat-
egory, we mean “category with specified finite products”). We write them
Im, s, 1, respectively:

monoidal symmetric monoidal cartesian

| ! !

‘m s °f

When X = {0,6,€}, the l-algebras are the cartesian categories, and when
X = 0 (resp. X = {0}), the (pseudo-) l-algebras are the monoidal (resp.

symmetric monoidal) categories. We refer to [2%] for details.

We define 7C = (I(C°?))°P. Graphically, this amounts to reversing the
basic combinators o, d, e (which could then, if we cared, be called o, p1,n),
while maintaining the orientation of the combinators f imported from C
(since they become themselves again after two °P’s). But it is more conve-
nient to stick with o, d, €, to reverse the direction of the f’s, and to read the
diagrams in the bottom-to-top direction. In particular, when C = 1 (the
terminal category), there is no f to reverse...

When X = () or X = {o}, then ?C is (isomorphic to) !C. When X =
{0, 6, €}, 7C is the free cocartesian category over C. The objects of 71 are
written 0, 1,2, .. ., standing for (), (), (,+, "), . . ., where - is the unique object
of 1.

Note that for any choice of 7, there is a faithful functor from 71 to Set.
For any morphism from m to n, i.e., for any string diagram constructed out
of the combinators in X that has n input wires and m output wires, one
constructs a function from {0,...,m—1} to {0,...,n—1}, by the following
rules.

o: the transposition on {0, 1};

e: the unique function from the empty set to {0};

d: the unique function from {0, 1} to {0};

vertical composition of string diagrams: function composition;

horizontal composition of string diagrams: their categorical sum, i.e.,
for f:4{0,....m—1} = {0,....n—1} and g : {0,...,p — 1} —
{0,...,¢—1}, f+9:{0,....om+p—1} = {0,...,n+¢g—1} is defined
by (f +g)(i) = f(i) if i <m and f+ g(i) = g(i) +n if i > m.
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More synthetically, the function f associated with a string diagram
is obtained by naming the output and input wires 0,1,...,m — 1 and
0,1,...,n—1, respectively, and then computing f(i) as the name of the in-
put wire reached when starting from input wire ¢, going up in é nodes, and
going up left or right in ¢ nodes according to whether this node is reached
from down right or down left, respectively. For example, the picture

represents the function f: {0,1,2} — {0, 1,2} defined by
fO)=r1)=1 f(2)=0

Note on this example that e witnesses the lack of surjectivity. More precisely,
as first shown by Burroni [?] , the functor, when suitably corestricted, gives
the following isomorphims and equivalences of categories:

70 identity functions
?ts}  bijections

(0.5} all functions

?{5,5} monotone functions
7oy surjective functions
?{oe}  injective functions

where, say, the last line should be read as follows: the category 7;, (1) is
equivalent to the category of finite sets and injective functions, and isomor-
phic to its full subcategory whose objects are the sets {0,...,i—1} (i € N).
For 7¢5¢(1), one must take the category of all finite total orders.

3. Kan extensions

We recall that given a functor K : M — C, a left Kan extension of a
functor T : M — A along K is a pair of a functor Lank(T) : C — A and
a natural transformation n : T — Lang (T)K such that (Lang (T),nr) is
universal from T to A¥. This means that for any other pair of a functor
S : C — A and a natural transformation « : T — SK there exists a unique
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natural transformation p : Lang (T) — S such that « = puK on. Here we
shall only need to know that the solution of this universal problem is given
by the following formula for Lank (T):

LanKTC:/ CIKM,C]-TM

where we use Mac Lane’s notation for coends [**] . Coends are sorts of
colimits (or inductive limits), adapted to the case of diagrams which vary
both covariantly and contravariantly over some parameter: here, M ap-
pears contravariantly in C[K M, C] and covariantly in 7M. In the formula,
C[KM,C]-TM stands for the coproduct of as many copies of TM as there

are morphisms from KM to C.

ME C
l%anKT
A

When K is full and faithful, then 7 is iso, and in particular the tri-
angle commutes (up to isomorphism). When moreover K is the Yoneda
embedding, we get

M
LanyTX:/ Xm-TM

When moreover A is a presheaf category Set”, we have (since limits and
colimits of presheaves are pointwise):

M
LcmyTXDz/ XM xTMD

or, making the quotient involved in the coend explicit:

LanyTXD = (Y XM x TMD)/
M

When =~ is termwise, i.e. is the disjoint union of equivalences ~; each on
XM x TMD, we get a formula which will look more familiar to algebraic
operadists:

LanyTXD =Y (XM ®y TMD)
M

(where we have written (XM x TMD)/~p as XM ®p TMD). In our
examples, ~ will not always be termwise (it will be in the operad cases, but
not in the clone case).
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4. Kelly’s account of operads

In 1972, Kelly gave the following description of operads [*!] (see also ['3] ):

1 11— Y . Set™
Q-
X lX AX‘X’-)_JX
Set’!

In this diagram, the functor X ®- associates with n the nth iterated tensor
of X, with respect to the following tensor product structure on Set™ due
(in a more general setting) to Day [*?] :

m,n

(XeY)p= Xm x Ynx?1m+ n, p|

The n-ary tensor product is described by the following formula (which also
gives the unit of the tensor product, for m = 0):

MN1yeeesMm
(X10Xe®..0X,)p = / Xiny X .o X Xy X1 [ng 4. . 41y, pl

Hence the formula for Lany(X®-)Y, which we write Y e X, is
(YeX)p=["Ymx X®mp
— fm’m"'”’"’" Ym x Xny X ... x Xnypx?1[ng 4+ ... 4+ npm, p)

In the case of !; this boils down to

(YoX)p:/mme (Xp)™

This is because in a cocartesian category, a morphism f : ni+...+n, —p
amounts to morphisms f; €?1[n;, p] which allows us to define a map from
Xng X ..o X Xngy,x?1ng + ... 4 npy, p| to (Xp)™ as follows:

(ala o '7am7f) — (Xflala cee 7Xfmam)
and then to “extend” cocones indexed over m to cocones indexed over
MM, ey Ty
One can check rather easily that the substitutions operation e, together
with the unit defined by
In =71[1,n]

provide a (non-symmetric) monoidal structure on Set’? (for Te X ~ X,
one uses the fact that X ®- is functorial).

When !is I, l5, 1, respectively, a monoid for this structure (I, e) is an
operad, a symmetric operad, a clone, respectively.
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5. Operads from analytic functors

Another way to arrive at the operation e just defined is via a different Kan
extension:

c
71 — Set

X
l Angx

Set

where C is the faithful (and non full) functor described at the end of Section
2. This is the approach taken by Joyal (for !;) [?°] . In Joyal’s language,
X is called a species of structure, and Lanc X is the associated analytic
functor, whose explicit formula is (for any set z):

Lanc Xz = / 2" x Xm
It can be shown that Lanc is faithful. Then Y e X is characterised by the
following equality:
Lanc(Y e X) = LancY o Lanc X
which evidences the fact that e is a composition operation. Indeed, we have:

LancY (Lanc X 2)
= ["(["z"x Xn)™ x Ym
= [Tt s Xy XX X, X Ym
= [P x ("™ Y mox Xy XX X X 21 ng + .+ R, )
=Lanc(Y e X)z
(the summation over p is superfluous since from f €?71[ny +...+ n,y, p| we
get 26U from 2P to zmttnm),

6. Profunctors
Recall that a profunctor (or distributor) [>6] ® from C to C’ is a functor
d:CxC” — Set

We write @ : C—=C’. Composition of profunctors is given by the following
formula:

o
(Tod)C,C") = / v, C") x o(C,C")

Therefore, profunctors compose only up to isomorphism. Categories, pro-
functors, and natural transformations form thus, not a 2-category, but a
bicategory [4] .
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The bicategory Prof of profunctors is self-dual, via the isomorphism
°? : Prof — Prof°” which maps C to C°? and ® : C;—+C3 to

Hor — ((02701) — (I)(Cl,CQ)) : Cp% —=C, P

The composition of profunctors can be synthesised via Kan extensions:
Given ® : C—>=C’ and ¥ : C'—=C", consider their “twisted curried”*
versions ®' : €7 — Set® and ¥’ : C”°? — Set®’, defined by &'C'C =
O(C,C") and ¥'C"C" = ¥(C’,C"). Then it is immediate to check that ¥od
is the uncurried version of (Lany®’) o ¥’ as illustrated in the following
diagram:

CIUP Yy SetC/ - C/IOP
l /L‘myq" -
(b/
(Tod)’
Set®

Now we take “profunctor glasses” to look at Kelly’s and Joyal’s dia-
grams.

e A presheaf X :71 — Set can be viewed as a profunctor
(n—= (-~ Xn)):71—=1

e X% can be viewed as a profunctor from ?1 to 71 (since (71)°? =
I(1°P) =11). Thus the transformation

X 711
X®-:71+4=71

suggests to consider ? as a comonad over Prof.

e The diagram and the formula defining Y e X in Section 4 exhibit Y ¢ X
as the profunctor composition of Y :?71—1 and X®- :71—=71. But a
better way to put it is that Y e X is the composition of Y and X in the
coKleisli bicategory Prof;, and we shall see that it is indeed the case.

e Joyal’s construction amounts to “taking points”. We first observe that
?0 = 1, where () is the empty category. (This holds for any of the eight
choices for !.) Tt follows that () is terminal in Prof-. In this category,
the points of an object C are the morphisms from () to C, i.e., the

fAfter the name of Curry, who defined a calculus of functions called combinatory logic,
based on application and a few combinators, and where functions of several arguments
are expressed through repeated applications.



36 P.-L. Curien

profunctors from 1 to C, i.e. the presheaves over C. In particular, the
points of 1 are just sets. We shall see that

Prof;[), X] = Lanc X

i.e., that the analytic functor associated with the presheaf X describes
its pointwise behaviour in Prof-.

Our goal is thus to figure out 7 as a comonad on Prof. We shall do this
in three steps:

e In Section 7, we show that profunctors arise as a Kleisli category for
the presheaf construction C +— Set®”.

e In Section 9, we show that all the monads ! of Section 2 distribute over
Psh. Distributive laws are recalled in Section 8. In Section 10, we pause
to explain how both Day’s tensor product and this distributive law can
be synthesised out of considerations of structure preservation.

e in Section 11, we show that this distributive law allows us to extend !
to a monad on Prof, and by self-duality we obtain the comonad ? that
we are looking for.

Warning. In what follows, we ignore coherence issues for simplicity, and
we partially address size issues.

e Coherence issues arise from the fact that we shall compose mor-
phisms using coend formulas, which make sense only up to iso. In
particular, our “distributive law” will in fact be a “pseudo-distributive
law” [10,16725] .

e Size issues arise from the fact that the presheaf construction is dramati-
cally size increasing. It is therefore in fact simply not rigorous to call Psh
a monad (or even a pseudo-monad) on Cat. But the issue is fortunately
not too severe. In a forthcoming paper, Fiore, Gambino, Hyland, and
Winskel propose a general notion of Kleisli structure, which we shall
sketch here (ignoring again coherence issues), and in which Psh fits.

7. Profunctors as a Kleisli category
If we write a profunctor ® : C;—=Csg in (untwisted) curried form
Cy — (Cy = ®(Cy, Cy)) : C1 — SetC?’

P

this suggests us to look at the operation Psh on the objects of Cat defined
by Psh(C) = Set®”. The idea is to exhibit Psh as a (pseudo-)monad, so
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that profunctors arise as a Kleisli category. We have a good candidate for
the unit 7, namely: ) : C — Psh(C).

But the Yoneda functor makes sense only for a locally small category
(one in which all homsets are sets), while it is not clear at all whether Psh
keeps us within the realm of locally small categories, i.e. if C is locally small,
then Set®” is not necessarily locally small. It is neverheless tempting to
go on with a multiplication p : Set(setcop)op — Set®” given by a left Kan
extension

o op | o;
Set®” Y Set(SetC )

idl /
pn=Lany (id)

SetC”

with explicit formula p(H)C = fF HF x FC. But why should a coend on
such a vertiginous indexing collection exist?

We pause here to recall that an equivalent presentation of a monad on
a category C is by means of the following data:

e for each object C' of C, an object T'C' of C, and a morphism no €
C[C, TC];

e for all objects C, D of C and each morphism f € C[C, T D], a morphism
f# ecC[TC, TD];

satisfying the equations f = f# on = f, ,n* =id, , (g% o f)# = g* o f7.

Let us also recall the definition of the associated Kleisli category Cr:
its objects are the objects of C, and one sets Cr[C, D] = C[C, T D], with
composition easily defined using the composition in C and the _# operation.

It turns out that under this guise, the definition of monad can be gen-
eralised in a way that will fit our purposes. Ignoring coherence issues, a
Kleisli structure (as proposed in ['%] ) is given by the following data:

e a collection A of objects of C;

e for each object A in A an object TA of C, and a morphism 74 €
C[A, T A];

e for all objects A, B in A and each morphism f € C[A, T'B], a morphism
f# € C[TA,TBJ;

satisfying the same equations. The associated Kleisli category Cr has A as
collection of objects, and one sets Cr[A, B] = C[A, TB]. We recover the
monads when every object of C is in 4. But in general there is no such
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thing as a multiplication, since it is not granted that T7TC exists for all C'.
We also note that in a Kleisli structure, T is still a functor, not from C to
C, but from C | 4 (the full subcategory spanned by A) to C.

In our setting, we have C = Cat, and we can take A to consist of the
small categories (in which the objects form a set, as well as all homsets).
Then we have no worry about the coends that we shall write. We complete
the definition of the Kleisli structure with the definition of the _# operation.

c —2% set”

|
F#*=Lany (F)

SetP”

and the explicit formula is F# XD = fc XC x FCD. 1t is then an easy
exercise to check that the three equations of a Kleisli structure are satisfied,
and that the composition in the associated Kleisli category coincides with
the composition of profunctors as defined in the previous section.

We end the section with a description of the functorial action of Psh
(on, say, functors between small categories):

C
Psh(F)XD = (npsy o F)#* XD = / XC x D[D, FC]

8. Distributive laws

Recall that a distributive law [*] (see also [?] ) is a natural transformation
A : TS — ST, where (S,ns,us) and (T, nr, pr) are two monads over the
same category C, satisfying the following laws, expressed in the language

of string diagrams:
j i |

EQUATION (X — n7):
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EQUATION (A — pr):

S T T S T T
S
T
T T
T S = T S

and two similar equations (A — pg) and (A — ng).

A distributive law allows us to extend T to Cg, the Kleisli category of S
(and conversely, such a lifting induces a distributive law such that the two
constructions are inverse to each other).® The extended T acts on objects
as the old T'. On morphisms, its action is described as follows:

Ch T
Ch Ch T
Gy
S
T
Cs S Cy T S
Cy = Cy T

§ From another standpoint, a distributive law X : T'S — ST also amounts to lifting S to
the category of T-algebras. See Section 10.
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where the box separates the inside which lives in C from the outside which
lives in Cg. It is a nice exercise to check that the old and the new T satisfy

TOFstsOT

where Fg : C — Cg is defined by Fs(C) = C and Fs(f) =nso f, and that
the new T is a monad.

In the next section, we want to apply this to S = Psh and T =! . But
S is only a Kleisli structure. Only slight adjustments is needed:

(1) make sure that A is stable under T';
(2) replace the equation (A — pg) by the following one (for f: A — SB):

Ao T(g#) =(Apo Tg)# oAa

9. A !/Psh distributive law
We define a transformation X\ :!o Psh — Psh o, as follows:

e on objects:

(Fl,...,Fn) — ((C’l,,C’m) —>
[PrPr B Dy x L x FuDy xIC[(Ch, ..., C), (D, . .., D))

e on generating morphisms:

- a: F — G. There is an obvious map from fD FDx!C[Cy,...,Chn, (D)]
to [P GDxIC[Cy,. .., Cp, (D)].
- Combinators, say ¢ : (F)) — (F, F). We obtain a map
from [P FD xIC[Cy,...,Ch, (D)]
to [PVP2 FDy x FDy x IC[(Cy, ..., Cp, (D1, Dy)]
by going
from FD x IC[CY,...,Cp, (D)]
to FD x FD x IC[(C4,...,Ch, (D, D)]
We verify three of the four equations (leaving the last one — as stated at
the end of Section 8 — to the reader):

(XA = m1). The left hand side is computed by taking the case n = 1 in the
definition of A, thus we obtain

D
Fis ((Ch,... Co) / FDXIC[(Cy,. ... Con), (D))

which is the formula for Psh(m).
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(A —npsp). We have (at (41,...,4,), (C1,...Cn)):

[ProPr gDy, Ay % ... x C [n, WXIC[(CL, ..., C), (D1, ..., Dy)]
=IC[(CY,...,Cn), (A1, ..., An)] = V(A1 ..., An)(Cy,...Ch)

(A — ). The left hand side is (at ((F},...,F"),...(FL,..., Fir)),
(Ol,...,Cm))l

Dy, Dy o - ,
/ F!Di x ...x Fi»Di»nx!C[C,(Dj,...,Di)]

We first compute the upper part (A!) o (IA) of the right hand side (at
(Fi,... Fn), (AL AT, (AL AY)):

B, Dy, )D:zn . X _ _ - — 3 3
/ / F!Dlx---xFi"Di»xIC[By, Dy]x- - - x!C[C},, D,,] x!C[A, B]

Dy Dy o 3 3
:/ FID! x ... x FinDinx\C[A, D]

—
—

Finally, applying Psh(u), we get (at F, C):

A1y, D17' o . . 3 3 — .
/ / FI'D} x -+ x Fi»Dj» xIC[A, D]x!C[C, (A}, ..., Alr)]

and we conclude using .

Summarizing, we have the following result:

Proposition 9.1. The transformation X defines a (pseudo)-distributive
law for any choice among the siz !x monads over the presheaf Kleisli struc-
ture.

A similar proposition is proved in [?°] : there, the existence of A is derived
from the fact ! and Psh are both free constructions (the latter being the
free cocompletion, i.e. the free category with all colimits) and commute in
the sense that Psh lifts to the category of !-algebras (cf. Section 2). For
completeness, we sketch this more conceptual approach in the following
section.

On the other hand, the advantage of a “symbol-pushing” proof like the
one presented above is to highlight plainly the “uniformity” in the choice
of any combination X of Burroni’s combinators.
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10. Intermezzo

The reader may have noticed that the formula defining A proposed in the
last section “looks like” the formula for Day’s tensor product (cf. Section
4). In this section, we actually synthesise the latter formula from consid-
erations of cocontinuity, and then the former one from considerations of
monad lifting. Since this section has merely an explanatory purpose, we
limit ourselves here to the case | =lp, and we disregard size issues.

Cocontinuity is at the heart of the presheaf construction. It is well-
known that SetC” is the free cocomplete category over C, and that
the unique cocontinuous (i.e., colimit preserving) extension of a functor
F : C — D (where D is cocomplete, i.e., has all colimits) is its left Kan
extension Lany (F):

c —2. Set®”

F
lAF

D

In particular, the fact that Lany (F) preserves colimits follows from its
being left adjoint to (C'+— (D +— D[FC, D])) (easy check).

We could have defined the “monad” Psh more economically and more
conceptually as the monad arising from the adjunction between Cat and
the category of cocomplete categories. The “brute force” construction of
last section is in any case a good exercise in coend computations.

Although we shall not need it here, it is worth pointing out that the
adjunction is monadic, i.e., that the (pseudo-) Psh-algebras are actually
the cocomplete categories (and hence that there can be at most one Psh-
algebra structure on a given category). This can be proved using Beck’s
characterization of monadic adjunctions (Theorem 4.4.4 of [7] ).

Consider a slightly more general version of Day’s tensor product than
that given in Section 4, with now some monoidal category C in place of |1

C1,C2
(X@Y)C:/ X01XXCQXC[O,C1®OQ]

(thus Day’s tensor depends on the tensor on C). We show that this defini-
tion is entirely determined from the requirements that

e ® extends the tensor product of C (via the Yoneda embedding), and
e  is cocontinuous in each argument.
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And, of course, Day’s product does satisfy these requirements (easy proof
left to the reader). Recall that ) is dense, i.e., that every preseheaf is a
colimit of representable presheaves (i.e. presheaves of the form YC'), and,
more precisely, that Lany) = id:

D
X = / XD - yD = colim(D)Z@(D)yD
Then, we must have

X ®Y = (colim(p, .exp,)YD1) ®Y
= colim(p, .exp) (YD1 ®Y) (by requirement 2)
= colim(p, e xD,),(Ds,zex D;) (VYD1 ® YDs) (by requirement 2)
colim(p, -exD,),(Ds,zex Do)V (D1 ® D32)  (by requirement 1)
= [P1P2(X Dy x XDy) - Y(Dy @ Dy)

In other words, Day’s tensor is determined, as announced.

It is shown in [!?] that the (2-) adjunction between categories and cocom-
plete categories specialises to an adjunction between monoidal categories
and cocomplete monoidal categories, and that Setcop7 equipped with Day’s
tensor product, is the free such one. We content ourselves here with the key
verification, namely that when F' : C — D is monoidal, then so is its
unique cocontinuous extension F= LanyF. We first compute FX,®FX,
and F(Xl (24 XQ)I

FXl ®FX2 :f01102(

X101 x X5C) - (FC1 ® FCs)  (by cocontinuity)
s C Cl,CQ
F(Xl ®X2)=f f X101 x X0, XC[C,Cl ®CQ]FC

= fcl’cz X101 x X505 - F(Cl ® CQ)

From this, it follows that the maps FC; ® FCy — F(C; ® C3) induce a
map FX, @ FX5 — F(Xl ® Xo).

As a consequence Psh lifts to (pseudo-) l-algebras, i.e. to monoidal cat-
egories. Given two monads 7T, .S, a lifting of .S to the category of T-algebras
consists of a monad S’ on the category of T-algebras such that S, S’ com-
mute with the forgetful functor, and such that the unit and the multi-
plication of S’ are mapped by the forgetful functor to the unit and the
multiplication of S. Here, we take S = Psh and T' =!. The lifting S’ maps a
monoidal structure ® on C to the corresponding Day’s monoidal structure
on Psh(C).

We turn back to the general situation. A lifting of S to T-algebras is
equivalent to giving a distributive law X : T'S — ST (cf. Footnote §). One
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defines A from the data of the lifting as follows:
Ao = S (ue) o TSne (p,m relative to T')

(recall that pc is a T-algebra — the free one). This allows us to derive the
distributive law from Day’s tensor product. First, for S = Psh and T =!,
S’ (uc) is the Day’s tensor product (Gy,...,G,) = G1®...®G, associated
with the (flattening) tensor product on !C:

—

1&1;~~~A71 - N X
(1 ®...9G,)C :/ G1A] x ... x G, A, x!C[C, (A,..., Al

Then A is obtained by replacing G; by Psh(n)(F;):
Ay, A, . ‘
/ 21 X ... X 2, xIC[C, (A}, ..., Aln)]

with 2 = [PUE Dy xIC[AL, (D1)], ..., 20 = 7" FuDux!\ClAn, (Dy)].
This simplifies to the formula given in Section 9.

11. The (bi)category Prof-

We next consider the coKleisli bicategory Prof; = (Catpgp,)7. From the
previous sections we know that the monad ! on Cat extends to a (pseudo-)
monad ! on Prof, which under the self-duality of Prof gives a (pseudo-)
comonad ? on Prof. Just as a monad gives rise to a Kleisli category, a
comonad gives rise to a coKleisli category. Here, Prof; has categories as
objects, while its (1-)morphisms are defined by

Prof;[C, C'] = Prof[?C, C/|

For X = {o}, this is the category generalised species of structures of Fiore,
Gambino, Hyland, and Winskel ['*] . Also with X = {0}, the endomor-
phisms in Prof[?C, C] are the C-profiles of Baez and Dolan ['] . ¥ We are

now in a position to round the circle and to show (cf. Theorem 4.1 of [14] for
the case X = {c}) that the composition in this category coincides with the
substitution operation as defined in Section 4. We decompose all the steps
of the construction.

9 Baez and Dolan use a variation to synthesise the composition of C-signatures: they
note that Set’C is a free symmetric monoidal cocomplete construction (where the tensor
preserves the colimits in each argument, cf. Section 10), which allows them to identify
C-profiles with the endofunctors on Set’C that preserve tensor and colimits, and hence
to inherit composition from usual composition of functors.
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(1) Let ® : C—=C'. Then !® : IC—= IC’ is (using A):

—

D,,...D!, Lo
1D((Cy,...,Ch),C") :/ OC1 D} x ... x ®C, D, x\C'[C", D]

(1)°? We can then define 7® = (1§°P)°P:

Di,...,Dy Lo
20(C, (c;,...7c;)=/ OD1C) x ... x ®D,Chx?C[D, (]

(2) The multiplication of ! viewed as a monad on Prof at C is

((CF,...,CH),...,(CL,...,Ci)), D) = C[D, (C},...,Cin)] : "C—=IC)

(2)°? Hence the comultiplication § : 7C—=77C of ? = (C — (1(C°P)°P) is

((C,((D},...,Di), ..., (DL,...,Din)) =2C[(D},..., Di»),C])

(3) Let ® :?C—>C’. Then ®° = (?®)od :?C—=?C’ is given by the following
explicit formula (on C, (CY,.. ., C,):

-
>

Al ..... Am . . Dl,...,Dp . . =
/ ?C[(A%,...,Ag,;n),C]x(/ ®DC) x---x ®D,C),x??C[D, A])

.....

The simplification comes from the functoriality of the multiplication of the
monad ! on Cat (we have puce :NC°P —!C°P, which we can view as a
functor from ?7?7C = (I1C°P)P to ?7C = (1CP)P).

Finally, we can compose ® :?C—>C’ and ¥ :7C’'—=C": Ve & = ¥ o &P,

—

Explicitly, (¥ e ®)(C,C") is given by the following formula:
C1yenCy . Di,..,Dyp . ) .
/ v(C",C") x/ ®D;C] x -+ x ®D,C; x?C[(Dy,...,D}r),C]

As promised, we recover Kelly’s (Section 4) and Joyal’s (Section 5)
settings as instances:

(1) When C = C’' = C” =1, then ¥ and ® are presheaves Y, X, and the
definition boils down to Y e X.

(2) When C = 0 (the initial category) and C' = C” = 1, then VU is a
presheaf X, ¢ is a set z, and the definition boils down to Lanc Xz.
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It is also easily checked that the identity I as defined in Section 4 is indeed
the identity of Prof-.

We end the section by giving a formula for U e & when ! is now an
arbitrary monad (!, i, ) over Cat given together with a distributive law:
A :lo Psh — Psho!l. This could open the way for handling variations
on the shapes of operations (the third kind of variation considered in the
introduction) in a profunctor setting.

Recall (Section 6) that given ® : C—=C’ we write ®’ for its presentation
as a functor from C’'° to Set®. Then we can give abstract versions of the
steps (1)°7, (2)°P and (3) above, as follows: (we still write 7C = (1C°P)°P):

(1)°P Given ® : C—=C’, we can define ?® :7C—=?C’ by the equation:
(7®) = Xo!(®')
where on the right hand side we apply ! as a functor on Cat.

(2)°? The comultiplication § :?C—=7?7C is defined by the formula

8" = npsn o ()cor

(3) The composition in Prof of ® : C'°? — Set® and ¥’ : C"" — Set®’
is defined as ®'# o W’. Hence, given ® :?C—=C’, we obtain the following
formula for ®° :?C—=7C":

0" = (psn o () o)™ 0 Ao (18') = Psh((pu)gw ) o Ao (10')

Finally, expanding the definition of Psh, we get the following formula for
the composition Ve ® = ¥ o @’ in Profs:

’

v §
<w-®w%0@:/’wm&avx/“xa@hoadcmaﬂ

Following the style of [2%] , one may also hide the distributive law and

write

’

@-@@ﬁU:/VM%CUxW@w

where 7/(®')y = ®(7,7') can be described abstractly as follows. For each
(pseudo-)!-algebra (D, a :!D — D), for each category C, and each object
C of !C, C induces a functor C = D€ — D defined as (F +— «o(!FC)).



Operads, Clones, and Distributive Laws 47

The above formula is obtained by instantiating C, C', D, and « as C'*?, +/,
Set'©™) | and Psh(u) o A, respectively. That this is a (pseudo)-!-algebra
structure is established using the equalities satisfied by A.

This leads us to a generalised definition of operad.

Definition 11.1. Given a monad ! on Cat and a distributive law X :
l'o Psh — Psh ol a C-coloured !-operad is a monoid in Prof;[C, C],
that is, a functor X : 7C x C°? — Set given together with two natural
transformations e : id — X and m : X ¢ X — X satisfying the monoid
laws. A 1-coloured !-operad is called a !-operad.

Hence the non-symmetric operads (resp. symmetric operads, clones) are
the 1-coloured !g-operads (resp. !{,}-operads, !{, 5 .y-operads), and the non-
symmetric coloured operads (resp. symmetric coloured operads) are the
coloured !g-operads (resp. coloured !{,}-operads). Indeed, coloured operads
were defined in this way by Dolan and Baez [!] (though they do not explicate
the underlying distributive law or lifting, cf. Footnote €).

12. Cooperads and properads

So far, we have addressed the variation on the “first axis” that goes from
non-symmetric operads to clones. In this section, we address the variation
on the second axis (cooperations, bioperations).

Cooperations are dual to operations. Sets of cooperations are organised
into cooperads, the notion dual to that of operad. One works now in the
Kleisli category Prof), i.e., a cooperad is a profunctor X : 1—=!1 with a
monoid structure in Prof,,, and we can vary on the first axis as we did for
operads.

For bioperations, the natural idea is to consider profunctors from 71
to 1. Such profunctors can compose provided there is a distribitutive law
(another one!) XA : ?x!xy — Ix?x: given &, ¥ :?71—!1, we define U e ® by
composing the comultiplication of 7, 7®, A, ¥, and the multiplication of !.
The identity is the composition ot the counit of 7 and of the unit of .

This idea has been carried out in detail by Garner, in the case of X =
{o} [*7] . We set

A((ma,...,mp), (n1,....ng)) #0 f mi+...4+mp=n1+...+ng

and when the equality holds, A((mq,...,my),(n1,...,n4)) is the set of
permutations s from m; + ...+ m, to ny + ... 4+ ny such that the graph
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e whose set of vertices is the disjoint union of

{1,...,pH{L,...;ma+...+mp 1 {L,...,nu+...+ng}, and {1,...,q}

e and whose set of edges is the union

— of the edges between 1 and 1, ...mq, between 2 and m1+1, ..., mo,
..., and between p and m,_1 +1,...,my,

— of the edges between ¢ and s(7) (i <mi + ...+ m,), and

— of the edges between 1,...n; and 1, ..., and between n,_; +
1,...,n4 and g.

is connected. This formalises the idea that when composing two sets of bi-
operations, we are interested primarily in the compositions that preserve
connectedness. More precisely, composition of properations has both a ver-
tical aspect and a horizontal aspect. The distributive law takes care of the
vertical aspect. Disjoint connected compositions can be placed in parallel
and composed horizontally. Thus, a full categorical account requires a dou-
ble category setting, that takes care of these two aspects. We refer to ['7] for
details.

Monoids for this composition operation provide an analogue of operads
for bioperations, and for X = {¢} and X as described above, what we obtain
(replacing Set by Vect) is exactly the notion of properad introduced by
Vallette in his These de Doctorat [2728] .
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benefited a lot from discussions with Marcelo Fiore and Martin Hyland. The
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The structure of Lie algebras, Lie superalgebras and Leibniz algebras graded
by finite root systems has been studied by several researches since 1992. In this
paper, we study the structure of Leibniz superalgebras graded by finite root
systems, which gives an approach to study various classes of Leibniz superal-
gebras.
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1. Introduction

In Ref. 16, J.-L. Loday introduces a non-antisymmetric version of Lie al-
gebras, whose bracket satisfies the Leibniz relation and therefore is called
Leibniz algebra. The Leibniz relation, combined with antisymmetry, is a
variation of the Jacobi identity, hence Lie algebras are anti-symmetric Leib-
niz algebras. In Ref. 17, Loday also introduces an associative version of
Leibniz algebras, called associative dialgebras, equipped with two binary
operations, F and -, which satisfy the five relations (see the axiom (Ass)
in Section 2). These identities are all variations of the associative law, so
associative algebras are dialgebras for which the two products coincide. The
peculiar point is that the bracket [a,b] =: a - b—b - a defines a (left) Leib-
niz algebra which is not antisymmetric, unless the left and right products
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coincide. Hence dialgebras yield a commutative diagram of categories and
functors
Dias — Leib
VR
As — Lie

Recently associative super dialgebras and Leibniz superalgebras were
studied in Refs. 1,10,14, etc.. The structure of Lie algebras, Lie superal-
gebras and Leibniz algebras graded by finite root systems was studied in
several papers (Refs. 2-9,13, etc.). In this paper we determine the structure
of Leibniz superalgebras graded by the root systems of the basic classical
simple Lie superalgebras.

The paper is organized as follows. In Section 2, we recall some notions
of Leibniz superalgebras and superdialgebras. In Section 3, we give the
definition and some properties of Leibniz superalgebras graded by finite
root systems. In Section 4 and Section 5, we mainly determine the structure
of Leibniz superalgebras graded by the root systems of types A(m,n) and
C(n), D(m,n), D(2,1;a), F(4), G(2). Throughout this paper, K denotes
a field of characteristic 0.

2. Associative super dialgebras and leibniz superalgebras

We recall some notions of associative super dialgebras and Leibniz super-
algebras and their (co)homology as defined in Refs. 10 and 14.

2.1. Associative super dialgebras

Definition 2.1.'7 An associative dialgebra D over K is a K-vector space
with two operations 4, D ® D — D, called left and right products,
satisfying the following five axioms:
ad4(b-dce)=(a4b)dc=a4 (bt ¢),
(Ass) (abb)de=ak (bHc),
(aFb)Fe=ak (bFc)=(a-d)Fec
Obviously an associative dialgebra is an associative algebra if and only
ifad4b=atkb=ab.
An associative super dialgebra over K is a Zo-graded K-vector space D

with two operations -,F: D ® D — D, satisfying the axiom (Ass) and
Dy 4Dy, Dy Dy: C Dyyyry, Vo,0 € 7Zs.
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An associative super dialgebra is called supercommutative if a - b =
(—=1)lellblp 4 @ for all a,b € D. A associative super dialgebra is called unital
if it is given a specified bar-unit: an element 1 € D which is a unit for the left
and right products only on the bar-side, that is 1+ a =a = a -1, for any
a € D. Denote by SDias, SAs the categories of associative super dialgebras
or associative superalgebras over K respectively. Then the category SAs is
a full subcategory of SDias.

Examples. 1. Obviously, an associative super dialgebra is an associative
superalgebra if a 4 b = a F b = ab. An associative dialgebra is a trivial
associative super dialgebra.

2. Super differential dialgebra. Let (A = A & Az, d) be a differential
associative super algebra(|d| = 0). So by hypothesis, d(ab) = (da)b+adb and
d? = 0. Define left and right products on A by the formulas © 4 y = xdy and
x Fy = (dz)y. Then A equipped with these two products is an associative
super dialgebra.

3. Tensor product. If D and D’ are two associative super dialgebras,
then the tensor product D ® D’ is also a super dialgebra with

(a@d)*(bab)=(=D"1"(axb) @ (a +b) (2.1)

for x =-,F .

For instance, My, n (D) := My +n(K)®D is an associative super dialge-
bra if D is an associative super dialgebra and M, ., (K) is the superalgebra
of all (m + n) x (m + n)-matrices over K.

4. The free associative super dialgebra (see Ref. 14 in details) on a
Zo-graded vector space V is the dialgebra Dias(V) = T(V) @V @ T(V)
equipped with the induced Zs-gradation.

2.2. Leibniz superalgebra

Definition 2.2.'0 A Leibniz superalgebra is a Zo-graded vector space L =
Ly @ Ly over a field K equipped with a K-bilinear map [—,—]: LxX L — L
satisfying

[Lg, Lg/] C Lg+g/, VO’, o € Lo
and the Leibniz superidentity

[[a,b],¢] = [a, [b, )] — (=1)1*I[b, [a,¢]], Va,b, ceL. (2.2)
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Obviously, Lg is a Leibniz algebra. Moreover any Lie superalgebra is a
Leibniz superalgebra and any Leibniz algebra is a trivial Leibniz superal-
gebra. A Leibniz superalgebra is a Lie superalgebra if and only if

[a,b] + (=D)9lPl[b.a] =0, Va,belL. (2.3)
Examples. 1. Let g be a Lie superalgebra, D be a unital supercommutative
associative super dialgebra, then g ® D with Leibniz bracket [z ® a,y ®
b = (—=1)l9l¥[z 4] ® (a F b) is a Leibniz superalgebra. Let g be a basic
classical simple Lie superalgebra which is not of type A(n,n), n > 1, then
g=g®D®QL with the bracket

[r®a,y@b] = (-1)"W([z,y]@(a - b)+ (z,y)b + da), VYa,be D,z,y€ g,

(2.4)
(@D, 8] =0 (2.5)
is also a Leibniz superalgebra, where (—, —) is an even invariant bilinear

form of g, QL is defined in Ref. 12 (also see Ref. 14). In fact it is the
universal central extension of g ® D (see Ref. 14 in details).
2. Tensor product. Let g be a Lie superalgebra, then the bracket

[*®y,a®b] =[[z,y],a] @b+ (—1)‘“”b|a ® [z, y], b] (2.6)

defines a Leibniz superalgebra structure on the vector space g ® g (see
Ref. 11 for that in Leibniz algebras case).

3. The general linear Leibniz superalgebra gl(m, n, D) is generated by all
n X n matrices with coefficients from a dialgebra D, and m,n > 0,n+m > 2
with the bracket

[Eij (a), Ekl (b)] = jkEil (a = b) - (—I)Tikal(SilEkj (b = CL), (27)
for all a,b € D.
Clearly, gl(m,n,D) is a Leibniz superalgebra. If D is an associative
superalgebra, then gl(m,n, D) becomes a Lie superalgebra.
By definition, the special linear Leibniz superalgebra with coefficients in
D is
sl(m,n, D) := [gl(m,n, D), gl(m,n, D)].
Notice that if n # m the Leibniz superalgebra sl (m,n, D) is simple.
The special linear Leibniz superalgebra sl(m,n, D) has generators
E;;j(a),1 <i# j<m+mn,a€ D, which satisfy the following relations:
[Eij(a), B (b)] = 0if i # 1 and j # k;
[Eij(a),Eu(b)] = Ey(abFb)ifi# 1 and j = k;
[Eij(a), B (b)] = —(-1)"™ E;(bda)ifi =1 and j # k,
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4. The Steinberg Leibniz superalgebra stl(m,n, D) (Ref. 12) is a Leibniz
superalgebra generated by symbols u;j(a), 1 < i # j < n, a € D, subject
to the relations
v”(kla + kg ) = klv”( ) + kQ'Uij(b), for CL,b S l)7 kl, k2 S K,
[vij(a), v (D) =0, if ¢ #1 and j#k;

[vij(a), v (b)] = vy(atb) if i#land j=Fk;
[vij(a), v (b)] = —=(=1)"" ™ vg;(b Ha) if i=1and j#k,
where 1 < i # j < m+mn, a € D. It is clear that the last two relations

make sense only if m +n > 3. See Refs. 12 and 15 for more details about
the Steinberg Leibniz superalgebra.

We also denote by SLeib, SLie the categories of Leibniz superalgebras
and Lie superalgebras over K respectively.
For any associative super dialgebra D, if we define

[z,y] =2y — (1)WY 4, (2.8)

then D equipped with this bracket is a Leibniz superalgebra. We denoted
it by Dp. The canonical morphism D — Dj induces a functor (—) :
SDias—SLeib.

Remark. For an associative super dialgebra D, if we define

then (D, [,]) is a right Leibniz superalgebra in the sense of Ref. 18.

For a Leibniz superalgebra L, let L s be the quotient of L by the ideal
generated by elements [z, y] + (—1)1#1¥/[y, 2], for all 2,y € L. Tt is clear
that Lpg is a Lie superalgebra. The canonical epimorphism : L. — Lpg is
universal among the maps from L to Lie superalgebras. In other words the
functor (—)rs : SLeib—SLie is left adjoint to inc : SLie—SLeib.

Moreover we have the following commutative diagram of categories and
functors

SDias — SLeib
I |
SAs — SLie

As in the Leibniz algebra case, the universal enveloping super associative
dialgebra (Ref. 14) of a Leibniz superalgebra L is

Ud(L) = (T(L)® L& T(L)/{[z,y] —xz+y+ (—1)‘1“y‘y Hx|lx,y € L}.
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Proposition 2.1.%4 The functor Ud : SLeib — SDias is left adjoint to
the functor — : SDias — SLeib. |

Let L be a Leibniz superalgebra. We call a Zy-graded space M = My &
M7 a left L-module if there is a bilinear map:

[—,—]:LxM—>M
satisfying the following axiom

[le, yl,m] = [, [y, m]] — (=1) 1]y, [z, m]],

for any m € M and z,y € L. In this case we also say ¢ : L —
End g M, ¢(z)(m) = [z, m] is a left representation of L.

Clearly, if L is a Lie superalgebra, then M is just the left L-module in
the Lie superalgebra case.

Suppose that L is a Leibniz superalgebra over K. For any z € L, we
define ad z € Endy L by

ad z(z) = [z,2], Vax € L. (2.10)
It follows from (2.2) that
ad 2([z, y]) = [ad 2(2), y] + (=1)**![z, ad 2 (y)] (2.11)

for all 2,y € L. This says that ad z is a super derivation of degree |z| of L.
We also call it the inner derivation of L.

For a Lie superalgebra L, HL'(L,M) = H*(L, M), where H'(L, M)
(resp. HL'(L, M)) denotes the first cohomology groups of L in the category
of Lie (resp. Leibniz) superalgebras (see Ref. 16).

2.3. Leibniz algebras graded by finite root systems

Now we recall some notions of Leibniz algebras graded by finite root systems
defined as in Ref. 13.

Definition 2.3.13 A Leibniz algebra L over a field K of characteristic 0 is
graded by the (reduced) root system A or is A-graded if

(1) L contains as a subalgebra a finite-dimensional simple Lie algebra
g =H® @, cn o whose root system is A relative to a split Cartan sub-
algebra H = go;

(2) L = @Bacavfoy Las where Lo = {z € L | adh(z) = [h,2] =
a(h)z,Vh € H} for « € AU {0}; and

(3) Lo = > qenlla, L-al-
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Remarks.

1. The conditions for being a A-graded Leibniz algebra imply that L is
a direct sum of finite-dimensional irreducible Leibniz representations of g
whose highest weights are roots, hence are either the highest long root or
high short root or are 0.

2. If L is A-graded then L is perfect (i.e. [L, L] = L). Indeed the result
follows from L, = [Lq, H] for all & € A and (3) above.

In Ref. 13, the structure of Leibniz algebras graded by the root systems
of types A, D, E/ was determined by using the methods in Ref. 9. In fact we
have

Theorem 2.1.7% Let L be a Leibniz algebra over K graded by the root
system A of type X; (1 > 2)(X; = A, D, E)) .

(1) If X; = Ay, 1 > 3, then there exists a unital associative K -dialgebra
R such that L is centrally isogenous with sl (I + 1, R), .

(2) If X; = A, 1l = 2, then there exists a unital alternative K -dialgebra R
such that L is centrally isogenous with the Steinberg Leibniz algebra stl (Il +
1, R), where stl (141, R) defined in Ref. 12 (also see the example 4 in Section

B)IfX;=D;(l>4),E (I1=6,7,8), then there exists a unital associa-
tive commutative K -dialgebra A such that L is centrally isogenous with the
Leibniz algebra g ® R.

Remark. Two perfect Lie algebras L1 and Lo are called centrally isogenous
if they have the same universal central extension (up to isomorphism).

3. Leibniz superalgebras graded by finite root systems

In this section, we shall study the structure of Leibniz superalgebras graded
by finite root systems.

Motivated the definitions of Lie superalgebras and Leibniz algebras
graded by finite root systems defined in Refs. 46 and 13, we give the
following definition.

Definition 3.1. A Leibniz superalgebra L over a field K of characteristic
0 is graded by the (reduced) root system A or is A-graded if

(1) L contains as a subsuperalgebra a finite-dimensional split simple
basic Lie superalgebra g = H © @, 8o Whose root system A is relative
to a split Cartan subalgebra H = go;

(2) L = @oeavfoy Las where Lo = {z € L | adh(z) = [h,a] =
a(h)z,Yh € H} for a € A U{0}; and

(3) Ly = ZQGA[LOH L*Oz]-
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Remarks.

1. If L is A-graded then L is perfect. Indeed the result follows from
L, = [H, L,] for all & € A and (3) above.

2. The Steinberg Leibniz superalgebra stl(m,n, D) (m # n) is graded
by the root system of type A,,_1 1.

We would like to view L as a left g-module in order to determine the
structure of L. The following result plays a key role in examining A-graded
Leibniz superalgebras. It follows from the Lemma 2.2 in Ref. 6.

Lemma 3.1. Let L be a A-graded Leibniz superalgebra, and let g be its
associated split simple basic Lie superalgebra. Then L is locally finite as a
module for g. |

As a consequence, each element of a A-graded Leibniz superalgebra L, in
particular each weight vector of L relative to the Cartan subalgebra H of g,
generates a finite-dimensional g-module. Such a finite-dimensional module
has a g-composition series whose irreducible factors have weight which are
roots of g or 0. Next we determine which finite-dimensional irreducible g-
modules have nonzero weights that are roots of g.

Throughout this paper we will identify the split simple Lie superalgebras
g of type A(m,n), m > n > 0, with the special linear Lie superalgebra
sl(m 4+ 1,n + 1). For simplicity of notation, set p = m + 1,g = n+ 1, so
g=sl(p,q),p>qg>1

Proposition 3.1.4% Let g be a split simple Lie superalgebra of type
A(m,n), withm >n >0,m+n > 1, or C(n), D(m,n), D(2,1;a) (o &
{0,—1}), F(4), G(2). The only finite-dimensional irreducible left g-modules
whose weights relative the Cartan subalgebra of diagonal matrices (modulo
the center if necessary) are either roots or 0 are exactly the adjoint and the
trivial modules (possibly with the parity changed).

Proposition 3.2.4% Let g be a split simple Lie superalgebra of type
A(m,n) (m >n > 0) or C(n), D(m,n), D(2,1;a) (o ¢ {0,—-1}), F(4),
G(2), with split Cartan subalgebra H. Assume V is a locally finite left g-
module satisfying

(i) H acts semisimply on V;

(i) any composition factor of any finite-dimensional right submodule of
V' is 1somorphic to the adjoint representation g or to a trivial representa-
tion.

Then V is completely reducible. |
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Proposition 3.3.% Let g be a split simple Lie superalgebra of type A(m,n),
with m >mn > 0. Then Hom4(g ® g,9) is two-dimensional and spanned by
the Lie (super) bracket and by the map given by (x,y) — x xy = zy +
(—D)l=Wlyz — 2 str(zy)I, for any z,y € g=sl(m+1,n+1). |

4. The structure of the A(m,n)-graded Leibniz
superalgebras (m > n)

The results of Section 2 show that any A(m,n)-graded Leibniz superalge-
bra L with m > n > 0 is the direct sum of adjoint and trivial modules
(possibly with a change of parity) for the grading subalgebra g. After col-
lecting isomorphic summands, we may suppose that there are superspaces
A=Ag®A; and D = Dg® D7 so that L = (g A)@® D, and a distinguished
element 1 € Ay which allows us to identify the grading subalgebras g with
g ® 1. Observe first that D is a subsuperalgebra of L since it is the (super)
centralizer of g.

To determine the multiplication on L, we may apply the same type of
arguments as in Ref. 5. Indeed, fix homogeneous basis elements {a;};c; of
A and choose a;j,a;,ar with 4,7,k € I, we see that the projection of the
product [g®a;, g®a;] onto g®ay, determines an element of Hom ¢(g® g, g),
which is spanned by the Leibniz supercommutator. Then there exist scalars

;fj and Oifj so that

[r@as, y@a;)lgea = (=1)!“ 1 <[$7 v © Q&) +axye (Y] 95,j“’c)>
kel kel

Define o : Ax A — Aby a;oa; =2 ;& ap, and [[]: AxA— A
by [ai,a;] = 2,c;0F ;ar and extending them bilinearly, we obtain two
products “o” and “[, ]” on A.

Taking into account that Hom 4(g ® g, K) is spanned by the supertrace,
we see that there exists a bilinear form (,) : Ax A — D and an even bilinear
map D x A — A: (d,a) — da with d1 = 0 such that the multiplication in

L is given by

Foaget = (-1 ([1.gs a0+ S xg® 3latl+sulfo)en )

[d, f®a] = (=) f @ da, (4.2)

for homogeneous elements f,g € g, a,b € A,d € D. Additionally, 1oa = 2a
and [1,a] =0 for all a € A.
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There are two unital multiplications 4 and F on A such that

aob=ak b+ (=1)lp 44, (4.3)

[a,b] = a b b— (=1)lllbly g, (4.4)

for any homogeneous elements a,b € A. Moreover by setting a = 1, we have
1Fb=10-1=b,so the dialgebra A is unital.

Now the Jacobi superidentity [[z1, 22], 23] = [21, [22, 23] — (—1)/21l1=2!
(22, [21, 23]], when specialized with homogeneous elements di,ds € D and
f®a € g® A, shows that ¢ : D — End x(A4) : ¢(d)(a) = da, is a left
representation of the Leibniz superalgebra D. When it is specialized with
homogeneous elements d € D and f ® a,g @b € g ® A, we obtain

[d,[f @ a,g@ b)) = [ld, f @ al, g @ 0] + (=) "1 VIHD[f @ 0, [d, g & 1],
and using (4.1) and (4.2), we see that this is same as:
(=) AFD (—lelle ([f,g} @ Jdaot) + fxg® Sd(fa,b]) +stx(f)d, (o b>1)

= (=D ldfT(—plditiells] ([f’ gl ® %dao )+ fxg® %[da, b] + str(fg)(da, b))

+ (=D)ldlUf+lgl+lah (—q)lallg] ([ﬁg} ® %aodb-}— frg® %[a,db] + str(fg){a, db)) .
When f = Ey12 and g = Fs1, the elements [f,g] and f * g are linearly
independent and str(fg) = 1. Hence we have

(i) d(a o b) = (da) o b+ (—1)14llelg o (ab),
(ii) d([a,b]) = [da, b] + (=1)\1*/[a, db],
(ii) [d, (a,)] = (da, b) + (=1)I1*l(a, db),

for any homogeneous d € D and a,b € A.
Ttems (i) and (ii) can be combined to give that

¢ is a left representation as superderivations : ¢ : D — Der i (A). (4.5)
While (iii) says that
(, ) is invariant under the action of D. (4.6)

For f®@a,g®b,h®c € g® A, the Jacobi superidentity is equivalent to
the following two relations (g ® A and D components):

() (str(lF, gl (aobc) +str((F = g)h) (5o, 1] )

~ (str(7lg. W)a b o ) +stx(7g + ) a, 5. c]))



Leibniz Superalgebras Graded by Finite Root Systems 61

—~

) (str(g £, W) (b, S0 ) -+ strlg(f + )b, 5o )
= 0.

and

) (gl i(aob)oc—k /gl xh® i[aob,c]
+Hfrgh® %[a,b] ocH(frg)xh® i[[a,b],c] +str(fg)h & (a,b)c)
- (I [g,h]]®iao(boc)+f*[g,h]®%[a,boc]
Hfigxhl® gao b+ f (g« h) ® glo ]
(1)1 Dstr(gh) f @ a, (b))
+ ()il (g, [, 1] © Tho (a0 c) +g * £,k @ gl aod

Ho, fxh)® gholad+g (7 +h) @ 1lblad]
(=) Dstr(£)g @b, {a, )]
= 0.
The formula (x) can be written as
str(fgh)((a Fbc)—{a,bFc)— (—1)|“|(|b‘+|0|)<b,c 5 a>)
_ (—1)‘9"h|+‘““b|str(fhg)((b da,c¢)— (b,atc) — (_1)Ib\(\a\+|0|)<a, - b>)
=0.

Then we have

(atb,c) = (a,bF c) + (=1)lllblHleDp ¢ 4 a), (4.7)

(atb,c)y=(a-b,c). (4.8)
The formula (xx) can be written as:

(x%%)  fgh® ((abb)Fc—alk (bt c))
— (=M llal+lellblg th @ (b4 a) Fe—b (atc))
+ (1) U1HaDIA el +Dlelp g & (¢ 4 a) 4 b — ¢ (a - b))
+ (=) UHHDI (e EDIal gy £ @ (b ¢) 4 a — b (c - a))
+ (=1)lPllglH1elbl g
@(ake)Fb—at (cHb))
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_ (_1)(\h||9|+\f||9|+\f||h\+|c||b\+|a||b\+|a|\0\hgf
®((cH4b)da—cH(ba))

— str(fg) (ﬁh ® [[a,b], ] —h @ (a, b>c)
+str(gh) (=2 0 o, el = (D07 @ 0, ()

— (= 1) llslHalPlger( £p)

( Lo by a, o] — (~1)PUHD g b, <a,c>1>

m—n

str(fgh)I © ([a Fb,d —[a,bF o — (=1)lal(bl+leDp, ¢ 4 a])

m-—n
+ (=)l Halbl Lo ey
ST
- 0.

Set f = Elg,g = E23,h = E31 in (***), if m Z 2 then by |f| = |g| =
|h] = 0 and the independent of Ey1, Faa, E33, I, we have:

(abb)Fe=ak (bt ), (4.9)
(bFe)yda=0bkF (cHa), (4.10)
(cHa)db=cH(at D). (4.11)

Similarly by setting f = FE31,9 = FEo3,h = F12, we can obtain
(cdb)da=cH(bHa), (4.12)

b4da)kFec=bF (at ), (4.13)

so A is an associative super dialgebra.

If m = 1, then |f| = 0 and |g| = |h] = 0. The expression in (x * )
is a linear combination of E11, Eas, E33 with coefficients in A. By direct
calculation we also obtain that A is associative.

Then (* x x) becomes

— str(fg) (ﬁh ® [[a,b],c] —h® (a,b}c)

+str(ah) (9 o) = (DO 5 0,0,
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— (= 1) llslHalPlger( £p)

(2o ol = ()P 0, (0.0

=0.
Then

(a,b)c = L [[a,b], ] (4.14)
and
If @ a, (b, c)] = ﬁ £, [b,d] (4.15)

since |g| + |h| = 0 if str(gh) # 0.
In this way, we have arrived at our main Theorem. The last sentence in
it is a consequence of condition (3) in Definition 3.1.

Theorem 4.1. Assume L = g ® A& D is a superalgebra over a field
K of characteristic 0 where g = sl(m +1,n+1),m >n >0, A is a
unital associative super dialgebra, and D is a Leibniz superalgebra, and
with multiplication as in (4.1) and (4.2). Then L is a Leibniz superalgebra
if and only if

(1) A is an associative super dialgebra,

(2) D is a Leibniz subsuperalgebra of L and ¢ : D — Der g (A)(p(d)a =
da) is a left representation of D as superderiwations on the dialgebra A,

(3) [d7 (a, b>] = <da= b> + (_1)IdHa‘<a7 db>7

(4) (4.7). (4-.8) and (4.14), (4-15) hold,

for any homogeneous elements d € D and a,b,c € A.

Moreover, the A(m,n)-graded Leibniz superalgebras (for m > n > 0)
are exactly these superalgebras with the added constraint that

D= (A, A).

Remark. Let A be any unital associative super dialgebra. Then ad (4 4
is a subsuperalgebra of Der (A) (it is a Lie superalgebra). Consider the
Leibniz superalgebra

£(A) = (g® A) Dad 4,4

with g = sl(m + 1,n+ 1)(m > n > 0), with multiplication given by (4.1)
and (4.2) in place of D and with (a,b) = ——ad 4 for any a,b € A. Then
Theorem 4.1 shows that £(A) is an A(m,n)-graded Leibniz superalgebra.
Moreover for any A(m,n)-graded Leibniz superalgebra L with coordinate
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associative super dialgebra A, Theorem 4.1 implies that L/Z(L) = £(A).
Thus L is a cover of £(A).

Corollary 4.1. The A(m,n)-graded Leibniz superalgebras (form >n >0)
are precisely the Leibniz superalgebras which are centrally isogeneous to
the Leibniz superalgebra sl (m + 1,n + 1, A) for a unital associative super
dialgebra A.

Remarks. 1. The situation when m = n in A(m,n) is much more involved
than the case of m # n, due to the fact that the complete reducibility
in Proposition 3.4 no longer valid in this case. However, using the similar
consideration as above and that in Ref. 7, we can also obtain the following
result.

Theorem 4.2. Let L be a Leibniz superalgebra graded by g, which is a split
simple classical Lie superalgebra of type A(n,n)(n > 1). Then there exists
a unital associative super dialgebra D such that it is centrally isogenous to

slln+1,D)=[glln+1)® D,gl(n+ 1) @ D].

2. For a unital associative dialgebra A, the universal central extension
of the Leibniz superalgebra sl(m,n, A) with m # n and m +n > 3 has
been shown to be the Steinberg Leibniz supergebra stl (m, n, A) in Ref. 12.

5. The structure of A-graded Leibniz superalgebras of
other types

It follows from Proposition 3.4 that every Leibniz superalgebra graded by
the root system C(n), D(m,n), D(2,1;a) (o € {0,—1}), F(4), or G(2)
decomposes as a g-module into a direct sum of adjoint modules and trivial
modules. The next general result describes the structure of Leibniz super-
algebras L having such decompositions, which is essentially same as the
Lemma 4.1 in Ref. 5.

Lemma 5.1. Let L be a Leibniz superalgebra over K with a subsuperalgebra
g, and assume that under the adjoint action of g, L is a direct sum of

(1) copies of the adjoint module g,

(2) copies of the trivial module K.

Assume that

(3) dim Hom 4(g®g, g) = 1 so that Hom 4(g®g, g) is spanned by t @y —
[z, y].

(4) Homy4(g® g, K) = Kk, where k is even, non-degenerate and super-
symmetric, and the following conditions hold:
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(5) There exist f,g € gy such that [f,g] # 0 and k(f,g) # 0,

(6) There exist f,g,h € gy such that [f,h] = [g,h] = 0 and k(f,h) =
B =0 % w(f,9),

(7) There exist f,g,h € gg such that [[f, g],h] =0 # [[g, k], f].

Then there exist superspaces A and D such that L= (g @ A) ® D and

k(g

(a) A is a unital supercommutative associative super dialgebra;
(b
(

) D is a trivial g-module and is a Leibniz superalgebra;
¢) Multiplication in L is given by

foageb =D ([fge @b +rfg@b), (61

[d, f®a] = (—)41f @ da, (5.2)

for homogeneous elements f,g € g,a,b € A,d € D, where

(i) D is a Leibniz subsuperalgebra of L and ¢ : D — Der g (A)(p(d)a =
da) is a left representation of D as superderivations on the dialgebra A with
(A, A) C Kero,

(i) [d, (a,D)] = (da,b) + (=1)I(a, ab), in particular, (A, A) is an ideal
of D,

(iii) {a F b,c) = (a,bF ¢) + (=)D b ¢ 4 a) and (a F b, c) = (a
b, c).

Conversely, the conditions above are sufficient to guarantee that a su-
perspace L = g ® A® D satisfied (a)-(c) is a Leibniz superalgebra.

Proof. When a Leibniz superalgebra L is a direct sum of copies of ad-
joint modules and trivial module for g, then after collecting isomorphic
summands, we may assume that there are superspaces A = Az @ A; and
D = Dy @ D1 so that L = g® A @ D. Suppose that such a superalgebra L
satisfies conditions (1)—(4). Note that D is a super subalgebra of L.
Fixing homogeneous basis {a; }icr of A and choose a;, a;, ar with ¢, 5,k €
I, we see that the projection of the product [g ® a;, g ® a;] onto g ® ay,
determines an elements of Hom 4(g ® g, g), which is spanned by the Leibniz
supercommutator. Then there exist scalars §£fj and 91-“) ; so that

& ® a1,y © a;llgea = (~1)"W[e,y] @ (3 € ja
kel
Defining 4,F: Ax A = Abyaiba; =3, §£fjak = (=1)laillajlajta:
and extending it bilinearly, we have a supercommutative dialgebra structure
on A.
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By similar arguments, there exist bilinear maps A x A — D, (a,b) —
(a,b) € D,and D x A — A, (d,a) — da € A, such that the multiplication
in L is as in (c).

First the Jacobi superidentity, when specialized with homogeneous el-
ements di,do € D and f®a € g® A, and then with d € D and
f®a,g®be g A will show that ¢(d)a = da is a representation of D as
superderivations of A. We assume next that f, g are taken to satisfy (5).
Then for homogeneous elements d € D, a,b € A, the Jacobi superidentity
gives the condition [d, (a, b)] = (da, b) + (—1)I%1%l(a, db).

The Jacobi superidentity, when specialized with homogeneous elements
f®a,g@bh®ceg® Aand f,g,h as condition (7), gives that (A4, A) is
contained in the kernel of ¢.

Finally the Jacobi superidentity, when specialized with homogeneous
elements f ® a,g ®b,h @ c € g® A and f, g, h as condition (8), gives the
(iii) and associativity of dialgebra A (see Section 4 or Ref. 4).

The converse is a simple computation. |

From Ref. 4, we see that g satisfies the above condition if g is a split
simple classical Lie superalgebra of type C(n)(> 3), D(m,n)(m > 2,n > 1),
D(2,1;a),a € K,a # 0,1, F(4) or G(2). Then we have the following
structure theorem for Leibniz superalgebras graded by the root system of
type g (compare Theorem 5.2 in Ref. 4).

Theorem 5.1. Let g be a split simple classical Lie superalgebra of type
C(n) (> 3), D(m,n)(m >2,n>1), D(2,1;a), « € K, a # 0,1, F(4) or
G(2), then by Ref. 4 we have dim Hom 4(g®g, ) = dim Hom 4(g®g, K) = 1.
Let L be a A-graded Leibniz superalgebra of type g, then there exists a unital
supercommutative associative super dialgebra A and a K -superspace D such
that L = (g ® A) @ D. Multiplication in L is given by

Foaget=(0"9([f,ge @k b)+rf00b), (53

for homogeneous elements f,g € g, a,b € A, d € D, where k(,) is a fix
even nondegenerate supersymmetric invariant bilinear form on g and (,) :
A® A — D is a K-bilinear and satisfies the following conditions:

(1) [d, {a, )] = (da, b) + (—1)lel{a, db),

(2) {a F b,c) = {a,bt c) + (=1)ellbl+eD b e 4 a), (aF bc)=(a
bo),

and D is a Leibniz subsuperalgebra of L and ¢ : D — Der g (A)(¢(d)a =
da) is a left representation of D as superderivations on the dialgebra A.
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Proof. The only point left is the proof of the centrality of D. Condition

(3) of Definition 3.1 forces D = (A, A), which by Lemma 5.1 is contained

in Ker ¢. Therefore D = (A, A) is abelian and centralizes g ® A, hence it is

central. |
As the similar arguments in Ref. 4, we also have

Corollary 5.1. Let g be a split simple classical Lie superalgebra of type
C(n)(> 3), D(m,n)(m > 2,n>1), D(2,1;a),« € K, a # 0,1, F(4) or
G(2) and L be a A-graded Leibniz superalgebra of type g, then there exists
a unital supercommutative associative super dialgebra A such that L is a
covering of the Leibniz superalgebra g ® A. |

Let g be a split simple classical Lie superalgebra of type C(n)(> 3),
D(m,n)(m >2,n > 1), D(2,1;a), « € K, a # 0,1, F(4) or G(2), A a
unital associative commutative dialgebra, the universal central extension of
the Leibniz superalgebra g ® A has been studied in Ref. 14.

Remark. Such researches for the cases of B(m,n) and A(1,1) are more
complicated (see Refs. 6,7), which depends on the results of (non)associative
dialgebras.
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Introduction

Let K be a field. For any A € K, a A-Rota-Baxter algebra (also called a
Baxter algebra, see® ort®)
a linear map R : A — A satisying the following equation:

or'?) is an associative algebra over K, equipped with

P(a)- P(b) = P(P(a)-b+a-P(b))+ X P(a-b),

for any pair of elements a and b of A.
Several works deal with the construction of free Rota-Baxter algebras.
Free objects for commutative Rota-Baxter algebras were described in'®



70 D. Jiménez and M. Ronco

and.® In, L. Guo and W. Keigher constructed the free commutative Rota-
Baxter algebra over a commutative unital algebra A, in terms of shuffles.

On the other hand, in,'® J.-L. Loday introduced dendriform algebras,
which are a particular case of associative algebras whose product is the
sum of two binary operations. For this type of algebra, free objects are
described in terms of planar binary trees and some decomposition of the
shuffle product. This notion was generalized in,'! where dendriform alge-
bras are considered as a particular case of tridendriform algebras. This last
notion can be easily extended to get A-tridendriform algebras, for any A
in the base field, as is shown in.* The free tridendriform algebra on one
generator is described in,'' and the result is easily extended to obtain the
free tridendriform algebra over any vector space. Moreover, any free triden-
driform algebra has a natural structure of bialgebra.

M. Aguiar (see!) found out that any Rota-Baxter algebra of weight 0
gives rise to a dendriform algebra. His result was at the origin of many
works relating A\-Rota-Baxter algebras and A-tridendriform algebras, as,”®
and.?

Aguiar’s construction extends naturally to a functor from the category
of A\-Rota-Baxter algebras to the category of A-tridendriform algebras, but
it is not clear how to construct its left adjoint functor.

In,'213 and,'® many examples of tridendriform bialgebras are studied.
These bialgebras are defined on vector spaces spanned by certain types of
maps between finite sets, such as the bialgebra of surjective maps and the
bialgebra of parking functions, and their tridendriform structures are not
obtained from a Rota-Baxter algebra.

The main idea for our work comes from the description in terms of
ordered partitions of the Hopf algebra of M permutations introduced in.?
In* we proved that this bialgebra is in fact a 1-tridendriform bialgebra.

Based on this result, we describe in the second Section of the present
work a A-tridendriform bialgebra structure on the space spanned by the set
of all non-empty ordered partitions of finite sets of type {1,...,n}. In the
next section, we define a A\-Rota-Baxter bialgebra structure on the space
spanned by all ordered partitions, that is when we admit empty blocks in the
partition. This Rota-Baxter structure induces the tridendriform bialgebra
structure on the space of non-empty ordered partitions define in Section 2,
and it also permits to define a tridendriform structure on the space spanned
by all maps f: {1,...,n} — N as pointed out in the last section.

In,'* J.-C. Novelli, J-Y. Thibon y L. Williams describe deformations
of combinatorial Hopf algebras on spaces spanned by words on an ordered
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alphabet. Even if the underlying bialgebra of the tridendriform bialgebra
Part(1) is isomorphic to the Hopf algebra of packed words WQSym, the
result is not true for A # 1.

Acknowledgements: Our joint work was supported by the Dipuv-Reg
22/2008 of the Universidad de Valparaiso and by the project MathAmSud
10-math-01 OPECSHA. The attendance of the second author to the In-
ternational Conference Operads and Universal Algebra was funded by the
Centre National de la Recherche Scientifique (C.N.R.S., France) and the
National Science Foundation (N.S.F., China).

1. Preliminaries

All the vector spaces considered in the present work are over K, where K is
a field. For any set X, we denote by K[X] the vector space spanned by X.
Finite sets and partitions

Let n be a positive integer, we denote by [n] the set {1,...,n}. If J =
{j1,---,Jx} € [n] and r > 1, we denote by J +r the set {j1 +7r,...,jx+7r}.

Let F,, be the set of maps from [n] to the set N of natural numbers. We
identify a function f : [n] — N, with its image (f(1),..., f(n)).

Given a map f : [n] — N and a subset J = {i1 < --- < iy} C [n], the
restriction of f to J is the map f|; := (f(i1),..., f(ix)). Similarly, for a sub-
set K of N, the co-restriction of f to K is the map f|% := (f(j1),--., f(i1)),
where {j1 < --- < g} :={ie€[n]/f(i) € K}.

Definition 1.1. For any set J, a non-empty ordered partition of J is a
family of non-empty subsets B = {Bj, ..., B,} of J such that B; N B; = (),
for i # j, and J = U;:1 B;. The subsets B; are called the blocks of the
partition B.

Notation 1.1. We denote by Part; the set of all non-empty ordered par-
titions of J.

The set of ordered partitions of J is partially ordered by the relation:
B < D if D may be obtained from B by joining consecutive blocks.

For instance, the partition B = {(1, 3), (4,5), (2), (6, 7)} of [7], is smaller
than D = {(1, 3,4,5),(2,6,7)}.
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Note that to any ordered partition B = {Bi,...,B,.} of J we may
associate a surjective map fp: JJ — [r] given by fp(j) =1 if, and only if,
j € B;. The map B — fp is bijective from the set of ordered non-empty
partitions of J to the set of surjective maps from J to some interval of
integers [r], for 1 <r < |J|.

Let B = {By,..., B,} be an ordered partition of J and K C J, then B|¥
is the partition of K obtained by making the intersections {B1NK, ..., BN
K} and taking off the empty sets.

To any ordered partition B = {Bj,...,B,} of a finite set J C N it
is possible to associate a partition std(B) = {Bi,...,B,} of [n], where
|J| = n, in the following way:

i € By, if, and only if j; € B,

where J = {j; < --- < ji}. For instance, if B = {(1,4),(2,7),(9,11,16)},
then std(B) = {(1,3),(2,4), (5,6,7)}.

Notation 1.2. Given a finite subset J C N and any positive integer n,
for any non-empty ordered partition B = (By,..., By) of J we denote by
B 4+ n the partition of J 4+ n obtained by replacing the block B; by B; + n,
forall 1 <i<k.

Shuffles

Recall that the symmetric group of permutations of n elements is de-
noted by S,,. Given a composition n = (nq,...,n,) of n, a n-shuffle is a per-
mutation o € S, such that o=t (n1+---+n;+1) < -+ < o~ H(ni+- - +nir1),
for 0 <¢ <r —1. We denote by Sh(ni,...,n,) the set of all n-shuffles.

The following results about shuffles are well-known, for their proof see
for instance.'”

Given compositions n = (n1,...,n,.) of n and m = (mq,...,mg) of m,
the following formula is known as the associativity of the shuffie:

(Sh(ni,...,ne) x SK(my,...,ms))-Sh(n,m) = Sh(ni,...,n., my,mg), (*)

where - denotes the product in the group algebra K[S,,+.,] and x : S, x
Sy <> Sp4m is the concatenation of permutations, given by:

ox1:=(c(1),...,0(n),7(1) +n,...,7(m) +n).

Moreover, for any permutation o € S,, and any integer 1 < i < n there
exist unique permutations o(;) € S;, o2y € S,—; and § € Sh(i,n — i) such
that o =671 - (U(l) X 0(2)).
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2. Rota-Baxter algebras and tridendriform bialgebras

This section is devoted to recall basic results on Rota-Baxter algebras
(see,'6® and”) and tridendriform algebras (see'!). In the rest of the paper,
A is any element of the base field K.

Definition 2.1. A A-Rota-Bagzter algebra is an associative algebra (A, -)
equipped with a linear map P : A — A satisfying that:

P(x)- P(y) = P(P(x)-y+z- P(y)) + A P(z-y).

Definition 2.2. Let A € K be an element of the base field. A M-
tridendriform algebra is a vector space A over K, equipped with three
binary operations <: A® A - A, - : AQA - Aand =: AR A — A,
satisfying the following relations:

(1) (a<b)<c=a=<(b=<c+b=c+Ab-c),
(2) (a=b)<c=a> (b=<c),

(3) (a<b+a=b+Ara-b)=c=a> (b>c),
4) (a-b)-c=a-(b-c),

(5) (@a=b)-c=a=(b-c),

(6) (a<b)-c=a-(b=c),

(7) (a-b)<c=a-(b=<c).

For the main examples of Rota-Baxter algebras we refer to® and,” while

free tridendriform algebras are described in.!!

Note that the operation * :=< +X -+ > is associative. Moreover, given
a A-tridendriform algebra (A, <, -, =), the space A equipped with the binary
operations < and > := A -+ > is a dendriform algebra, as defined by J.-L.
Loday in.'® Moreover, a dendriform algebra may be defined simply as a
A-tridendriform algebra such that the associative product - is trivial.

On the other hand, any A\-Rota-Baxter algebra (A4, -, P) gives rise to a
A-tridendriform structure on A by keeping the associative product - and
setting:

(1) a>b:=P(a)-b,
(2) a<b:=a-P(b),

for a,b € A.

Note that, if (A,0) is an associative algebra and (B, <,-,>) is a A
tridendriform algebra, then the space A ® B is equipped with a natural
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structure of A-tridendriform algebra, given by:

(a®b) <agp (@ @V):=(aocd)® (b=<1),
(@®b) agp (@ ®@Y) = (aocd)®(b-V),
(a®b) =app (' @) :=(acd)x (b>1).

In particular given a A-tridendriform algebra (A, <, -, =), we may con-
sider A as an associative algebra with the product * =< +X -+ >, 80 A® A
has a natural structure of A-tridendrifrom algebra.

For any A-tridendriform algebra A, we extend partially the tridendriform
structure to AT ;= K@ A as follows:

ar-lg:=0=:1x < a,
a-lxg :=0=: 1k - a,

a<1lg:=a=:1k > a,

for all @ € A. However, it is not possible to extend the operations >, -
and < to the whole AT in such a way that it becomes a A-tridendriform
algebra, due essentially to the fact that it is impossible to define 1x >~ 1k
and 1g < 1k in a compatible way with the relation 1g *a = a = a * 1, for
all @ € AT. However, we may define a tridendriform algebra structure on
AT®A @ A® AT, which coincides with the usual tridendriform structure
on A® A, just adding the following relations:

(a®1K) - (b®1]K) = (a>—b)®1K,
(a®1k) - (b®1k) := (a-b) ® 1k,
(a®1g) < (b®1g) := (a < b) ® 1k,

for all a,b € A.
With the previous definitions, we are able to introduce the notion of
A-tridendriform bialgebra.

Definition 2.3. A A-tridendriform bialgebra is a A-tridendriform algebra
A equipped with a coassociative counital coproduct A : AT — AT @ AT
which is a tridendriform algebra homomorphism on AT ® A @ A® AT.

Remark 2.1. It is immediate to check that if (A,>=,-,<,AJe) is a A\
tridendriform bialgebra, then (A, %, A) is a bialgebra in the usual sense.

The proof of the following lemma is straightforward.
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Lemma 2.1. Let (A,-, P) be a A Rota-Baxter algebra which admits a coas-
sociative coproduct A : A — A ® A satisfying that:

(1) Aa-b) =3 (a@) *bay) ® (ag) - b)),
(2) A(P(a)) =2 an) ® P(ag),

where A(a) = ) aqy®ag) fora € A and axb= P(a)-b+a-P(b)+Xa-b.
The associated \-tridendriform algebra (A, >, -, <) equipped with A is a -
tridendriform bialgebra, where P and - are extended to A™ in an obvious
way.

3. Tridendriform structure on the space of partitions

Given non-empty ordered partitions B € Party,, D € Partp,) and K €
Part, 1) such that K|M = B and K|"*" = D 4 n, the integer ﬂg)D is
the number of blocks K such that K; N [n] # 0 and K; N [m] +n # 0.
Consider the graded vector space @n>1 K[Part,], spanned by all the
non-empty ordered partitions of natural numbers. We may extend the con-
structions of* in order to define a A-tridendriform algebra structure on it,

as follows:

B=D:= Y \%rK,
K,N[n]=0

B.D:— Z AB 1R

KyN[n]#emptyset
Kprn[m]+n#0

B=<D:= Y = A%rK,

K,.N[m]+n=0
for B € Part,) and D € Part,,), where the sum is taken over all partitions
K = (Ki,...,K,) € Part[, ., such that K|M = B and K|™*" = D 4 n.

Example 3.1. For example, let B = {(1,3),(4),(2,5)} and D =
{(1,3),(2)}. Then

B»D={(1,3),(4),(2,5),(6,8), ()} + M(1,3), (4),(2,5,6,8), (7)}
+{(1,3),(4),(6,8),(2,5), ()} + M(1,3), (4,6,8),(2,5), ()}
+{(1,3),(6,8), (4),(2,5), (1)} + M(1,3,6,8),(4),(2,5), (7)}
+{(6,8),(1,3),(4),(2,5), (N},

B-D = {(1,3),(4),(6,8),(2,5,7)} + M{(1,3), (4,6,8),(2,5,7)}

(2,5, 1)1+ M(1,3,6,8),(4),(2,5,7)}

+{(1,3),(6,8), (4
1 ,(2,5,7)},

)
+{(6,8),(1,3), (4)
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B <D ={(6,8),(7),(1,3),(4),(2,5)} + M{(6,8), (1,3,7),(4), (2,5)}
+{(6,8), (1,3), (7), (4), (2,5)} + M(6,8), (1,3), (4,7), (2,5)}
+{(6,8), (1,3),(4), (7), (2,5)} + M(1,3,6,8),(7), (4), (2,5)}
+2%{(1,3,6,8),(4,7),(2,5)} + M(1,3,6,8), (4), (7). (2,5)}
+{(1,3),(6,8),(7), (4), (2,5)} + M(1,3), (6,8), (4,7),(2,5)}
+{(1,3),(6,8),(4), (7). (2,5)} + M(1,3), (4,6,8), (7), (2,5)}
+{(1,3),(4), (6,8),(7), (2,5)}.

Theorem 3.1. The space @, >, K[Party,|], equipped with the products -,
- and < defined above is a A-tridendriform algebra.

Proof. Note first that, given partitions B € Part,, D € Part,) and
E € Part,, the sets
Si = {(K, L) € Partj, ;) x Part, ;| K|" =B
KMt = D 4, L™ = K and L|PH"™ = B 4 (n+m)}, and
Sy = {(K, L) € Party, ) x Partj, | K|™ =D,
K|PHm — B4 m, L|" = B and L|MPH4" = K 40},

are both equal to

S = {L € Partp, o p| LI = B, LI™F" = Do, and LIPF"" = Bingm).

Consider the bijection L ~— (L|**™l L) from S to S;. Suppose that
L=(Ly,...,Ly) and L|I"™ = (K;,...  K,), with K; = Lj, N\ [n+m]. We
have that:

H%E:Hie[sﬂ Lin[pl+n+m#0Qand L; N [n+m] # 0} =
{i € [s]] LiN[n] # 0 and L; N [p] +n+m # 0}+
(i € 1] Le ]+ 0 and L A [p] 4+ m £ 0} -
Hiels]| Lin[n] # 0, Lin[m|+n# 0 and L; N [p] +n+m # 0}
and ﬂg)D =|{ies]| Lin[n] # 0 and L; N [m] # 0}
So, NE p+ Nk p=
{i € [s]| L; N[n] # 0 and L; N [m]+n # O0}+
Hiels]| Lin[n] # 0 and L; N [p] +n+m # 0}+
6 € B -1 a0 L 417
[{i € [s]| L; N [n] # (Z) Nm]+n#0and L; N [p]+n+m# 0}
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In the same way we may show that, if H = L|I™+PI4+" _ . then

Np.e+ N =i €lsll LiN[n] # 0 and L; N [m] +n # 0} |+
(i € [8)) Lin ] # 0 and L o]+ n 4+ m # 0|+
[{i € [s]| Lin[m]+n#0and L; N [p] +n+m # 0}|—
Hiels]| Lin[n]#0, Lin|m]+n#0 and L; N [p| +n+m # 0}

Denote by ﬁé,D,E the number ﬂgyD + ﬂ%E = ﬂg_’E + ﬂ%yH.

We show that the conditions 1), 2), 5) and 6) of Definition 2.2 are
verified; the other conditions may be easily checked in an analogous way.

In the rest of the proof we assume that L = (L1,..., Ls) € Partp,{m4p
is such that L|"l = B, L|™+" = D4+ n and L|PH"+" = E4-n4-m. We de-
note the restrictions K = (K,...,K;) = L|"*™ and H = (Hy,...,H,) =
L|lmtpltn _p,

Condition 1) We have that B = (D = E) = ¥, ¢ A"6.0.2 L, where
the sum is taken over all L such that H, N [m] = 0 and Ly N [n] = 0. But
H.N[m] =0 and LsN[n] = @ mean that Ls C [p]+n+m. We may conclude
that:

B~ (D=E)= Y  \%»eL,
LsClpl+n+m

with no conditions on H. So, B > (D > E) = (B D) > E.

Condition 2) Note that B = (D < E) = >, s A"B.0.5 [, where the
sum is taken over all L such that H, N [p] + m = 0 and Ly N [n] = 0. But
H,N[p]+m = 0 implies that Ls N [p] + m+n =0, and LsN[n] = () implies
that Lg C [m]. So,

B~(D=<E)= Y A%orL=(B>D)<E.
L;C[m]+n

Condition 5) Computing B > (D - E), we get B = (D - E) =
dores A"B.0,5 71 L where the sum is taken over all L such that L, N [n] =0
and H,. N[m]+n # 0 # H, N [p] + m. Since Ls N [n] = (), we have that
H, = Lg. So, Ky = Ly N [m] + n, which implies that:

B> (D-E)= 3 AB.0.e~ [ = (B D). E.

LsN[n]=0
Lsn[m]+n#0#LsN[p]+n+m
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Condition 6) We have that B - (D = E) = >, ¢ A"B.0.2 1L, where
the sum is taken over all L such that Ly N [n] # 0 # Ls N [m + p] + n and
H.=L;N[m+p|/+nC[p|+n+m. Since LsN[n]£D#L;N[m+p]l+n
and Ls N [m + p] +n C [p] + n + m, we may conclude that K; = L; N [n],
Kinml+n=0and LN ([n+m|# 0 # Ls N [p] +n+ m. So,

B- (D> E) = > A"B.0.5~ [ = (B < D) E.

KiN[m]+n=0 O
LsN[n+m]#£0#LsN[p]+n+m

We denote by Part()) the A-tridendriform algebra defined on the space
@nZl K[Part,].

Let us point out that the associative product * == +X\ -+ < associated
to the tridendriform structure of Part(\) does not coincide with the one
defined in'* for A # 1. Clearly, we may identify an ordered partition B =
(B1,...,B,) € Partp, with the surjective map f : {1 < --- < n} —
{1,...,7r} such that B, = f~!(i) for 1 < i < r, so the underlying vector
space of Part(\) is isomorphic to the underlying vector space of WQSym.
However, the associative product induced by the A-tridendriform structure
of Part(\) via the isomorphisms gives a formula:

frg= 3 At

heH(f.9)

for some functions h: {1 <--- <n+m} — {1,...,1(h)}, where f: {1 <
o <n} —{l,...;rfand g : {1 <--- <m} — {1,...,s}; while the
product defined in'? gives:

f N Z )\|sinu(h)\h,

heH(f.9)

where sinvu(h) = {(i < j) € {1,....,n+m}? | h(i) > h(j)} is the set of
inversions of h.

The coproduct A on Part()\)Jr is given by:
A(B) = std(By,...,B;) ®std(Bij1,..., By),
i=0

for B=(By,...,By).
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Example 3.2. Let B = { ,7),(2,5),(1),(6)}, we have that:

(3,
A(B) ={(3,4,7),(2,5), (1), (6)} ® 1k + {(3,4,6), (2,5), (1)} @ {(1)}
+{(2,3,5), (L4} @ {(1), (2)} + {(1,2,3)} ©{(2,3), (1), (4)}
+1k ©{(3,4,7),(2,5), (1), (6)}.

Proposition 3.1. The algebra Part(\), equipped with A is a -
tridendriform bialgebra.

Proof. Let A be the reduced coproduct on Part()\), that is
A(B) = A(B) — (B®1x + 1k ® B).

Let us denote A(B) =3 B(1) @ B(), for any non-empty ordered partition
B.

For B = (By,...,By) € Party,) and D = (Dy,...,Ds) € Party,), we
prove that Z(B = D) = E(B(l) * D(l)) ® (B(g) > D(g)) + B ® D, which
implies that

A(B = D) = (x® =)o (id® 7 ® id)(A(B) @ A(D)),
for all partitions B and D, where 7(H ® K) = K ® H. The proof that
Ao = (¥®-)o(id®T®id)o(A®A) and Ao <= (*® <)o (idRTRid)o(ARA)
may be obtained applying similar arguments.

Let K = (K1,...,K,) be a partition of [n + m] such that K|"l = B
K|m+" = D 4 n and K, C [m] + n. We have the following possibilities:

(1) There exist integers 1 < k < p and 0 < h < ¢ — 1,
such that (Ki,...,K;)|" = (By,...,Bg) and (Ky,..., K;)|m™+" =
(D1,...,Dp)+n. Since K,. C [m]+n, the last block of std(K;41,. .., K;)
is the last block of std(Dp41, ..., Ds).

For 1 < 4 < r — 1, consider the partitions std(Ky,...,K;) and
std(K;i1,...,K,). Note that, as K|"l = B and K|™+*" = D 4 n,

we may assert that :
std(Ky, ..., K) | =std(By, ..., B),
std(Kit1, ..., K,—1)|" = std(Bit1,. .., By),
std(Ky, ..., K) | = std(Dy,...,Dy) +n,
std(Ki+17 NN ,KT)|[m]+n = Std(Dthl, NN ,DS) +n.

(2) There exists 1 < h < s—1 (h # s because K, C [m] + n) such that
(K1,...,K;)=(D1,...,Dy) +nand (K,...,K;)|" = 0.
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So, we get that
std(Ky, ..., K;) =std(D1,...,Dy) +n,
std(Kiy1,..., K1) = B,
std(Kip1,. .., K| = std(Dpyq, ..., Ds) +n.

Conversely, for any pair of integers 0 < i < pand 0 < j < s—1, let
std(B1,. .., B;) € Party) and std(Dy, ..., D;) € Part,.

Suppose that K € Partyyy, and H € Partp, ,,_,_p are partitions
such that K| = std(By,..., B;), K|M** = std(Dy,...,D;), H|I" ¥ =
std(Biy1, ..., Bp), H|m~M+n=F = std(Dj1,..., D) and the last block of
H is contained in [m — h] +n — k.

It is easy to see that, in this case, there exists a unique partition L =
(L1,...,L;) € Party, 1, and a unique 1 < j <r — 1 satisfying that:

(1) L|" = B and L|"™+" = D 4 n,
(2) Std(Ll, [P ,Lj) = K and Std(Lj+17 ey LT) =H.

Moreover, as the last block of H is contained in [m — h] +n — k, we get
that L, C [m] + n, which ends the proof. O

Clearly, the tridendriform algebra Part()\) does not come from a A-
Rota-Baxter structure. We are going to consider a largest class of ordered
partitions.

Definition 3.1. For any set X, an ordered partition of X is a finite family
of subsets B = {Bi,..., By} of X such that B, N B; = 0, for ¢ # j, and
X = U§:1 Bj. The number of blocks p of an ordered partition B is called
the length of the partition and is denote le(B)

Let OPart(X) denote the set of all ordered partitions of X, and
let OPart denote the vector space spanned by all ordered partitions
U,>o OPart[n] (where (0) is the unique element of OPart[0]). We want
to define a A-Rota-Baxter algebra structure on OPart.

Definition 3.2. For any pair of non-empty disjoint sets X and Y, let
B € OPart(X) and D € OPart(Y'), we define the shuffle of B and D as
the collection SH(B, D) of partitions of the disjoint union X |JY obtained
recursively as follows:

(1) If B=(B;) and D = (D), then

SH(BaD) = (Blle); (D17Bl); (Bl U Dl)}a
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(2) f B=(By) and D = (Dq,...,D,), with r > 2, then
SH(B, D) := {(E, D) | with E € SH(B, (D1, ..., D,-1))}|J
{(Dla s 7DT717 Bl U DT)a (Da Bl)}a
(3) If B=(Bs,...,B,) and D = (Dy), with p > 2, then
SH(B, D) = {(B1, E) | with E € SH((Ba,..., B,), D1)} | J
{(B1UDy, By, ...,By); (D1, By, ..., By)},
(4) f B=(Bu,...,Bp) and D = (D1,...,D,), with p > 2 and r > 2, then
SH(B, D) := {(By, E) | with E € SH((Ba,..., By), (D1,..., D)}
{(B1UDy,E) | with E € SH((Ba, ..., By), (Da,..., D))}
{(D1,E) | with E € SH(B, (D2, ...,D;))},

where for any partition F = (Fi,...,E;) and any subset F; such
that I, N(U'_, Ei) = 0, we denote (Fy,E) := (Fy,Ey,...,E) and
(E,Fl) = (El, .. .,El,Fl).

Remark 3.1. Let B = (By,...,B,) and B’ = (Bpy1, ..., Bptr). For any
o € Sh(p,r) we say that a partition H € SH(B, B’) belongs to o(B, B’) if
it satisfies one of the following conditions:

(1) H = (Ba(l)a ceey Ba(p-i—r)a
(2) H is obtained from (Bgy(1),...,Bg(per) by joining adjacent blocks
By(iy U By(ip1), for 1 < o(i) <pand p+1<o(i+1) <p+r.

We have that SH(B, B') is the disjoint union U, ¢ gy, (B, B').

Define the product -o and the operator Po on OPart as follows:
(1) For B = (Bxu,...,B,) € OPart[n] and D = (Dq,...,D,) € OPart[m],

B.oD:= > wtrte(H B, U (D, + 1)),
HEeSH(B,D4n)

where E = (Bl, . .7Bp_1), E = (Dl, N 7DT_1).
(2) For any B € OPart[n], Po(B) := (B, ).
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Example 3.3. Consider the ordered partitions B = {(2,4), (1), (3)} and
D ={(1,2),0}, we have that:

B.oD= {(27 4)7 (1)7 (57 6)7 (3)} + /\{(274)7 (17 9, 6)7 (3)}+
{(2,4),(5,6),(1), (3)} + M{(2,4,5,6), (1), (3)} + {(5,6),(2,4), (1), (3)}.

Proposition 3.2. The space OPart with the product -0 and the operator
Po is a A-Rota-Baaxter algebra.

Proof. The associativity of -¢ is a straightforward consequence of the as-
sociativity of the shuffle ( see formula (x)) and Remark 3.1. We have just
to verify the relationship between .o and Pp.

Let B = (By,...,Bp) € OPart[n] and D = (Ds,...,D,) € OPart[m],
then

Po(B) -0 Po(D) = St ) =
HESH(B,D+n)
Po( Z )\;D-l-r—le(H)H)'
HESH(B,D+n)
So, we need only to compute ZHESH(B Dn) \PHr—le(H) [
But, for any H € SH(B, D +n), there exist oy € Sh(p,r) and a family
of integers 1 < ji < --- < j; < p+r—1, with 1 < og(jx) < p and
)

p+1<om(jrx+1) <p+r,such that H = (Hy,..., Hpyr—j) with
B, (i) for o (i) <pandi ¢ {j1,...,5}
Hs = ¢ Dy (iy—p + 1, foropg(i) >pandi ¢ {j1 +1,...,5 + 1},

By iy Y Doy (ig1)—p 1), forie {ji,....5}

Moreover, any partition H = (Hu, ..., Hptr—i) € SH(B, D + n) fulfills
exactly one of the three conditions:

(1) Hp4r—x = Bp and og(p+ 1) = p,
(2) Hyyr—r =D, and o(p+7r) =p+rand jy <p+r—1,
(3) Hptr—k = BpUD,, o (p+r) = p+r,ou(p+r—1) = pand j; = p+r—1.

Note that:

e H satisfies the first condition if, and only if, H = (H', B,) with H' €
SH(B, D + n). Moreover, p+r—1le(H) = p+r—le(H'). So, we get that

B .o Po(D) = > APFr—lelH) py

H satisfying 1)
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e M satisfies the second condition if, and ounly if, H = (H', D, + n) with
H' € SH(B, D + n). Moreover, p+r — le(H) = p+ 7 — le(H'). So, we
get that

Po(B) -0 D = Z Nptr=te(H) f.
H satisfying 2)

e H satisfies the second condition if, and only if, H = (H', B,U D, +n)
with H' € SH(B, D + n). Moreover, p+r —le(H) = p+r —le(H') — 1.
So, we get that

AB oD = S ittty
H satisfying 3)

We may conclude that
Po(B) ‘0 Po(D) = Po(B-o Po(D) + Po(B) ‘0o D) + )\P(B -0 D),

which ends the proof. O

It is easily seen that the map std which associates to any non-empty
ordered partition of a subset J C N a non-empty ordered partition of [|.J]],
extends trivially to a map from the sets of ordered partitions of J to the
set of ordered partitions of [|.J]].

For instance, std((4,7),0, (5), (1,8),0)) = ((2,4),0, (3), (1,5),0).

The coproduct Ap on OPart™ is given by:
P
Ao(B) = std(Bi,..., Bi) ®std(Bit1, ..., Bp),
i=0

for B = (By,...,Bp). It is immediate to verify that Ao is coassociative.

Note that Ap(0) = 0@ 1x+ 1xg ® 0 and Ap(lx = Igx ® 1k, so () cannot
be identified with 1x. The point is that (@) is the identity element for -o,
while 1k is the identity for *o.

We denote by *o the associative product on OPart obtained from the
A-tridendriform structure:

Bxo D= Po(B) 0D+ B-oPo(D))+AP(B-oD).
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Proposition 3.3. The coproduct Ao satisfies the following conditions:

(1) Ao(B -0 D) =3 (Bnu) *o D)) @ (B -0 D(2)),
(2) Ao(Po(B)) =>_Bau) @ P(By),

where Ao(B) = ZB(I) X B(g).

Proof. Note first that
B-oD= (F*Oﬁ,BpUDT),
for B= (Bi,...,Bp) and D = (D1,...D,).

Let H € SH(B, D + n). Recall that H is determined by a permutation
o € Sh(p—1,r—1) and integers 1 < j; < -+ < ji < p — 1 such that
o(ji) <p—1,00i+1) = p, and

H = (Hy1y, .. Ho(y U Ho(ji41)s -+ s Ho(pr—2)),
where H; = B;,for1 <i<p—1,and H; = D;_p_1+n, forp <i < p4+r-2.

For1<I<p+r—2—k,thereexist 0<l; <p—1land0<Il, <r—1
such that
l 1 l2
U H: = (JB)ulDi+n),
i=1 i=1 i=1
and 0 <t < k such that i; <1l < + 1.
Moreover (see Section 1), we have that there exist unique
0(1) S Sh(ll,lg), 0(2) S Sh(p —1—-lL,r—1- lg) and 9§ S
Sh(ly +la,p+r — 2 —1; — l3) such that:

o=061. (U(l) X 0(2)).

It is easy to verify that:

e (Hy,...,H)) € U(l)((Bl, ...y Bi,),(D1,...,Dy,)+n) is obtained by ap-
plying o(;y and joining the blocks Hj, = B yu(D
0<i<t.

° (Hl-‘rlu ey Hp_;,_,«_g_k) S 0(2)((B[1+1, ey Bp_l), (Dl2+17 Ceey Dr_l)—i—n)
is obtained by applying o) and joining the blocks H;, = B U
(D _py tn, fort+1<i<k.

_p) +n, for

o1y (Ji o1 (Ji

i

o) (Ji)
a2) (Ji
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Conversely, for any pair of integers 0 < [; < p—1 and 0 <
lo < r —1, and any pair of permutations o(;y € Sh(l1,l2) and o) €
Sh(p— 1-— ll,’l” —1- 12), let

i, for 1<i <l
671(1'): p—1+i—1, forly+1<i<li+lorp+lh<i<p+r—2
i — g, forliy +lo+1<i<p+i,—1.

Let 0 =671 (0(1)) X 02y €Sh(p—1,g—1) and I =1 + . If

e Hy € SH((By,...,By,),(Dy,...,Dy,)) is determined by o(;) and inte-
gers 1 <y < -+ <4y <,

e Hy € SH((Bi,41,---,Bp-1),(Diys1,...,Dpr1)) is determined by o(y)
and integers 1 < j; < - - <js <p+r—2-—1,

then H = (Hy, Hz) € SH(B, D) is the unique element determined by the

permutation o and the integers i1,...,%, 51 +l1,...,7Js + 1.
So,

Ao(B e D) = Z(E(l) *0O ﬁ(l)) & (E(z) *0O ﬁ@), B, U DT) =
> (Ba) o D1y) ® (B(z) -0 D2)),

which proves the first condition.
The second condition is evident. O

By Lemma 2.1, we get that, for any A € K, OPart has a natural struc-
ture of A-tridendriform bialgebra, which we denote by OPart()\).

Remark 3.2. It is easy to verify that Part()) is a sub-A-tridendriform
bialgebra of OPart()\), for all A € K. However, the Rota-Baxter structure
of OPart(\) does not restrict to Part(\).

4. Tridendriform algebra structure on the maps between
finite sets

Let K[F] be the vector space spanned by |J,,~; Fn-

To any ordered partition B = (By, ..., B,) € OPart[n] we may associate
amap fp € F, by setting fg(i) := j whenever i € B,.

This application defined a surjective linear homomorphism ¢
OPart — K[F]. Note that for any ordered partition B = (Bi,...,By),
the image under ¢ of any partition of the form (B, 0,...,0) is always f5.
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The map f — By = (f~'(1),...,f7'(r)), for f : [n] — [r] and
f71(r) # 0 is a section of ¥. So, we may consider K[F] as a subspace of
OPart.

The following result is immediate to check.

Lemma 4.1. Let f € F,, and g € Fp, be two maps, then the elements
Po(Bf) -0 By, By -0 By and By -0 Po(By) belong to the image of K[F] in
OPart.

Note that for any f € F,, the image in K[F| of Po(¢(f)) coincides
with f. So, the restriction of the Rota-Baxter operator Pp to K[F] is the
identity homomorphism. However, Lemma 4.1 implies that K[F] is a sub-\-
tridendriform algebra of OPart(\), denoted K[F](A). So, we get inclusions
of M-tridendriform algebras:

Part()\) — K[F](A) < OPart(\).

In fact, the A-tridendriform bialgebra Part(\) coincides with the one de-

fined in terms of surjective maps in.'?

Note that the coproduct Ao does not restrict to K[F].

References

1. Marcelo Aguiar. PrePoisson algebras. Lett. Math. Phys., 54(4):263-277, 2000.

2. Marcelo Aguiar and Walter Moreira. Combinatorics of the free Baxter alge-
bra. Elect. J. of Combinatorics, 13(1):—, 2006.

3. Glenn Baxter. An analytic problem whose solution follows from a simple
algebraic identity. Pacific J. Math., 10:731-742, 1960.

4. Emily Burgunder and Marfa Ronco. Tridendriform structures and combina-
torial Hopf algebras. J. Algebra, 324:2860-2883, 2010.

5. Pierre Cartier. On the structure of free Baxter algebras. Adv. in Math., 9:253—
265, 1972.

6. Kurush Ebrahimi-Fard. Loday-type algebras and the Rota-Baxter relation.
Lett. Math. Phys., 61(2):139-147, 1963.

7. Kurush Ebrahimi-Fard and Li Guo. Free Rota-Baxter algebras and rooted
trees. J. Algebra and its Applications, 7:167—194, 2008.

8. Li Guo and William Keigher. Baxter algebras and shuffle products. Adv. in
Maith., 150(1):117-149, 2000.

9. Thomas Lam and Paavlo Pylyavskyy. Combinatorial Hopf algebras and k-
homology of Grassmannians. Intern. Math. Res. Notices, 207(2):544-565,
2006.

10. Jean-Louis Loday. Dialgebras, volume 1763 of Lecture Notes in Maths., pages
7—66. Springer, Berlin, 2001.

11. Jean-Louis Loday and Maria Ronco. Trialgebras and families of polytopes,
volume 346 of Contemporary Mathematics, pages 369—-398. American Math-
ematical Society, Providence, R.I., 2004.



12.

13.

14.

15.

16.

17.

Tridendriform Algebras Spanned by Partitions 87

Jean-Christophe Novelli and Jean-Yves Thibon. Polynomial realizations of
some trialgebras. In Proceedings Formal Power Series and Algebraic Combi-
natorics, San Diego, California, volume 2006, pages +12, 2006.
Jean-Christophe Novelli and Jean-Yves Thibon. Hopf algebras and dendri-
form structures arising from parking functions. Fund. Math., 193(3):189-241,
2007.

Jean-Christophe Novelli, Jean-Yves Thibon, and Lauren Williams. Combi-
natorial Hopf algebras, non-commutative Hall-Littlewood functions and per-
mutation tableaux. Adv. in Math., 224:1311-1348, 2010.

Patricia Palacios and Maria Ronco. Weak Bruhat order on the set of faces of
the permutahedra. J. Algebra, 299(2):648-678, 2006.

Gian-Carlo Rota. Baxter algebras and combinatorial identities i, ii. Bull.
Amer. Math. Soc., 75:325-329, ibid. 330-334, 1969.

Louis Solomon. A Mackey formula in the group ring of a Coxeter group. J.
Algebra, 41(2):255-268, 1976.



This page intentionally left blank



89

Generalized Disjunctive Languages and Universal Algebra

Yun Liu

Department of Mathematics, Yuxi Normal University,
Yuzi, Yunnan, 653100, P. R. China
E-mail: sllivyun@sina.com

In this paper, we investigate the algebraic properties of some classes of gen-
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including syntactic monoid characterizations and the relations and hierarchy
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1. Introduction

Let A be a nonempty set called an alphabet whose elements are called letters.
Finite sequences of elements of A are called words over A. Let A* be the
set of all words, which is a monoid under the concatenation operation of
two words and the empty sequence is the neutral element called the empty
word and denoted by 1. The monoid A* is called the free monoid on A. Let
AT = A*\{1}. If w = ay1az - - a, is a word with a; € A, then n is called
the length of w and denoted by lg(w).

x € A* is called a prefix (resp. suffiz) of y € A*, if there exists a u € A*
such that y = au (resp. y = ux). x € A* is called an infiz (or a factor) of
y € A* if there exist u,v € A* such that y = uzv. A prefix (resp. suffix,
infix) x of y is called proper, if x # y.

Usually, subsets of A* are called languages over A. Remark that such
concept are defined on free monoids A*. We can also define languages on
the free objects of some other algebraic systems. Usually, subsets of free
monoids are called x-languages whereas subsets of free semigroups are called
+-languages. Generally speaking, x-languages and —+-languages have par-
allel theories. But in some occasion, such as dealing with varieties of lan-
guages, distinguishing between *-languages and +-languages is necessary.
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In this paper, unless otherwise stated, all languages we mentioned are *-
languages. The corresponding results for +-languages can be similarly ob-
tained.

Let C' be a nonempty language over A. C' is called a code over A if any
word w € A* has at most one C-factorization. That is

TIT2 Ty = Y1Y2 - Yn, X3,y €Ci=1,2,...,m,j7=1,2,...,n

impliesm=nand x; =y;, 1 =1,2,...,n.

Some important classes of codes are listed as follows. Let C' be a
nonempty langauge over A. C is called

(1) a prefix code if x,zy € C implies y = 1;

(2) a suffiz code if z,yx € C implies y = 1;

(3) a bifix code if it is both prefix and suffix;

(4) an infiz code if y,xyz € C implies x = z = 1;

(5)

(6) a p-infix code if y,xyz € C implies z = 1;

(7) a s-infix code if y,zyz € C implies x = 1.

It can be easily shown that all prefix (resp. suffix, bifix, infix, outfix,
p-infix, s-infix) codes other than {1} is a code. So for convenience, we treat
the singleton {1} as a code in this paper.

Let L be a language over A. The submonoid (resp. subsemigroup) gen-
erated by L is denoted by L* (resp. L™1).

A language L C A* is called dense if any word w € A* is a factor of
some word in L (or equivalently L intersects with all ideals of A*).

For a language L over A, the congruence P, defined by

an outfix code if xz,xyz € C implies y = 1;

P, ={(z,y) € A" x A" | for all u,v € A", uzv € L if and only if uyv € L}

is called the syntactic congruence of L. And the natural homomorphism PE
is call the syntactic homomorphism of L and denoted by ¢r. The quotient
monoid A* /Py, is called the syntactic monoid of L and denoted by M(L).
For any word u, we often use [u];, to denote the Pp-class containing u.
Let L be a language over A. Then L is said to be regular if the syntac-
tic monoid of L is finite (that is, there is only finitely many Pj-classes).
It is well known that regular languages play a critical role in theoretical
computer science and studied by many authors in literature, which have
many equivalent definitions and hence have many different names such as
recognizable languages, rational languages, etc. Regular languages have re-
markable algebraic and combinatorial properties and various applications.
For theoretical and applied requirements, many kinds of generalizations of
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regular languages and some relevant non-regular languages are also studied
in literature including disjunctive languages and their generalizations.

A language L over A is said to be disjunctive if each Pr-class contains
exactly one element. Disjunctive languages have been investigated by many
authors in literature, 459 11,16,18-21,23,24

There are many kinds of generalizations of disjunctive languages. A
langauge L over A is said to be

(1) f-disjunctive,® if each Pp-class is finite;

(2)

(3) mi-disjunctive, if each Pp-class is not an ideal;

(4)

(5) (prefiz, suffiz, bifiz, infix, outfix, p-infiz, s-infix, etc)code disjunctive,
if each Pp-class is a (prefix, suffix, bifix, infix, outfix, p-infix, s-infix, etc)
code;

(6) relatively f-disjunctive” (resp. relatively disjunctive”) if there ex-
ists a dense language D such that for all uw € A*, |[u], N D| < oo (resp.
[ule VD] <1).

In this paper, we mainly study the algebraic properties of these classes

nd-disjunctive,'® if each Pp-class is not dense;

reqular disjunctive, if each Pp-class is regular;

of generalized disjunctive languages including syntactic monoids character-
izations in Section 2 and the relations and hierarchy of these classes of
languages in Section 3.

In the following discussion, N (resp. N%) stands for the set of all positive
(resp. nonnegative) integers. And J3(.5) represents the power set of a set S.

2. K-Disjunctive languages and universal algebra

In this section, we characterize the syntactic monoids of some classes of
generalized disjunctive languages mentioned in the previous section by using
universal algebra.

Let 7 be a given class of alphabets. We call

L={(ALA"))| Ac o}

a language class (over &), where L(A*) is a family of languages over A,
that is L(A*) C P(A*). Elements of L(A*) are called L languages over A.
L can also been treated as a mapping from 7 to (J,c, B(P(A*)), called
a language map in some literatures. We also denote (J 4., L(A*) by L and
call its elements L languages if no ambiguity arises.

We usually denote by D (resp. Dy, D,., Dy, Dy, Dy, Dr, Dc, Dp,
Dsg, Dg, Dj, Do, Dpr, Dgr) the class of all (resp. f-, r-, rf-, nd-, ni-, R~
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C-, P-, S-, B-, I, O-, PI-, SI-) disjunctive languages. In fact, most of them
can be defined by the following more general manner.

Definition 2.1. Let K be a language class. A congruence p on A* is said to
be K-disjunctive, if every p-class is a K language. A language is said to be
K-disjunctive language, if the syntactic congruence Py, is a K-disjunctive
congruence. Denote by Dx the language class of all K-disjunctive languages
(that is Dk (A*) contains all K-disjunctive languages of A*). Notice that
if K(A*) contains all singleton of A*, then the class of K-disjunctive lan-
guage contains all disjunctive languages and can be treat as a generalized
disjunctive language.

All classes of the generalized disjunctive languages mentioned above
except D, and D, can be defined by this manner.

Syntactic monoids of f-; r-, rf-, nd-, ni-disjunctive, have been character-
ized by many authors.”141%17 Here we list some results as follows which
will be used later:

Proposition 2.1 (cf. 15). Let L C A*. Then L is nd-disjunctive if and
only if its syntactic monoid contains no minimal ideal.

Proposition 2.2 (cf. 15). Let L C A*. Then the following statements are
equivalent:

(1) L is an ni-disjunctive language;

(2) Both L and its complement L¢ are dense;

(3) M(L) contains no zero element;

(4) A* contains either no dense Pr-class, or at least two such classes.

Proposition 2.3 (cf. 7). Let L be a language over A. Then the following
properties are equivalent:

(1) Le Drf,'

(2) M(L) contains no finite ideal;

(3) If A* contains dense Py,-classes then it contains infinitely many such
classes;

(4) L € D,.

We now study the syntactic monoids of the above mentioned generalized
disjunctive languages which has not been discussed in literature.

For prefix, suffix, bifix, infix, outfix, p-infix and s-infix disjunctive lan-
guages, we can characterize their syntactic monoids by using the following
general manner coming from universal algebra.
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Let ¥ be a special alphabet, elements in which are called wvari-
ables and words over which are called expressions. A homomorphism
from ¥* to a monoid M is said to be an evaluation mapping. Usu-
ally, we use a(x1,xo,...,x,) to represent an expression «, where a C

{x1,29,.. ., 20}, T1,22,...,2, € B. Use a(p(z1),¢(x2),...,p(x,)) to
represent @(a(x1,2a,...,2,)), where ¢ is an evaluation mapping. Let

a = a(zr,z2,...,20), B = Blar,xe, ... x,), v = y(x1,22,...,2p), 0 =
0(x1,xa,...,x,) be expressions over ¥, A ¢ ¥* be a symbol called a lan-
guage variable (which stands for a language in the following implications).
A language L C A* is said to satisfy the following implication

a,BEN = v=09,
if
(Vwy, wa, ..., w, € A*) a(wr,wa, ..., wy), B(wi,ws,...,w,) €L

implies

Y(wr, wa, ..., wy) = 0(wy,wa, ..., wy)
A language class L is said to be defined by the following set

IM'={a;,Bi € A = 7i=0i},c;

of implications, denoted by

L=[=[{a,Bi €A = vi=0di}tel,

if L is an L language if and only if L satisfies all implications in T
A monoid M is said to satisfy the following implication

a=f = v=9,
if
(Vwy, wa, ..., wy, € M) a(wy,wa,...,w,) = Blwy,wa, ..., wy)

implies

Y(wr,wa, ..., wy) = 0(wy,wa, ..., wy).
A class of monoids M is said to be defined by the following set

I'={a; =8 = vi=0i},es

of implications, denoted by

M=={a;=pi = v =70di}icql
if M € M if and only if M satisfies all implications in T.
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A congruence p on a monoid M is called an 1-free congruence, if 1p =
{1}. A language L C A* is called a 1-free language, if [1]p = {1}. Denote
by 1 the language class of all 1-free languages.

Following our convention, we usually discuss *-languages. While the x-
languages involved in the following theorem are similar to +-languages.
We call a language class L a +-like language class, if for any alphabet A,
{{1}} C L(A*) CPB(AT) U {{1}}. For instance, the class of [prefix, suffix,
bifix, infix, outfix, p-infix, s-infix] codes are all +-like language classes.

Let M be a class of monoids. Define

L(M) = {(A, M(A*)) | A € o, M(A*") = {L C A*| M(L) € M}}.

Theorem 2.1. Let K = [{o,5; € A = v; = 1},,] be a +-like language
class. Then a congruence p on A* is a K-disjunctive congruence if and only

if 1p={1} and
A%fpe{ai =B = 7 =1}
In particular, L C A* is a K-disjunctive language if and only if [1];, = {1}
and
M(L) S [{OZZ = ﬂz = Vi = 1}1'6]]'
Therefore,

Dk = L[{O&l =06 = Yi = 1}iel] N1lg.

Proof. Let M = A*/p, a; = ai(w1,22,...,2p,;), Bi = Bi(x1,22,...,2Tn,),
i = vi(x1, @2, .o Ty,

Necessity. Since K is a +-like language class, the only K language con-
taining 1 is the singleton set {1}. Thus 1p = {1}.

Next we prove M satisfies the implications o; = 3; = v, =1,17 € [I.
Suppose that

ai(m17m27"'7mni) :ﬁi(m17m27"'7mni)7
where mq,ma,...,m,, € M. Let w; € A* satisfying pf(w;) = m;, j =
1,2,...,n;. Then we have

pu(ai(’wlvw% s 7wm)) = ai(ph(wl)vph(MQ)v s 7ph(wm))
(

= {1, ma, . 7mn1)

|
™

7 m17m27"'7mn1‘)

(
ﬁi(pu (wl)a ph(wQ)a s 7ph(wni))
P (Bi(wr,wa, . . . wy,)).
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Hence «; (w1, ws, ..., wy,) and B;(wi,wa,...,w,,) are in the same p-class.
Then by the fact that every p-class is a K language, and K satisfies o, 3; €
A = v, =1, we know that ~; (w1, ws,...,w,,) = 1. Hence

Vi(m17m27 .. '7m’ﬂi) = pu(/yi(wth? tee 7wn7)) =L
That is M satisfies the implications a; = 8; = v; =1, ¢ € I. Thus,
M e [{Oél = Bz = Vi = 1}1-6]].

Sufficiency. Let C be a p-class. Suppose that

ai(wy, wa, ..., wy,), Bi(w,wa, ... wy,) € C,
where wy,wa, ..., w,, € A*. Let m; = pf(w;), j = 1,2,...,n;. Then we
have
i, ma, ) = (), (), )

= pH(ai(wr, wa, ..., wn,))
:Ph(ﬁi(wl,wz, Cy W)
= Bi(p*(w1), p*(w3), ..., p° (wn,))
= Bi(m1,ma, ..., my,)

Then by the fact that M satisfies o; = 8; = v = 1, we know that
~yi(my,ma,...,my,) = 1.

Notice that 1p = {1}, we have 7; (w1, wa,...,w,,) = 1. That is C satisfies
implications a;, 8; € A = ~; = 1,4 € I. Thus C is a K language, which
implies that p is a K-disjunctive congruence. O

Many K-disjunctive language classes can be characterized by the above
theorem. For instance, we have

Corollary 2.1. In the following table, we list the syntactic characteriza-
tions of some generalized disjunctive languages defined by given classes of

codes.

K Dx
prefiv code P =[r,ay e A = y=1] Dp=Lz=zy = y=1]N1lfg
suffic code S =[r,yr € A = y=1] Dg=Lz=yr = y=1]N1lpg
bifix code B=PNS Dg = Dp N Dg
infiz code I=[y,zyz€ A = z2=2=1] | Di=Lly=2yz = z=z=1N1lg
outfiz code O = [zz,zyz € A = y=1] Do =Lzz=2yz = y=1]N1lF
p-infix code Pl =[y,zyz € A = z=1] Dpr=Lly=zyz = z=1]N1g
s-infizx code  SI=[y,zyz € A = z=1] Dsi=Lly=2zyz = z=1]N1lg
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Similar results can also be given for some other classes of codes such as
the so-called shuffle codes including n-prefix codes P,,, n-suffix codes S,,
n-infix codes I,,, n-outfix codes O,, and hypercodes H. While all kinds of
intercodes including comma-free codes can not be used to construct gen-
eralized disjunctive languages in this manner. Since such codes contain
primitive words only, but for any congruence, it is impossible that every
congruence class contains only primitive words.

A class of monoids closed under the three operations: homomorphism,
submonoid and direct product are called wvariety, which is equivalent to
say that this class of monoids can be defined by identities by a well-known
Birkhoff Theorem in universal algebra (cf. 1 or 2). The langauge class (M)
defined by a variety M has good algebraic closure properties (which is
closed under boolean operation, inverse homomorphism, left and right quo-
tients by Eilenberg’s Correspondence Theorem?).

The class of monoids defined by implications is called a quasivariety. It
can be easily checked that any quasivariety is closed under isomorphism,
submonoid and direct product but not necessary closed under homomor-
phism, which cause the language class (M) defined by a quasivariety M
possibly has less algebraic closure properties. In fact, it is easy to check that
the language class Dp, Dg, Dy, D1, Do, Dp1, Dsy is a anti-AFL. That is
it is not closed under the operations of union, concatenation, “+”, 1-free ho-
momorphism, inverse homomorphism, intersection with regular languages.
Up to now, we do not know that a class of monoids M being closed un-
der submonoid and direct product can bring IL(M) what kinds of closure
properties. So, unlike varieties, we do not know language classes defined by
quasivarieties have what kinds of common properties.

For syntactic monoids of regular disjunctive languages, we have the
following characterization.

A monoid M is said to be residually finite,'? if any pair of distinct
elements of M can be separated by a finite-indexed congruence on M, that
is to say, for any x,y € M, © # y, there exists a congruence p on M
with finite index such that (z,y) ¢ p. It is easy to show that, a monoid
is residually finite if and only if it is isomorphic to a subdirect product of
some finite monoids.

Let M be a monoid. z € M is said to be uniformly residually finite, if
there is a congruence p on M with finite index such that for any y € M,
x #£y, (x,y) ¢ p (That is zp = {x}). M is said to be uniformly residually
finite, if every element of M is uniformly residually finite.

A monoid M; is said to divide a monoid Ms, denoted by M; | Mo, if
M; is a homomorphic image of some submonoid of M.
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Lemma 2.1 (cf. 12). Let L be a language over A, M a monoid. Then
M(L) | M if and only if there exist a homomorphism ¢ from A* to M and
P C M such that L = ¢~ *(P).

Lemma 2.2. Let M be a finitely generated monoid, A a finite alphabet,
¢ A* — M a surjective homomorphism. Then for any x € M, p~1(x) is
reqular if and only if x is uniformly residually finite.

Proof. Let L = ¢~ !(x). Then there is a surjective homomorphism ¢ from
M to M(L) such that ¢, = ¢ o ¢ (cf. 12, Chapter 6, Lemma 5.1). Hence

P (x) = p(e(L))
=y oL (L)
= oo oL (L)
= pprtorn(L)
=¢(L)
= {z}.

Let p = Kert. Then we have 2:p = {z}. If L is regular, then M(L) is finite,
which implies the index of p is finite. Therefore, x is uniformly residually
finite.

Conversely, if x is uniformly residually finite, then there is a congruence
p on M with finite index such that zp = {2}. Let ¢» = pf, then we have
Y~ 1y(z) = {x}. Hence p =19~ 14pp(L) = L. Then by Proposition 2.1, M(L)
is a homomorphic image of M/p. Therefore, M(L) is finite, that is L is
regular. O

By the definition of uniformly residual finiteness and Lemma 2.2, we
have:

Theorem 2.2. Let M be a finitely generated monoid. Then the following
statements are equivalent.

(1) M is uniformly residually finite;

(2) For any finite alphabet A and any surjective homomorphism ¢ from
A* to M, Kery is a regular disjunctive congruence on A*;

(3) There exist a finite alphabet A and a surjective homomorphism ¢
from A* to M, such that Kery is a regular disjunctive congruence on A*;
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(4) S is isomorphic to a subdirect product of a family {S:};.; of finite
monoids satisfying the following condition: for any x € S, there exists i € I
such that 7y 'm;(x) = {x}.

Corollary 2.2. L C A* is a regular disjunctive language if and only if
M(L) is uniformly residually finite.

Remark 2.1. Clearly, every uniformly residually finite monoid is residually
finite. While the converse is not necessarily true. For instance, let A =
{a,b}, L = {w € A* | w, = wp}. Direct computations show that L is not a
regular disjunctive language. Hence M(L) ~ Z is not uniformly residually
finite. On the other hand, since for any m,n € Z, m > n, we have (m,n) ¢
pr, where k = m —n+1 and pp = {(z,y) €ZxZ|x =y (mod k)} is a
congruence with finite index. Therefore, Z is a residually finite monoid.

Remark 2.2. It is easy to show that the class of all residually finite
monoids is a so-called semivariety, that is, it is closed under isomorphism,
submonoid and direct product. While the class of all uniformly residually fi-
nite monoids is not a semivariety, it is closed under isomorphism, submonoid
and finite direct product but not closed under arbitrary direct product.

Regular disjunctive languages can be treat as a common generalization
of regular languages and disjunctive languages. Characterizing their syn-
tactic monoids may be a valuable work.

3. Generalized disjunctive hierarchy

We now discuss the relationship among some classes of generalized dis-
junctive languages mentioned in the previous section. The main result is
Theorem 3.1. For this purpose, we will make some preparations first.

For any L C A*, let

P(L)={ue AT | LNuA" # 0};
S(L) ={ue AT | LN Atu # 0};
I(L) ={ue A*| LN A*ud* #0}.

A language L over A is said to be overlap-free if P(u) N S(v) = @ for
any u,v € L.

Definition 3.1 (cf. 22). For a nonempty language L C AT and any w €
A*, a factorization of w on A*

W= T1Y1T2Y2 "+ TnYnTn+i
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such thaty, € L and I(z;)NL=0,i=1,2,...,n,j=1,2,...,n+1,n >0,
is called an L-representation of w, and (x1, 22, ..., Tnt1) is called the coeffi-
cients of the representation. If every word w has a unique L-representation,
then we call L a solid code.

Proposition 3.1 (cf. 8,22). Let L C A" and L # (). Then L is a solid

code if and only if L is an overlap-free infix code.

Definition 3.2 (cf. 13). Let S be a solid code and w a word over A. Then
w has a unique S-representation w = tys1teSq - - - t1sit141. We call the above
I the S-length of w and denote it by lg(w). The number max(lg(t1),1g(t2),
.., lg(ti41)) associated to the representation is called the S-height of w
and denoted by hg(w). If lg(w) > 2, the number max(lg(ta),...,lg(t;)) is
called the inner S-height of w and denoted by h&(w), if ls(w) < 2, then let
R (w) = 0. We also denote t1 and tj41 by ps(w) and ss(w) respectively. Let
mg(w) = max(r(lg(w)), r(hs(w))) = r(max(ls(w), hs(w))) and mi(w) =
max(r(lg(w)), r(hs(w))) = r(max(ls(w), h5(w))), where

r(n) = 2Mles2nlif n > 0;
- 0 ifn=0.

That is, r(n) is the least number in {0,20, 2t .. } which is not less than
n. For the sake of simplicity, we use l(w), h(w), h*(w), m(w), m*(w),
p(w) and s(w) to represent lg(w), hs(w) , hi(w), ms(w), m(w), ps(w)
and sg(w) respectively if the solid code S is known in the context. Now, by
means of the solid code S, we are ready to construct the following language
L = L(S) which will be used in the proof of the main result of this section.
For any p,s € A*, 1 € {0,1,...}, mym* € M = {0,20,21,...}, m,m* >
r(l), let

U(l,m)={we A*|l(w) =1 and m(w) = m};

V({l,m,m*, p,s)={weU(l,m)]| p(w) =p, s(w) =s and m*(w) =m*};

L=58)= U Ulmm)={1}u l@@ (2!, 20).

For the sake of simplicity, for any word w, we also denote U(l(w), m(w))
and V(l(w), m(w), m* (w), p(w), s(w)) by U(w) and V(w) respectively.
Then we have:

Proposition 3.2 (cf. 13). Let S be a solid code, L = L(S). Then for any
w € A" we have
(1) V(w) € [wlr € U(w).
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(2) [w]L is an infiz code.
(3) If p(w) = s(w) = 1, then [w]r, = V(w). In particular, S is a Pr-
class.

Proposition 3.3 (cf. 13). Let S be a solid code over A, L = L(S). Then
S is finite if and only if L is f-disjunctive.

Proposition 3.4. Let S be a solid code over A, L = L(S). Then S is
reqular if and only if L is reqular disjunctive.

Proof. By Proposition 3.2(3), S is a Pp-class. Therefore, if L is regular
disjunctive, then S must be regular.

Conversely, suppose that S is regular. Since S is a Pp-class, for any
neN x €A, i=12...,n+1, 25085 2,52, must be con-
tained in a Pp-class. Moreover, by the regularity of S, we know that
118298 - - - 2, S, 11 is regular. For any n € N°, let AS™ denote the set of
all words with length < n. By Proposition 3.2(1), we have [w];, C U(w) C
(AS™S)AS™ for any w € A*, lg(w) = I, mg(w) = m. Then [w]; is a
finite union of the form z;Sx5S - - - 2;S7;, 1, where x; € AS™. Thus [w]y, is
regular, which implies L is regular disjunctive. O

Definition 3.3. Let L be a nonempty language in A", w € A*. An L-
representation

W = T1Y102Y2 * * - TnYnTn+1

of w is said to be mazimal, if any infix of w properly containing y; does not
belong to L.

Proposition 3.5. If O is an overlap-free language over A, then every word
over A has a unique maximal O-representation.

Proof. Suppose that the proposition is not true. Let w € A* be a word
with minimal length among the words with at least two maximal O-
representations. Let

W = T1Y1T2Y2 "+ * TnYnLn+1,

o VARV A ) ! A !
W= T1Y122Y2 " Ly Yp/ Ty 41

be two distinct maximal O-representations of w.
By the minimality of lg(w), we have x1 # 2. Suppose, without loss of
generality, that lg(x1) < lg(2}). Then by y1,y] € O and O is overlap-free,
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we know that y{ is a proper infix of y;, which contradicts the maximality
of the representation

. o0 A A !
W= T1Y1 XY Ly YpTyyr 41+

Therefore, every word has a unique maximal O-representation. O

Remark 3.1. The converse of the above proposition is not necessarily true.
For example, let O = A*. Then every word w over A has a unique maximal
O-representation, i.e. w = w. Clearly, O is not overlap-free. So, it is quite
different from the corresponding property of solid codes (cf. Proposition
3.1).

By Proposition 3.5, we have the following definition.

Definition 3.4. Let O be an overlap-free language over A. Then the [ in
the unique maximal O-representation

W = T1Y1X2Y2 * * - L1Y1Li+1

is called the O-length of w, denoted by lo(w).

Proposition 3.6. Let O be an overlap-free prefiz code or suffiz code over
A,

Uo(n) ={we A* | lo(w) =n}, neN

L=Lo= U Uo(2").
n=0
Then
(1) For any w € A*, lo(w) =1, we have [w]r, C Uo(l);
(2) L is an nd-disjunctive language over A.

Proof. We need only prove the case of that O is a prefix code.

(1) Let w = x1y122y2 - - - x1y1x4+1 be the maximal O-representation of
w. For any w' € [w]g, let lo(w’) = I'. Suppose that [ > I’. Let r be a
positive integer satisfying [ — 1’ < 2"~ and u an arbitrary word in O. Then
by the fact that O is an overlap-free prefix code, we obtain that

2"—1 wu
uw? "o =Tulul - 1u T1Y122Y2 - * - TIYIT14+1

is the maximal O-representation of u? ~'w. Hence lo(u? ~'w) = 2", which
implies that u? ~'w € L. Similarly, lo(u? ~‘w') = 2" — (1—1'). Since 2" <
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2" —(1—-1") < 2", we have u? ~lw' ¢ L, This contradicts (w,w’) € Pr. Thus
I < I'. Symmetrically, one can prove that I’ < I. Thus [ = [I’, that is
w' € Uo(l).

(2) is a direct consequence of (1). |

Lemma 3.1. Let p be a congruence on A*, w € A*. If wp is finite, then
wp 18 an mfiz code.

Proof. Suppose that z,uzv € wp, where u, v, x € A*. Then for any n € N,
uxv™ € wp. If uv # 1, then wp is infinite. Thus, if wp is finite, then
u = v = 1. That is wp is an infix code. O

Lemma 3.2. Fvery infix code is not dense.

Proof. Let L be an infix code over A, w € L, a € A. Then for any u,v € A*,
uwav ¢ L. Thus, L is not dense. |

Lemma 3.3 (cf. 18). If |A| =1, then a language over A is disjunctive if
and only if it is not regular.

Theorem 3.1. (1) If |A| =1, then
D(A") = D(A") = D1(A%) = Dpa(A") = Dy (A7) = Dpi(A") \ R(A").
(2) If |A| > 2, then
D(A") € Dy(A") & Di(A%) € Dna(A") & Dyp(A7) C Dpi(A7) \ R(A").

For reqular disjunctive languages, we have

(3) Dy UR C Dg.

(4) If |A| = 1, then every language over A is reqular disjunctive.

(5) If |A] > 2, Dr(A*) is not comparable with Di(A*), Dya(A*),
D, ;(A*), Dyi(A*) under set inclusion. (The relationship among these lan-
guage classes is shown in Figure 1)

Proof. By the definitions of these classes of generalized disjunctive lan-
guages and Proposition 2.1, 2.2, 2.3, Lemma 3.1 and 3.2 we have
D(A") € Df(A") € Dr(A%) € Dya(A") € D, 1 (A7) € Dyyi(A%) \ R(A"),

(1) By Lemma 3.3, when the alphabet A contains only one letter, a
language over A is either regular or disjunctive. Hence, D,,; (A*) \ R(A4*) C
D(A*). Thus we have

D(A") = Dj(A") = Dpa(A") = Dy (A7) = Dpi (A7) \ R(AY).
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(2) It can be easily shown that Ly = |Jo—, A%" € Dy(A*)\ D(A¥),
which shows the inclusion D(A*) C D;(A*) is proper. By the proof of (5)
below, we know that all other inclusions of (2) is also proper.

(3) Since finite language is trivially regular, we have D; C Dg. The
inclusion R C Dy is a consequence of Corollary 2.2.

(4) is a consequence of (3) and Lemma 3.3.

(5) Let a,b € A, D = {a"b" | n € N}, E = {a*" | n € N0},

Ly = L(S), where S is an infinite regular solid code, the operator L
follows Definition 3.2,

Lo = L(S"), where S’ is a non-regular solid code, operator L has the
same meaning as the above statement,

L3 = {w €A | w, = 2”,n€NO},

Ly=Lp= {’LU c A* | lD(w) =2"n¢€ NO},

Ls = EbA*,

Le ={w € A" | w, = wy},

L;=FEU A(A2)*,

Ls = DU A(A?)*,

L9 = (A2)*a
LlO = E7
Ly = {a},
Lis = D.

(i) By Proposition 3.2(2), 3.3 and 3.4, we have L; € (D1(A*)NDgr(A"))\
Df(A*), Lo € DI(A*) \DR(A*)
(ii) Direct computation shows that

M(L3) = {C, | n € N°},

where C), = {w € A* | w, = n}. Clearly, C,, is non-dense regular language,
but not an infix code, n € N°. Thus Lz € (D,q(A*) N Dr(A*)) \ D1(4%).

(iii) Notice that D is an overlap-free bifix code, then by Proposition
3.6(2), L4 is an nd-disjunctive language over A.

Next we show that D is a Pr,-class. For any u,v € A*, x € D, we have
Ip(uzv) =Ip(u) +Ip(v) + 1. Hence for any x,y € D, uxv € Ly, if and only
if uyv € Ly. That is D is contained in a Pr,-class.

Let w € D, w' € A*, (w,w') € Pr,. Then by Proposition 3.6(1),
Ip(w') = Ilp(w) = 1. Let w' = uav be the maximal Ly-representation of
w', x € D, u,v € A*. Then we have uwv € b*a* and (x,w’) € Pr,. If u ¢ a*,
then u = b%a? for some i > 1, j > 0. Then Ip(aba’w’) = Ip(aba’bia’ zv) = 3
and Ip(aba’z) = 2. Hence aba'w’ ¢ Ly while aba'x € Ly, which contradicts
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(x,w") € Pr,. Thus u € a*. Similarly, v € b*. Therefore, uv € a*b*, which
together with uv € b*a* implies u = v = 1, and hence w’ = x € D.

Now we have proved that D is a Pr,-class. Since D is neither a regular
language nor an infix code over A, we have Ly € D,q(A4*) \ (Dr(A*) U
Dy(A")).

(iv) It is easy to show that

M(L;) = {a"bA* | n e N°} U {{a"} | n € N},

Hence Ls is regular disjunctive. Since there exist infinitely many dense Pr,,-
class a"bA*, n € N, by Theorem 2.3 and the definition of nd-disjunctive
languages, L5 is an rf-disjunctive language but not an nd-disjunctive lan-
guage. Thus Ly € (D, ;(A*) NDgr(A*)) \ Dya(A*).

(v) M(Lg) = {Cp | n € Z}, where C,, = {w € A* | w, = wp +n}. It is
easy to check that C,, is a dense non-regular language. Hence Lg is neither
nd-disjunctive nor regular disjunctive. While by Theorem 2.3, Lg is rf-
disjunctive. Thus Lg € D, s (A*) \ (Dr(A*) UD,q(A%)).

(vi) M(L7) = {C1,Co}U{{a"} | n € N°}, where C; = (A*\ a*)N(A?),
Co = (A*\ a*) N A(A%)*. Clearly, Ly is regular disjunctive but not regular.
By Proposition 2.2 and 2.3, L7 € D,,;(A*)\D,s(A*). Thus L7 € (D,,;(A*)N
Dr(A%) | (R(4") UD, ;(4)).

(vii) M(Lg) = {C1,C2}U{D,, | n € Z}, where C; = (A*\ a*b*) N (A?)*,
Cy = (A*\a*b*)NA(A?)*, Dy, = {a'b? | i,j € N°,i — j = n}. Clearly, both
Ch and Cy are dense regular language. And it is easy to check that D,, is
neither regular nor dense. Thus Lg € D,,;(A*) \ (Dr(A*) UD,(A")).

(viii) Lg is obviously a regular language. Moreover, both Lg and its
complement are dense. Thus Lg € R(A*) N D,,;(A*).

(ix) By M(L1g) = {A*\ a*} U {{a"} | n € N°}, we have Ly is regular
disjunctive but not regular. Moreover, since there is only one dense Pr, -
class, Lo ¢ D,,;. Thus Ly € DR(A*) \ (Dnz(A*) U R(A*))

(x) Since Lq; is regular but not dense, we have L1; € R(A*)\ D,;(A4*).

(xi) M(Li2) = {A4*"\a*v*} U {D,|ne€Z}, where D, =
{a'v? | i,j € N°,i — j = n}. Since there is only one dense Pr,,-class, L1 ¢
D,,;. Since D,, is not regular, n € Z, we have Lio ¢ Dgr. Thus Ly ¢
D,;(A") UDgR(A").

(i)—(xi) not omly proves that all inclusions D;(A*) C Dy(A*) C
D,q(A*) C D,;(A*) C D,,;i(A*) \ R(A*) are proper, but also shows that
Dgr(A*) is not comparable with Dy(A*), D,,q(A*), D,s(A*) and D,,;(A*)
under set inclusion (cf. Figure 1). O
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Fig. 1. Generalized disjunctive hierarchy
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In this paper, we study a category of trees 77 and prove that it is a Koszul
category. Consequences are the interpretation of the reduced bar construction
of operads of Ginzburg and Kapranov as the Koszul complex of this category,
and the interpretation of operads up to homotopy as a functor from the minimal
resolution of 77 to the category of graded vector spaces. We compare also
three different bar constructions of operads. Two of them have already been
compared by Shnider-Von Osdol and Fresse.

Keywords: Operads; bar construction; monad; Koszul duality.

Introduction

The bar construction is an old machinery that applies to different objects,
such as algebras, monads'* or categories.'® Ginzburg and Kapranov'! built
a bar construction BEX for operads, as an analogue of the bar construction
for algebras. Except that, stricto sensu, this bar construction is not the
exact analogue of the bar construction for algebras. C. Rezk,'® S. Shnider
and D. Von Osdol,>! and B. Fresse” considered another bar construction
for operads, denoted by B°, the one viewing an operad P as a monoid
in the monoidal (non-symmetric) category of symmetric sequences, with
the plethysm as monoidal structure. B. Fresse proved that the associated
complexes of the two bar constructions are related by an explicit quasi-
isomorphism, improving the result by S. Shnider and D. Von Osdol who
proved that the two complexes have isomorphic homology. This explicit
morphism enables also B. Fresse to work over any commutative ring.

The purpose of this paper is first to give an interpretation of the original
bar construction BY¥ of Ginzburg and Kapranov. In this process, we view
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an operad as a left module over the category of trees 77 as in'! and build the
bar construction B of this category. Note that the idea of using categories
of trees for operads, or PROPS, goes back to Boardman and Vogt.? The
crucial point is that the category 7; is Koszul and it is immediate to see
that the original bar construction of Ginzburg and Kapranov is precisely
the 2-sided Koszul complex of the category with coefficients in the left-
module P and the unit right module. The bar construction of the category
of trees is the same as the bar construction of the monad (or triple) arising
from the adjunction

Operads &= Symmetric Sequences,

where the left adjoint to the augmentation ideal functor is the free operad
functor. Symmetric sequences are also known as species, terminology used
in the present paper, or S-modules.

We prove that the inclusion BYX — B factors through the quasi-
isomorphism described by Fresse BY% — B°, where B° denotes the bar
construction with respect to the monoidal structure. We describe explicitly
the quasi-isomorphism B° — B.

Note that S. Shnider and D. Von Osdol?! interpret the bar construction
B° as a bar construction of a category, which is not the same as our category
of trees. The one used by the authors is the usual category associated to
an operad or a PROP (see e.g.!%).

The advantage of proving that the category 77 is Koszul is that we can
provide a smaller resolution of the category 7; than the usual cobar-bar
resolution, inspired by the work of B. Fresse.® We prove that this resolution
yields the definition of operads up to homotopy recovering the original
definition given by P. Van der Laan in his PhD thesis.??

The plan of the paper is the following one. In Section 1, we study the
category of trees 77, define the two-sided bar construction B, the Koszul
complex K and prove that the category is Koszul (Theorem 1.8). In Section
2, we compare the three bar constructions B, B¢X and B° and prove the
main Theorem 2.6: the factorization of B% — B through the levelization
morphism of B. Fresse. Section 3 is devoted to operads up to homotopy.

Notation. We work over a field k of any characteristic.

e The category of differential graded k-vector spaces is denoted by dgvs.
An object in this category is often called a complex.

e The symmetric group acting on n elements is denoted by S,,.
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e Let F,G be subsets of a set E. The notation F' LU G = E means that
{F, G} forms a partition of E, that is, FUG = F and FNG = .
e To any set E, one associates the vector space k[E] spanned by E.

1. The tree category is Koszul

1.1. The tree category Tr

Definition 1.1. A tree is a non-empty connected oriented graph ¢ with no
loops, with the property that at each vertex v, there is at least one incoming
edge and exactly one outgoing edge. The target of the incoming edges at
v is v and the source of the outgoing edge of v is v. We allow some edges
to have no sources and these edges are called the leaves of the tree ¢. The
other ones are called the internal edges of ¢ and we denote by E; the set
of internal edges of t. We denote by V; the set of vertices of ¢ and by In(v)
the set of incoming edges (leaves or internal edges) at the vertex v. A tree
is reduced if for every v € V; one has |In(v)| > 1.

Let I be a finite set. An I-tree is a tree such that there is a bijection
between the set of its leaves and I. The objects of the category 7; are the
isomorphism classes of reduced I-trees. One can find a detailed account on
this category in the book in progress of B. Fresse (see [6, AppendixAl).
Note that the set of objects of 77 is finite. Let ¢ be a tree in 7; and F be a
set of internal edges which can be empty. The tree t/E is the tree obtained
by contracting the edges e € E. For a given pair of trees (¢,s) the set of
morphisms 7;(t,s) is a point if there is E C E;, such that s = t/E and
is empty if not. Note that if there is E C E; such that s = t/F then E
is unique. The category k77 is the k-linear category spanned by 7;: it has
the same set of objects and has for morphisms k77 (¢, s) = k[T;(t, s)]. When
s = t/E we denote again by E the basis of the one dimensional vector space

K7 (t,t/E).

Definition 1.2. A left T;-module is a covariant functor 7; — dgvs and a
right Tr-module is a contravariant functor 7; — dgvs. To any left T;-module
L and right 7r-module R, we associate the differential graded vector space

Rer L= Rt) @ L(t)/ ~
teTr
with f*(2) @ y ~ 2 ® f«(y) whenever f € T;(t,s),z € R(s) and y € L(¢).

Recall that the Yoneda Lemma implies the functorial equivalences

kTi(—.s) @7 L=L(s) and Ro7 kTr(t,—) = R(t).
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1.2. Bar construction for the category Tr
1.2.1. Bar construction

The bar construction, or standard complex in the terminology of Mitchell,'6
of the k-linear category k77 is a simplicial bifunctor 7;* x T; — dgvs defined
by

Bn(’]}; 7}5 ﬂ)(t? S) =
P kTi(s0,5) @KTi(s1,50) @ -+ @KTr (0, 5n-1) @ KT (¢, 5)

50, ,8n€TT

with the simplicial structure given by

for 0 <i <n,
di : Bn(T1,T1,T1)(t, 8) — By (T2, T1,Tr)(t, 5)
ag Q- QA1 ap @+ D aiti41 @ -+ & apy1,
for 0 < j <n,
Sj : Bn(7—177}77})(t7 8) — Bn+l(7-[77-]77-])(t7 8)

a0®®an+l |_>a0®®a]®1®aj+l®®an+1,

To this simplicial bifunctor is associated the usual complex (B,,,d =

St o(=1)d;)n>0. If s =t/E then the complex B, simplifies as

Bn(,TIaITIa,TI)(tvt/E): @ k(E()v"' aEnJrl)

EoU---UE,1=FE

with

d(Eo, -+ Eny1) =Y (=1)"(Eo,-++ , BiUEij1,-++ , Eny1).
i=0
This complex is augmented by letting B_1 (77,71, T1)(t,s) = kTi(t,s).
From B. Mitchell'® this complex is acyclic and B.(77,77,7r) — k77 is
a free resolution of bifunctors.

1.2.2. Resolution of left and right Tr-modules and Tor functors

Let L be a left T;-module and R be a right 7;-module. The left 7T;-module
B(T1,T1,T1) @7, L is denoted by B(Tr,T;, L), the right T;-module R &7,
B(T:,71,7Tr) is denoted by B(R, 77, 7r) and the differential graded vector
space R ®7; B(Tr,Tr,Tr) ®7; L is denoted by B(R, 71, L).
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From B. Mitchell one gets that B(77,7r, L) is a free resolution of L in
the category of left Tr-modules and B(R, 77, 77) is a free resolution of R in
the category of right 77-modules. Consequently,

H,B(R,T;,L) = Tor/’ (R, L).

The Yoneda Lemma implies that the complex computing the Tor functor
has the following form:

B.(R,T1,L)= P R(t/E)@k(Ey,--+ ,Ep)®@L(t),n>1
(t,ECE:) Eal---UE,=E

By(R,T1,L) = @ R(t)® L(t).

teTr

with the differential given by
dz @ (Ey, - En) ©@y) = (El)*(l“) (B2, Ep) @y

—I—Z $® El, . ,EiI_IEl-+1~-~,En)®y

+(—1) x® (E1, o Epe1) ® (En)s(y),
where (Ey)* = R(Ey : t/(E\ E1) — t/E) and (Ep). = L(Ey, : t — t/E,).

1.2.3. Normalized bar complex

Because B, is a simplicial bifunctor, one can mod out by the degeneracies
to get the normalized bar complex of the category

Nﬂ(ﬂaﬂvﬂ)(tvt/E): @ k(E07 ,En+l)7
Bou--UE,  1=E,

E;#0 for 1<i<n

as well as the normalized bar complexes with coefficients N, (R, 77, 7Tr),
N.(T1,T1,L) and N.(R,T;, L). Furthermore for any left 7;-module L and
right 77-module R one has quasi-isomorphisms

B (T1,T1,L) = N(T1,T1, L) — L,

in the category of left T;-modules and quasi-isomorphisms
B.(R,T1,T1) = Nuo(R, T1,T1) = R,

in the category of right 77-modules and quasi-isomorphisms in dgvs

B(R,T;,L) = N(R,T1, L).
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Since N.(R,Tr,Tr) is a free right Tr-module and N, (77,77, L) is a free
left 77-module one can either use the bar complex or the normalized bar
complex in the sequel, as free resolutions of R or L.

1.3. The Koszul complex of the category T
1.3.1. The Koszul complex

Notation 1.3. For any tree ¢t we denote by b, the left and right 77-module
which sends ¢ to k and s # ¢ to 0. If ¢ is the corolla ¢; we use the notation
br instead of b, .

Let E = {e1, -+ ,e,} be a finite set with n elements. Let k[F] be the
n-dimensional vector space spanned by E. The vector space A"(k[F]) is a
one dimensional vector space. Let e; A --- A e, be a basis.

The Koszul complex of the category 7; is a bifunctor

K(T1, 71, 1) : TP x Tr — dgvs.

For any pair of trees (t,s), if there is no F such that s = t/E we let
K(Tr,T1,71)(t,s) = 0. If s =t/E we let
K(Tt. T, T(tt/E) = D kTi(t/(FUG), t/E)oA (K[G) kT (t,t/F)
FUGCE
For any F U (G = {e1, -+ ,e4}) UH = E we define
g .
dH®e1A---Neg@F) = Z(—l)HHU{ei}@@elA---Ae}/\---Aeg®F+
i=1
g .
S(-1)'H@er A Néi A= Neg @ FU{e;}.
i=1

Lemma 1.4. The map d satisfies d*> = 0.

Proof. The map d splits into two parts d; + d,.
One has d;d, + d,d; = 0: if z; denotes the element e; A--- A€ A---Negy
and x; 5, i < j denotes the element ey A---Aé A---Aéj A--- Aegy then

(did, +drd))(H@e1 N Neg@F)
g
=d/(> (-1)'H® ;@ F U {e;})

=1

—I—C&(i(—l)jil}{ U {ej} Kr; @ F)

j=1
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=> ()M HU{e;} @250 ® FU{e}

7<i
+> ()" HU{e;} @ mi; @ F U {e}
3>
+D ()T H U e} @@ @ F U {ei}
i<j
+ (DM TPHU e} @25, 0 FU{e} =0.
i>j
Let V be an n-dimentional vector space. Let V = {v1,--- ,v,} be a basis

of V with a given order v; < --+ < v,. Recall that the Koszul complex
A(V) ® S(V) has the following differential

p

i=1

This complex splits into subcomplexes

AV)es(V),d= @ (V) dw)
0#WCy

where

C’;V(V): @ Elxi A Axp @ y1 - Yql

{r1<<wp;y1 <Ly p=W

For F C E we let Vi be the vector space with basis Vr = {eg,er & F}.
The map d; corresponds to the differential dy, of CY#(Vr) and d? = 0.
The same is true for d,., with V. O

Note that the Koszul complex is augmented by letting
K—1(7—17 7-]7 ﬂ)(t7 8) = k7—1(t7 8)'

1.3.2. The Koszul complex of the category T; with coefficients

Let L be a left T;-module and R be a right 7;-module. The left 7T;-module
K(T7,71,T1) ®7; L is a free left Tr-module denoted by K (77,77, L). The
right 77-module R @7, K (77,77, 71) is a free right Tr-module denoted by
K(R,Tr,Tr). The differential graded vector space R®7; K (77,71, Tr) @71, L
is denoted by K (R, 77, L).
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Let ¢t be a tree in 7; and s = t/E for a given E C E;. The right

Tr-module K (bs, 77, 77) has the following form
Kby, T, T = @ A9KG) @ k[F.
GUF=E

From the previous proof, one gets that it corresponds to a summand of
the Koszul complex A(k[E]) ® S(k[E]). If E is non empty, this complex is
acyclic (see e.g.2%) and if F is empty it is k in degree 0. As a consequence,
we have

Theorem 1.5. The augmentation € : K(bs,Tr,Tr) — bs is a quasi-
isomorphism, thus K (bs, Tr,Tr) is a free resolution of by in the category
of right Tr-modules.

The augmentation € : K(T7,Tr,b:) — by is a quasi-isomorphism, thus
K(T7,T1,b:) is a free resolution of by in the category of left Tr-modules.

1.4. The category T is Koszul

The aim of this section is to prove that the homology of the complex
N(bs, Tr,bt) is concentrated in top degree with value K (bs, 77, b:) which
amounts to say that the category 77 is Koszul.

Lemma 1.6. The map «: K(T1,T1,7T1) = B(T1,T1,T1) defined by
Kt t/E)(H@er A Aen® F) = Y e(0)H® (€a(r), ** +€a(n) @ F
geSy,

is a natural transformation of bifunctors. For any right Tr-module R the
induced map RQ1, k commutes with the augmentation maps K(R,T;,Tr) —
R and B(R,T1,T1) — R.

For any left Tr-module L the induced map k @7, L commutes with the
augmentation maps.

Proof. The only thing we need to prove is that x commutes with the
differentials. One has

de(H®@e1 N~ Ne, @ F)

= Z e(o)(HU eg(l)) & (60(2), E ,eg(n)) ® F
o€Sn

n—1
+ Z(_l)l Z E(U)H ® (60(1)5 T Co(d) U Co(it1)s " 760'(71)) ® F
i=1 ogES,

_|_(_1)n Z E(U)H ® (60(1)7 T 760(71—1)) ®FU €o(n)-
oESy
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The middle term vanishes. For the first term, we split the sum over S,, into
sums over o € S, such that o(1) = ¢. Such a o is a composite 7p with 7
having 7 as fixed point and with p being the cycle 1 ¢ —i—-1— -+ —
2 — 1. Hence €(0) = ¢(7)(—1)""1. Thus the first term writes

Z(—l)iil Z E(T)HUGZ'@(GTO),--- Gy ,eT(n))(XJF.

i=1 €S, T (i)=i

For the last term, we split the sum over S, into sums over o € S, such that
o(n) = i. Such a o is a composite 7n with 7 having i as fixed point and
with 7 being the cycle i — i+1 — -+ — n — i. Hence e(0) = €(7)(=1)""".
Thus the last term writes

ST Y dnH@ (erqy 1 8ir e erm) ® FUe
i=1 TES,,T(1)=1

As a consequence dk = kd. O

Proposition 1.7. The morphisms of right Tr-modules

bs@1, K

K (bs, Tr,Tr) B(bs, Tr, Tr)
\bs/

are quasi-isomorphisms.
Proof. This is a direct corollary of Theorem 1.5 O
Theorem 1.8. The category T is Koszul.

Proof. Because we have quasi-isomorphisms of free left modules
K(bs, Tr,T1) = B(bs, Tr, T1) = N(bs, T1, T1),

we have quasi-isomorphisms of differential graded vector spaces
K (bs, T1,bt) — B(bs, Tr,bt) = N (bs, Tr, ).

If s =t/FE with E = {e1, -+ ,en} then N(bs, Tr,b:) is bounded with top
degree n. Namely

Nn(bs;,]dlvbt) = @ k[(ea(l)a o 760'(71))]7

oeSy
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whereas K (bs, T1,b;) is concentrated in degree n, of dimension one with
basis e1 A+ - - Aey,. Since K (bs, Tr, b)) — N (bs, Tr, by) is a quasi-isomorphism,
one gets that K is precisely the homology of N. O

Corollary 1.9. For any right Tr-module R and left Tr-module L the mor-
phisms

k:K(R,T;,L) = B(R,T1,L) and

%: K(R,T;,L) = N(R,T1,L)

are quasi-isomorphisms and

Tor!"(R,L) = H.(K(R,T;,L)).

Proof. It is enough to prove that  is a quasi-isomorphism. Let us consider
the filtration by the number of internal vertices

E:it—s,|E|<p
E=EjU---UEp

Fp(K) = @D Kn(R, T, L),

n<p

which are subcomplexes of N(R,7;,L) and K (R, T;, L) respectively. One
has, as complexes,

FP(N)/FP—l(N) = I@ R(S)®Nn(bsu7}ubt)®l/(t)u
E:t—s,|E|l=p,n<p
Fp(K)/Fpa(K) = 69‘ | R(s) @ Kp(bs, Tr,bt) ® L(2).
E:it—s,|E|=p

From Theorem 1.8, the map F,(K)/F,—1(K) — F,(N)/F,—1(N) is a quasi-
isomorphism. Since Fy(K) = @sR(s) ® L(s) = Fy(N), then for every p, the
map F,(K) — F,(N) is a quasi-isomorphism. This yields the result. O

1.5. Bibliographical remarks

There are other ways to prove that the category 7; is a Koszul category,
using different points of view. One point of view is to consider operads as
algebras over a coloured operad. This has been done by P. Van der Laan
in?? where he proved that this coloured operad is Koszul.

Another point of view is to use incidence algebras of a poset as con-
sidered by C. Cibils,* for the category 7; forms a poset. Saying that the
category is Koszul amounts to say that its incidence algebra is Koszul.
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Moreover, the Koszul complex we have described in Section 1.3 coincides
with the Koszul complex of the incidence algebra as presented by D. Wood-
cock.?* If the poset is Cohen-Macaulay (see e.g.'® or?*)
algebra is Koszul. In our case the poset is Cohen-Macaulay because every
interval is boolean: given a tree ¢t and a tree s = t/F where F is a set of
edges of t, then the interval [s,t] is the product of |E| linear intervals of
length 1, each of them corresponding to a contraction along a specific edge
e € E. I thank the anonymous referee for drawing this to my attention.

, then its incidence

2. Comparison of three different types of bar constructions
for an operad

The aim of this section is to compare different kinds of bar construc-
tions for operads, depending on the way we consider operads, either as
left 7;-modules, or algebras over the free operad monad, or monoids in the
monoidal category of species.

Section 2.1 is an attempt to generalize the bar construction in a frame-
work that applies to all the cases considered in the paper. Section 2.2 shows
that an operad P can be considered as a left 7;-module, leading to the
bar construction B(R, 77, P), for R = T; or R a right 7T;-module. Section
2.3 defines the free operad functor F, yielding to the Godemont/May bar
construction B(R, F,P) for an F-functor R. We prove in Proposition 2.6
that to any right 7;-module R is associated an F-functor m;(R) such that
B(rr(R),F,P) = B(R,T;,P). In Section 2.4, we recall the bar construc-
tion B°(R,P,L) of an operad P with coefficients in a right P-module R
and left P-module L obtained by viewing an operad as a monoid in the
monoidal category of species. In Section 2.5, we recall the original reduced
bar construction B% given by Ginzburg and Kapranov, which coincides
with the Koszul complex K (by, 77, P) introduced in Section 1. We recall the
levelization morphism defined by B. Fresse from B%X to B°. The last Sec-
tion 2.6 is devoted to the factorization of & : K (b, T, P) — N(bs, T1,P),
introduced in Section 1.4, through the levelization morphism.

2.1. Principle of the bar construction with coefficients

Section 2.3 of the book of M. Markl, S. Shnider and J. Stasheff'® can serve
as our definition of two-sided bar construction. The idea is to work in a
“context” for which any object X admits the notions of left X-modules
and right X-modules, as

(a) A k-algebra X with its usual notions of left X-module and right X-
module;
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(b) a linear category X where left X-modules and right X-modules are
covariant and contravariant functors X — dgvs;

(¢) A monoid X in a monoidal category (C,®, I') where left X-modules L
and right X-modules R are objects in C together with maps X®@L — X
and R ® X — X commuting with the monoid structure of X;

(d) A monad X : 7 — T where left modules L and right modules R are
functors L : D — T and R : T — & together with natural transfor-
mations p : XL = L and A : RX = R commuting with the monad
structure.

Note that the last example is very close to a monoid X in a monoidal
category except that L and R are not objects in the same category as X.
Certainly the right notion in order to unify all the examples enumerated
above is to start with a monoidal category C, left and right module cate-
gories £ and R (seel” for the definition), and pick a monoid X in C and
left module L € £ and right module R € R.

In this context, the above examples resume to

(a) The category C is the category of k-modules with the tensor product
as monoidal structure and £ =C =R.

(b) The category C is the category of bifunctors X°? x X — dgvs with the
tensor product defined in Section 1. The category L is the category of
covariant functors X — dgvs and R the one of contravariant functors.

(c) The category C is the monoidal category (C,®,I) and L=C =R

(d) The category C is the category of endo-functors of the category T, with
composition as monoidal structure. The category L is the category of
functors from D to T and the category R is the category of functors
from T to &.

Definition 2.1. We say that a simplicial complex B.(R,P, L) endowed
with an augmentation € : B(R, P, L) — B_1(R, P, L) satisfies the principle
of the simplicial bar construction with coefficients, if

e Vn, B,(R,P,P) is a free right P-module and € : B(R,P,P) —
B_1(R,P,P) =R is a quasi-isomorphism.

e Vn, B,(P,P,L) is a free left P-module and ¢ : B(P,P,L) —
B_1(P,P,L) =L is a quasi-isomorphism.

Since we are working in linear categories, the normalized complex
N.(R,P,L) makes sense and we say that it satisfies the principle of the
bar construction with coefficients, if it satifies the properties analogous to
the ones stated above. More generally a complex K.(R,P, L) satisfies the
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principle of the bar construction with coefficients, if it satisfies these prop-
erties.

The result of Section 1 can be summed up in the following proposition.

Proposition 2.2. The standard resolution B.(R,Tr,L) satisfies the
principal of the simplicial bar construction. The normalized complex
N.(R, T, L) satisfies the principle of the bar construction as does the Koszul
complexr K. (R, Ty, L).

2.2. Operads as left Tr-modules

In this section, we recall that operads can be considered as left 7;-modules
as presented in [11, Section 1.2].

Definition 2.3. Let Bij be the category whose objects are finite sets, pos-
sibly empty, and morphisms are bijections. A vector species is a contravari-
ant functor M : Bij — dgvs. An operad is a vector species P together with
partial composition maps

0, : P(I)@P(J) = PUI\{i}ulJ), Viel,

and unit k — P({x}) satisfying functoriality, associativity and unit axioms.
A connected operad is an operad P such that P()) = 0 and P({z}) = k.
We denote by Op the category of connected operads. Given a connected
operad P, the species

P(I) =0, if |11 <1,
PI) =P), if|I]>1,

is called the augmentation ideal of the operad. A species M satisfying
M(I) = 0 for |[I| < 1 is called connected. We denote by Sp the cate-
gory of connected species. Hence, the augmentation ideal of a connected
operad forms a functor Op — Sp. A species M satisfying M(0) = 0 and
M({z}) = k is called augmented. We denote by Sp, the category of aug-
mented species. Given a connected species M one can build an augmented
species M by adding k in arity one. The induced functor Sp — Sp, is
an equivalence of category, the inverse functor being M +— M. The com-
position of the functors Op — Sp — Sp, is the forgetful functor.

Let ¢ be a tree in 77 and let M be a vector species. The graded vector
space M(t) is defined by

M(t) = X) M(In(v)).

veVy
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When P is an operad, this definition extends to morphisms in 7; so that
one gets a functor P : T — dgvs, as follows. Let e € E; be an internal edge
of t going from w to v. By reordering the terms in the tensor product one
gets

P(t) = P(In(v)) ® P(In(w)) & ®z€Vt\{v,w}P(In(Z))

Xo,w

and P(t — t/e) : P(t) — P(t/e) is defined as
0e ® Xy : P(In(v)) @ P(In(w)) @ Xy0o = P(In(v) \ {e} UIn(w)) @ Xy -

Iterating the process, and because of the axioms of the operad, to any
E C E, is associated a well defined map P(t — t/F) : P(t) — P(t/E).
Consequently P is a left 77-module. In the sequel we will use the notation
E, for the map P(t — t/E).

In the sequel we will consider the two-sided bar construction B(Tr, Tr, P)
and B(R,T;,P) for P an operad considered as a left Tr-module and R a
right Tr-module.

2.3. Two-sided bar construction from the free operad
functor

In [14, chapter 9], P. May defines B.(R,C,X) for any monad C, a C-
algebra X and a C-functor R to be RC™X in degree n with the obvious
faces and degeneracies corresponding to the C-structure, which satisfies
the principle of the simplicial bar construction. The idea generalizes the
Godement resolution associated to a triple and constructions used by J.
Beck. P. May applied this simplicial resolution to the operad C,, of little
n-cubes. C. Berger and I. Moerdijk? compare this construction for operads
with the Boardman-Vogt W construction.

In this section, we use this construction and compare it to the bar
construction for the category 77, in the spirit of E. Getzler and M. Kapranov
in [10, 2.17].

Let C : C — C be a monad with structural maps p : C?> — C and
1 :ide — C. A C-functor R is a functor R : C — D together with a natural
transformation A : RC = R satisfying the following identities

AoRn=id:R=R
AMoRu=MAoAC:RC*= R
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Definition 2.4. The augmentation ideal functor Op — Sp admits a left
adjoint functor, the free operad functor

Sp — Op
M= FM:I— @ M(t)

teTr

The partial composition maps o; : F(M)(I) @ F(M)(J) — F(M)(I \
{i} U J) correspond to the grafting of the root of a tree s € T on the leave
i of a tree t € Tr. When |I| =1 we let F(M)(I) = k.

An element in M(t) C F(M)(I) writes (¢, £y, m;). There is an injection
of species M — F(M) where the map M(I) — F(M)(I) sends m to
(cr,0,m) € M(cy), then identifying M(I) with M(cy).

The equivalence of categories between Sp and Sp, implies that the

forgetful Op — Sp, admits a left adjoint, namely M — F(M) that we
will denote also by F in the sequel.

2.3.1. The two-sided bar construction

The above adjunction yields a monad on Sp, denoted also by F. The
tripleability Theorem implies that F-algebras are exactly connected oper-
ads [9, Theorem 1.2]. We denote by F(™ the n-th iteration of F. An element
in F)(P)(I) writes (t; By, -+, En,pt) with t € Tr, ByU---UFE, = E; and
pt € P(t). The counit € of the adjunction corresponds to the composition
in the left 7T;-module P, namely

e: F(P) — P
(t, Et,pt) = (Et)«(pt)
where (E;).(p:) is in the component P(cr) of F(P)(I) that we identify
with P(I). The two-sided bar construction B,,(F,F, P)(I) is the simplicial

differential graded vector space F™* 1 (P)(I) with faces d; : F+D(P)(I) —
F®)(P)(I) defined by

dz(taEOa aEnvpt): (t7E07 7EiUE’i+la"' 7E’n«7pt)7 OS’LSTL—I,
dn(t;Em' o 7En7pt) = (t/En;EOu' o 7En—17(En)*(pt))-

As a consequence, comparing with the construction in 1.2, we have

Proposition 2.5. The two-sided bar construction B(F,F,P)(I) coincides
with B(’T], 'T[, P)(C[) = B(b[, 'T[, 73)
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2.3.2. Right Tr-modules and F-functors
Let R : Ty — dgvs be a right 77-module. The functor

mr(R): SpL — dgvs
M = @ M) ® R(t)

teTr

determines an JF-functor. In order to define the structural map A
n7(R)F = mr(R) one needs to describe, for any M € Sp,, the map
Am T (R)F(M) — 71 (R)(M). The vector space 77 (R)F (M) is the di-
rect summand of the vector spaces F(M)(t) ® R(t), for t € T;. An element
in ]:(M)(t) writes (tl, El, Eg, mt/) with tl/Eg = t, E1 |_|E2 = Et/ and my €
M(t"). The map Apq assigns the element my @ (Eq)*(ry) € M(t') @ R(t)
to the element (¢', E1, Ea, my) @ 1y € F(M)(t) @ R(t).

As an example, the F-functor 7;(bs), where by has been defined in 1.3,
is the functor M — M(I) with structural map

At F(MY(IT) = M(I)
(¢, By ) v {o, ift £ c; < By £ 0,

me,, ift=cy.
Comparing with the construction in Section 1.2, one gets easily

Proposition 2.6. Let R be a right Tr-module and let P be an operad. The
two-sided bar construction B(nr(R), F,P) coincides with B(R,Tr, P).

2.4. The bar construction with respect to the monoidal
structure o

As pointed out in the introduction, C. Rezk, S. Shnider, D. Von Osdol and
B. Fresse have considered a bar construction for operads related to the fact
that operads are monoids in the monoidal category of species, adapting the
usual bar construction for algebras. Though the category of species is not
monoidal symmetric and the monoidal structure is left distributive with
respect to the coproduct but not right distributive, one can still perform
the bar construction and then define cohomology theories. For the reader
interested by this aspect, we refer to the paper by H.-J. Baues, M. Jibladze
and A. Tonks.!
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The category of augmented species admits a monoidal structure given
by

Mo = B ML rhes, N()@---N(J,),

Jid--Udp=J

with unit

k, if]J] =1,
(J) =
0, if|J]#£1.

A connected operad as defined in definition 2.3 is exactly a monoid in the
monoidal category of augmented species (Sp,,0,7). Let P be a connected
operad. In the sequel we will use the notation P(n) for P({1,--- ,n}) and
u(vy, -+ ,vg) for the image of the element u®@v1®---@vi, € P(k)@P([1)®
-++® P(I}) under the structure map PoP — P.

There exists a simplicial bar construction, a normalized bar construc-
tion, and construction with coefficients related to the monoidal structure.

Definition 2.7 (B. Fresse”). Let P be an operad, let R be a right P-
module, that is, a species together with a right action RoP — R satisfying
the usual associativity and unit condition of a right module, and let L be a
left P-module. The bar construction with coefficients R and L is the sim-
plicial species

B, (R,P,L)=RoPo---0PoL
—_——

n terms

where faces d; are induced either by the multiplication vp : PoP — P or
by the left and right action and where degeneracies are induced by the unit
map L — P. Modding out by the degeneracies, one gets the normalized bar
complex N°(R, P, L).

Theorem 2.8 (B. Fresse”). The simplicial complex BS(R, P, L) satisfies
the principle 2.1 of the simplicial bar construction with coefficients.

As pointed out by B. Fresse, N2 (R, P, P) is a free resolution of the right
P-module R, but N2(P, P, L) is not. So N2(R, P, P) satisfies the “right”
principle of the bar construction only.

The species Z is a right and left module for any connected operad P,
using the augmentation map € : P — I:

vz Yz

Top L 7067 T and Pol U 767
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In the sequel we will be interested by the bar construction BS(Z,P,T)
with coefficients in the P-module Z and its normalized complex N2 (Z, P, T).
An element in BY(Z,P,T) = P°" is represented by a tree with n levels as
in [7, Section 4.3.1]. As an example the tree

lives in PoPoP = BS(Z,P,T) and has 3 levels. The differential of ¢ is a
sum of trees with 2 levels in P o P:

@ ........................

with o = u(v,1) € P(3) and 8 = v(1,w) € P(4).

Note that an element in N2 (Z,P,Z) is represented by a tree with n levels
with the condition that at each level there is at least one vertex labelled by
an element in P(r),r > 2. For instance the tree with 3 levels

is zero in N§(Z,P,T).

2.5. The classical bar construction of operads, and the
levelization morphism

Ginzburg and Kapranov'! introduced the reduced bar construction, based
on partial compositions, as defined in definition 2.3. The classical bar con-
struction B¢ (P) of an operad P is the cofree cooperad generated by vP
with unique coderivation extending the partial composition on P (see [9,
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Section 2]). It has a description in terms of trees and it is graded by the
number of vertices of the trees. Indeed, one has, for any finite set I

BSK(P)(I) = K1 (br, T1, P).

B. Fresse in [7, Section 4.1] builds also a complex B% (R, P, L) =
R o BYK(P) o L and proves that it satisfies the principal 2.1 of the bar
construction with coefficients. He builds the levelization morphism

®(R,P,L): BY5(R,P,L) - N°(R,P, L)

and proves that it is a quasi-isomorphism. In particular, for any finite set
I, the quasi-isomorphism

(I)(vavz)(l)n-i-l : Kn(b],'T],’P) = Bgﬁ(I,P,I)(I) — Nerl(Iv,PvI)(I)(l)

is described as follows.

Let t € T; be a tree with n internal edges : ey, --- ,e,. The source of
an internal edge is the adjacent vertex closest to the leaves of the tree and
its target is the adjacent vertex closest to the root of the tree. The set of
internal edges of a tree t is partially ordered: let e and f be internal edges,
e < f if there is a path from a leaf of ¢ to the root of ¢t meeting f before e.

As an example the following figure
S

f

represents an element in P(¢), where {e, f, g} is the set of internal edges of
t, with the partial order e < f. The source of g, e and f are v, w and u
respectively. The target of g and e is z and the target of f is w.

Let e1A- - -Ae, @py be an element in k(e A- - -Ae, ) QP (t) C Ky (br, T1, P).
The levelization morphism associates to this element a sum of trees with
(n+1)-levels. The set {ey,---,e,} is partially ordered because it is the set
of internal edges of a tree t € 7;. The set {1,--- ,n} is totally ordered as a
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subset of N. To any order-preserving bijection o : {e1,- - ,e,} — {1,--- ,n}
one associates the level tree ¢, where the source of ¢; is placed at level o(e;),
and where we complete the tree by adding vertices labelled by 1 in P(1).
The resulting element in P°(™*1 is denoted by o(p;). The signature of
o, denoted by €(o) is the signature of the permutation ¢ — o(e;). The
levelization morphism is defined by the following formula

(L, P, Dna(D)(er A=+ Nen @pr) = > e(o)o(p) (3)

o{er, - en}t—{1l,--,n}
order-preserving

Example 2.9. As an example we compute the levelization morphism asso-
ciated to the element eA fAg®Rp; of figure (2). The order-preserving maps in-
volved in the formula (3) are o1 : (e, f,g) — (1,2,3), 02 : (e, f,9) — (2,3,1)
and o3 : (e, f,9) — (1,3,2).

PleNfAgRp) =

2.6. The factorization of K : K (br, 71, P) — N(br,T1,P)

We have seen in corollary 1.9 that % is a quasi-isomorphism and that
B(by,T1,P) is identified with B(n;(br), F,P) in Proposition 2.6.
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The aim of this section is to prove that there exists a map, which will
turn out to be a quasi-isomorphism:
¢ : N2(Z,P,I)(I) = Nuo1(br,T1,P) = Nuo1(m1(b1), F, P),
such that ®(Z, P, T)(I) = R, that is, the following diagram is commutative
Ky 1(b1,71,P)

N2(Z,P,T)(I) - N.1(b1,T1,P)

We start with the description of a map
P Berl(I’ P’I)(I) = :P -0 P,(I) - Bn(bla 7}773)

n+1 terms
An element p; in By, (Z,P,Z)(I) is represented by a tree with n + 1-
levels, counted from 0 to n with vertices labelled by elements in P. Such a
level tree has subtrees of the form

with w € P(z),z > 2 and z € P(y),y > 2. We define the level-edge set
N(p:) as e € N(p¢) if and only if there is a sequence of consecutive edges in
pi, e = {e1 > -+ > ex} such that the source of ey lives in P(x) with x > 2,
the target of ey lives in P(y) with y > 2 and all other sources and targets
lives in P(1). The source of e is the source of e; and the target of e is the
target of e,. The levels of the source and target of e are denoted by s(e)
and t(e) respectively. The previous figure shows an element e in N(p;) such
that s(e) = [ and t(e) = p. The idea underlying the definition of N(p;) is
that we don’t want to consider vertices labelled by 1 € P(1). For 1 <i < n,
let

Ni(pt) = {e € N(pi)|t(e) <i < s(e)}.

One has N(p;) = Ur<i<nNi(pt), for 0 < t(e) < n and 1 < s(e) < n. Note
that this decomposition is not necessarily a partition of N (p;) as we will see
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in Example 2.10. Let ¢ be a level tree and p; € ®yev, P(In(v)). By forgetting
the units, we denote by r(¢) the associated rooted tree and by r(p;) the
associated element in P(r(t)). In the sequel the level-edge set N(p;) is
written according to its decomposition N (p;) = (N1(pt), -+, Nn(pt))-

Example 2.10. The associated reduced tree to any of the trees of Example
2.9 is the tree

and the associated element r(p;) is the tree of figure (2). The set of level-
edges of

is N(qt) = {e, f, g} with N1(q:) = {e, g}, N2(a:) = {f, g} and N3(q:) = {g}.

Definition 2.11. Let p; be a level tree and N its associated level-edge set.
For o € S,,, we define Ef = Na(l) and Ezg = Ng(i) \ {1< i O'(j)} =

Ny \ {1< o Ej }. The map ¢ is defined as follows

1/}:B3+1(Iv7371)(1)—> (bla,TIv )
Pt = Y ges, €(O)(ET E7) @r(pe),

Ezample. The computation of ¥(g;) for the tree ¢; of Example 2.10 gives

w(Qt) = (({evg}v f,@) - ({fag}767®)+ ({f,g},(?),e)
o=(123) o=(213) o=(231)
- (97 f7 6) + (97 ¢, f) - ({evg}v 07 f)) ® T(pt)'
—_—— ——— N———

o=(321) o=(312) o=(132)
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Lemma 2.12. The map v induces a well-defined map
E : N2+1(I,P,I)(I) — Nn(blu 7-177))7

which commutes with the differentials.

Proof. Assume p; = s;(¢q) with s; : By (Z,P,I)(I) — By (Z,P,Z)(I)
being the degeneracy map sending ZoP°" oZ to ZoPI o Lo P oT. If
1 < j < n—1, then the vertices of the tree ¢t at level j are all labelled by
1. Consequently, N;(p;) = Nj+1(p:) and using the transposition (575 + 1)
one gets that ¢¥(p;) = 0. If j = 0, then Ny(p;) = () and the composite of
¥ with the projection By, (br, T7,P) = Np(br, T1,P) is zero. If j = n then
N,(pt) = 0 and the composite of ¢ with the projection By, (b, 77,P) —
Ny, (br, T1,P) is zero.

In order to prove that for every z in N2 (Z,P,Z)(I) one has i(dz) =
dy(x), it is enough to prove the equality for a representative p; of z in
Be(Z,P,I)(I), such that N;(p;) # 0,Vj. To keep track of the levels we
write such an element (Ni,---, N,,p;), where we consider p, € P(r(t)),
forgetting the units. On the one hand the differential is given by

n

d(Ny,--- ,Nu,pt) = Z(—l)i (N1, oo Ny, oo Ny, (N; \ Uj;éiNj)*('f'(pt))) )
i—1

Identifying permutations in S, _1 with permutations o in S,, such that
o(n) =i one gets

Ed(va e 7N’n.7r(pt))

=D (=" D elo)(BEY, - EL) @ (N \ UjziNy)u(pr)-
i=1 ocESy|o(n)=i
On the other hand one has

n

dE(Nla"' 7Nmpt) = Z(_l)idi( Z E(U)(E(ljv"' 7EZ) ®pt)

i=1 oceSy,

= (=" Z (o) (BT, E7_1) ® (E7)«(pt),

oES,

for, regrouping permutations by pairs (o, 7) such that o(i) = k,o(i+1) =1
and 7(i) = [,7(i + 1) = k, one gets di(zgesn(E‘l’, -, E2Y@r(p:)) =0
when 1 <17 < n.
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Furthermore By, = Ny(n) \ Uj2o(n) IV, implies
dE(Nla e 7N’n.apt)
=Y =D Y o) (BT Ery) @ (Ni \ UpseaN; ) (1)
i=1 oc€Sy|o(n)=i

The two expressions coincide. O
Theorem 2.13. The map & : K(b;, 71, P) — N(b;,T1,P) factorizes
through N2(Z,P,Z)(I), and the following diagram

K. 1(br,T1,P)

N2(Z,P,T)(I) - Ni-1(b1,T1,P)

18 commutative. Consequently 1 is a quasi-isomorphism.

Proof. The symbol [k] denotes the set {1,---,k}. Recall that
PP(er A+ Nen @ pr) = 9( > e(f)f(pe))-

fifer,-en}t—={1,---,n}
order-preserving

We prove the Theorem by induction on n. If n = 1 it is obvious. Assume the
result is true for any tree with n — 1 internal edges. Let p; be a tree with n
internal edges ' = {e1, - - , e, }. One can re-order the internal edges so that,
there is a chain of consecutive edges from the root to a leaf ay < --- < a,
such that a, = e, and if p > 1, then a,_1 = e,_;. By convention, if p =1,
we let ag = 0.

Let p; be the tree obtained from p; by removing the edge e,. It has
exactly n — 1 internal edges £ = {ey,--- ,e,_1}. Let f: E — [n—1] be an
order-preserving map. By convention f(0)) = 0. For f(a,—1) < i <n, let us
define

fiz{elv"'aen}—> [n]
flej) if f(ej) <

flej)+1 if fej) >
en — )

ej, j<n '—>{

The map f? is an order-preserving bijection. One has e(f") = €(f). As
a consequence €(f%) = (=1)""e(f), for f* = (i --- n)f"™ where (i --- n)
denotes the cyclei - i+1— -+ —>n—iin S,.
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Furthermore, to any order-preserving bijection 7 : E — [n] there exists
a unique f : E — [n — 1] and a unique i with f(a,_1) < i < n such that
fi=r.
Consequently
n

Bler A Nen@pr) = D S (=D ) (o)

fiB—=n—1] i=f(ap_1)+1

order-preserving

In order to evaluate 9 on the above expression, one needs to express
N,i“ (pt) in terms of the Njf([)t)’s. Because of the choices of the level for
f%(pt), one has, for f(ap—1) <i<n,

| N (), if k < flap-1) <,
N () = S Nf () Uen,  if flap—1) <k <1, (4)
N! (B, ifi <k <n.

Note that if i = n the second equality reads N7 (p;) = {en} since
NS =0. .

For example, if n = 4 and f(ap—1) = 1, writing the sets NT' as
(lel,NQfl,N?f”,Nf) one gets

N = (N{,N{Ues, N/, N),
NP = (N{ N{ Uey, N Uey, NI,
NI = (Nif,NQf U 64,N3f U ey, eq).
Recall that
D)) = Y )BT, ELT) @i, with BT = N/ \ U

<k
oeSy !

Let 0 € Sy, j = f(ap—1) and j < ¢ < n. By relations (4), the set N
decomposes as

NI = (N{. - N NT Udent, o NS U{end NSNS NS ).

Firstly, if o7'(i) = k < o7 !'(i + 1) = [ then the sequence
(E{i’”, .- Ef"9) satisfies Elfi’g = () and vanishes in N,,(bs, 77, P). Hence
we only need to consider the elements o € S, such that o~ (i+1) < o' (3).
In that case EU Ly = ={en}.

Secondly, fory—l—lﬁrﬁz—l,ifq L(r
quence (E{ 7, ... Ef'7) satisfies Elf 7=

) =k < o~ 1(i) = then the se-
() and vanishes in Ny, (bs, 71, P).
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As a consequence, we only need to consider the elements o € S,, such
that

o ti+1) <o @) < {o G+ 1), 07 (i - 1)}
Note that if i = n the latter condition writes
o tn)<{o7'G+1), 0 (n-1)}
and if 1 = j + 1 it writes
o i+ 1) <o i),

Let 1 < I < n be a fixed integer. Choose o € S, such
that o~'(i) = I. The condition o~ '(i + 1) < o7'(i) < {o7'(j +

1),--- ,U‘l(i -1} implies that the sequence (E'{M’a7 oo E{9) writes
(EST,--  ELT {en}, El+1= .o EIT ) with 7 € S,,_; obtained as the com-
posite 01051 where 0; : [n—1] — [n] is the map missing [ and o; : [n] — [n—1]

is the map repeating i. It is clear that (o) = e(7)(—1)"**. When 4 runs from
j+ 1 to n one covers S,,_;. For, if i« = j + 1 then the set involving NJJr1
appears before e, and if ¢ > j+ 1 then it appears after e,,. If ¢ = j +2 then
the set involving N/ 1o appears before e, and if ¢ > j + 2 then it appears
after e,,. And so on.

It yields the computation:

1/;(1)(61 /\"'/\en ®pt)

P I NI i DRI C AN T

FiE—=[n—1] 1= j ap— 1)+1 oESn,
order-preserving 71() L

Z Z Z -1) mle Ef’ uElfiolv €n; ElﬁU? T 7E£fl) @ py

fE—[n— 1] 1=10€S,—

order-preserving

_ Z Z D)™ Me(0)(€o(1)s s €o1-1)s €ns Eo(it1)s ** »Co(n_1)) @ Pt
l=10€S,-1

= > e(0)(€at), s Ea(n) @ P
oceSy
=FRler A ANep @ py). O

3. Resolution of the category 7; and operads up to
homotopy

This section is devoted to the bar and cobar constructions for differential
graded categories and cocategories whose objects are the objects of 7;. It
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follows closely the paper.® In this paper, B. Fresse works on the category
of Batanin trees Epi,. He proves that the complex we obtained with B.
Richter!? corresponds to the bar construction of the category Epi, with
coefficients in the Loday functor and the unit functor. In his paper, he
proves that the category Epi,, is Koszul, yielding a minimal model R(Epi,,)
of Epi,,.

In this paper, we work exactly in the same spirit; we have proved in
Section 1 that the category 7 is Koszul and the purpose of the first section
is to express it’s minimal model R(77) — 7;. The main result will be that
given a species M, then the map R(7;) — dgvs which associates M(t) to
t € 77 is a functor if and only if M is an operad up to homotopy.

3.1. Bar and cobar constructions for dg categories and dg
cocategories

The bar and cobar constructions follow closely the ones for associative and
coassociative algebras, and in this section we just state our notation and
the theorem needed for the sequel.

From now on, we denote by Ob7; the set of trees in the category 7;. A
tree t has a degree |t| given by the number of internal edges. A dg graph is a
map I' : ObT; x ObT; — dgvs. We denote by C; the category of differential
graded connected categories whose objects are the trees t € Ob7;. Let C be
such a category. Such a data is equivalent to

A dg graph C which will correspond to the morphisms in the category.
For every a,b,c € ObT;, composition maps C(b, ¢) ® C(a,b) — C(a,c)
in dgvs which are associative;

Identity elements 1, € C(a, a) which are unit for the composition;
Connectivity assumption: Ya € Ob7;,C(a,a) = k and C(b,a) = 0 if
[b] < al.

An example of such a category is k77;.

0, if s =t,

D(s,t), if s#t.
Similarly we define C§ the category of differential graded connected co-

categories whose objects are Ob7;. A cocategory is defined the same way

as a category except that the arrows go in the reverse order.

For a connected dg graph I', we denote by I'(s,t) = {
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Given a dg graph I' : Ob7; x Ob7; — dgvs, one can form the free
category generated by I'. As a dg graph, one has

FOtY)= @ T, 20)@T (22, 21)@ - T(@m1, Tm—2) R (T, Tn—1)-
t'=xg, -, Tm=t

The compositions of maps are given by the concatenation.

Similarly the free co-category generated by I, denoted by F¢(T") is given
by the same dg graph and the co-composition are given by the deconcate-
nation.

There is an adjunction between co-categories and categories

Q) : cocategories = categories : B

The bar construction B(C) of the category C is the free cocategory
F¢(sC) with the unique coderivation lifting the composition product in C.
Namely,

p—1
0(san @ -+ ® say) = Z(—)‘Sm'*”"mi'sal ® - @ s(aig1) @ -+ sy,
i=1

where |sc;| denotes the degree of sa; € sC(a,b) (see e.g.?)

The cobar construction Q(R) of a cocategory is the free category
F(s7'R) with the unique derivation lifting the co-composition product in
R:

s rar @ - @5 tay)

p
— Z(_)|a1\+"'\0¢i|+i8—1a1 R ® 3_1041',(1) ® S—lai7(2) Q- S_lap,
=1

where we use the Sweedler’s notation for the co-composition.

Lemma 3.1. Let C be a category in Cr. The counit of the adjunction is a
quasi-isomorphism:

QB(C) — C.

3.2. Minimal model of the category Tr

In this section, we use the Koszul complex in order to build the minimal
resolution of 77.

Lemma 3.2. The bar construction B(kTr)(t, s) corresponds to the normal-
ized bar construction N (bs, Tr1,bt).
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Proof. The two definitions coincide, and we just have to check that the
degrees and differentials coincide. For ¢, s € Ob7; with s = t/E, an element
in Ny, (bs, 77, b;) writes (Eq,--- , Ey), with By UE, U---UE, = E and E;
is non empty for every ¢. It has degree n and its differential is given by
d(Ey, - E,) = Z;;l(—l)i(El, - E;UEi{, -, Ey). |

Consequently the dg graph (t,s) — N(bs, T1,b:) is endowed with a
structure of cocategory. Note that for s = ¢ one has N(b;, Tr,b) is 1-
dimensional concentrated in degree 0.

Recall that

AFIK[E)), ifs=t/F and x = |E|,

K. (bs,T1,b:) =
( b {O, elsewhere,

with zero differential. Hence K determines a dg graph

K : Ob7; x ObTr — dgvs
(t,s) — K (bs, T1,bt)

We define the co-composition on K by
Ah=e1 AN---Ney)

n—1
:1®h+h®1+z Z 6(0’)60(1)/\~-~/\60(p)®€a(p+1)/\"'/\eg(n),
p=10€Shy n_p

where Shy ,,—p, denotes the set of (p, n — p)-shuffles.

Lemma 3.3. The dg graph K is a subcocategory of B(kTr) via the map
R : K(bs, Tr,bt) = N(bs, Tz, bs).

Proof. The fact that the co-composition commutes with & comes from the
bijection between (S, x S;,—p)Shy, n—p and S,. O

Because the category 7Ty is Koszul (see Theorem 1.8) the morphism of
co-categories K is a quasi-isomorphism. Since 2 behaves well with respect
to these quasi-isomorphisms, one has

Theorem 3.4. The cobar construction of the co-category K is a minimal
resolution of the category kK77.
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3.3. Operads up to homotopy

Let M be a vector species, and consider the map

M :ObTr — dgvs
b M) = ® M(In(v)),
vEE;

defined in Section 2.2.

Theorem 3.5. Let M be a vector species. The map M determines a func-
tor Q(K) — dgvs if and only if M is an operad up to homotopy.

Proof. Recall that Q(K) = F(s1K).
Assume that M is a functor. Since QK is the free category generated
by s 1K, one has for every t,s = t/E a composition map

op : M(t) = M(s),

of degree |E| — 1. Let us write E = e; A --- A e, a generator of the one
dimensional vector space K (by, Tr,br). In Q(K) one has

n—1
d(sflE) = Z Z e(a)sfl(eg(l)/\- . -/\eg(p))@)s*l(eg(pﬂ)/v . ~/\eg(n)).

p=10€Shy n_p

In terms of functors, it writes

where €(F,G) = €(o) for the shuffle o corresponding to the sets F' and G
when an order of elements in E is given. This is exactly the definition of
an operad up to homotopy in [23, Formula 4.2.2] (see also??). m|
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This is a list of some problems and conjectures related to various types of
algebras, that is to algebraic operads. Some comments and hints are included.

Keywords: Operad; dendriform; algebra up to homotopy; Hopf algebra; octo-
nion; Manin product.

Introduction

Since 1991 I got involved in the operad theory, namely after an enlightening
lecture by Misha Kapranov in Strasbourg. During these two decades I came
across many questions and problems. The following is an excerpt of this long
list which might be helpful to have in mind while working in this theme.
Of course this is a very personal choice.

Notation and terminology are those of [*4] and [!7]. Various tpes of

algebras, i.e. algebraic operads, can be found in [?3].

1. On the notion of group up to homotopy

The notion of associative algebra up to homotopy is well-known: it is called
Aso-algebra and was devised by Jim Stasheff in [?!]. It has the following
important property: starting with a differential graded associative algebra
(A,d), if (V,d) is a deformation retract of (A, d), then (V,d) is not a dg
associative algebra in general, but it is an A..-algebra. This is Kadeishvili’s
theorem [?], see [17] for a generalization and variations of it. It is called
the Homotopy Transfer Theorem. Let us now start with a group G. What
is the notion of a “group up to homotopy”? To make this question more
precise we move, as in quantum group theory, to the group algebra K[G]|
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of the group G over a field K. It is well-known that this is not only a
unital associative algebra, but it is a cocommutative Hopf algebra. So, it
has a cocommutative coproduct A (induced by the diagonal on G), and the
existence of an inverse in G translates to the existence of an antipode on
the group algebra. So we can now reformulate the question as follows:

“What is the notion of cocommutative Hopf algebra up to homotopy?”

One of the criterion for the answer to be useful would be the existence
of a Homotopy Transfer Theorem for cocommutative Hopf algebras. One
has to be careful enough to take into account that the existence of a unit
and a counit is part of the structure of a Hopf algebra. In the associative
case the operad A, does not take the unit into account. See ['*] for the
Hopf relation of a nonunital bialgebra.

The fact that the tensor product of two associative algebras is still an
associative algebra plays a prominent role in the definition of a bialgebra
(a fortiori a Hopf algebra). So it is clear that a first step in analyzing this
problem is to check whether one can put an A -structure on the tensor
product of two A.-algebras and to unravel the properties of such a con-
struction. A first answer has been given by Saneblidze and Umble in [*].
But this tensor product is not associative. This problem has been addressed

in [19].

2. Subgroup of free group

It is well-known that a subgroup of a free group is free. The proof is topo-
logical in the sense that it consists in letting the free group act on a tree.
Could one find a proof by looking at the properties of the associated group
algebra (which is a Hopf algebra)? I am thinking about something similar to
the theorems which claim that some algebra is free under certain condition
(PBW type theorems, see [14]).

3. The octonions as an algebra over a Koszul operad

The octonions form a normed division algebra O of dimension 8, see for
instance [*]. The product is known not to be associative contrarily to the
other normed division algebras R, C and H. However it does satisfy some
algebraic relation: it is an alternative algebra. Let us recall that an alterna-
tive algebra is a vector space equipped with a binary operation x -y, such
that the associator (x,y,2) := (z-y) -z —x - (y- z) is antisymmetric:

(xvyvz) = —(y,x,z) = —(,T,Z,y).
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It turns out that the operad of alternative algebras is not too good,
because it is not a Koszul operad, cf. [7]. Whence the question: Find a
(small) binary operad such that the octonions form an algebra over this
operad and such that this operad is Koszul. Of course the ambiguity of
the question is in the adjective “small”. Because such an operad exists: it
suffices to take the magmatic operad on one binary operation. But there
may exists a smaller operad (i.e. a quotient of Mag), which is best. This
operad need not be quadratic, that is, we may look for relations involving
4 variables, like in Jordan algebras.

4. Commutative algebras up to homotopy in positive
characteristic

In positive characteristic p it is best to work with divided power algebras
rather than commutative algebras. The notion of commutative algebra up
to homotopy is well-known: it is the C-algebras (also denoted Com,
see [17]). What is, explicitly, the notion of divided power algebra up to
homotopy in characteristic p? Theoretically the problem can be solved as
follows. One can perform the theory of Koszul duality for operads with
divided powers, cf. [¥]. Any such operad with divided powers I'P, which
is Koszul, gives rise to a dg operad with divided powers I'P,. A divided
power algebra up to homotopy is an algebra over I'P,,. The point is to
make all the steps of the theory explicit in the case P = Com.

5. Manin black product for operads

What is the operad Com e Ass? One is asking for a small presentation by
generators and relations.

6. L-dendriform algebras and operadic black product

By definition an L-dendriform algebra is a vector space equipped with two
operations x < y and x > y satisfying

(z<y)<z+y=(r=<z2)=z<(y*x2)+(y =) <z
(zxy)=z4+y=-(z=2)=x=(y=2)+ @y <) = 2,

where zxy =2 <y + x = y (cf. [!]). This is one of the numerous ways of
splitting the associativity of the operation .
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Conjecture: the operad encoding L-dendriform algebras is a Manin black
product:

preLie e preLie = L-Dend.
In favor of this conjecture we have the following facts (cf. [*2]):
preLie @ Com = Zinb, preLie @ Ass = Dend, preLie e Lie = preLie,

and also preLie @ Dend = Quad.
Similarly it seems that preLiee Zinb = ComQuad and that the operads
Octo, L-Quadri, L-Octo introduced in [1°] are also black products:

preLie @ Quadri = Octo,
preLie e L-Dend = L-Quadri,
preLie o L-Quadri = L-Octo.

Note. Some of these questions have been recently settled in [?].

7. Resolutions of associative algebras

Koszul duality theory for associative algebras gives a tool to construct free
resolutions for some associative algebras, and even the minimal resolutions
in certain cases. When the algebra is a group algebra, then there are tools to
construct (at least the beginning of) a resolution by taking the free module
on the set of generators, then of relations, then of relations between the
relations, and so forth (syzygies), see for instance ['3]. It would be very
interesting to compare these various methods.

8. Hidden structure for EZ-AW maps

Given a deformation retract

p

n(C(Ada) T (Vidy)

pi = idy, Idg —ip=dah + hda,

the HTT says that an algebraic structure on (A,d4) can be transferred to
some other algebraic structure (the hidden one) on (V,dy ). This principle
is not special to chain complexes and can be applied to other situations as
shown for crossed modules in [*7]. Apply this principle to the Eilenberg-
Zilber and Alexander-Whitney quasi-isomorphisms. Let us recall that, for
X and Y being simplicial modules, these isomorphisms relate the chain
complex Co(X x Y') to the tensor product Co(X) @ Co(Y).
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9. Interpolating between Dend and Com

The so-called E,,-operads are operads which interpolate between the homo-
topy class of the operad Ass, which contains A, and the homotopy class
of the operad Com, which contains Cy,. So, it solves the question: what is
an associative algebra which is more or less commutative. The answer is:
an F,-algebra ; the larger n is, the more commutative it is.

Question: what is a dendriform algebra which is more or less commuta-
tive 7 In other words we are looking for an interpolation D,, between the op-
erads Dends, and Zinbs,, where Dend is the operad of dendriform algebras
(two generating operations < and = and three relations) and Zinb is the
operad of Zinbiel algebras (dendriform algebras such that z >y =y < z).

One of the motivation for finding D5 is the following. It is known that
the Grothendieck-Teichmiiller group is related to the operad F5. Knowing
Do could lead to a dendriform version of the Grothendieck-Teichmiiller

group.

10. Good triples of binary quadratic operads

Let P be a binary quadratic operad which is Koszul (cf. for instance [*7:18]).

It gives a notion of P-algebra and also a notion of P-coalgebra. We conjec-
ture that there is a compatibility relation which defines a notion of P¢-P-
bialgebra such that (P, P, Vect) is a good triple of operads in the sense of
[14].

Comments. There are many examples known:
P = Com, As, Dend, Mag, 2-as.

When it holds, it gives a criterion for proving that a given P-algebra is free.

11. On the coalgebra structure of Connes-Kreimer Hopf
algebra

The Connes-Kreimer Hopf algebra is an algebra of polynomials endowed
with an ad hoc coproduct, cf. [°]. It is known that the indecomposable part
is not only coLie, but in fact co-pre-Lie, cf. [*]. If we linearly dualize (as
graded modules), the Hopf algebra is the Grossman-Larson Hopf algebra,
which is cocommutative and its primitive part is pre-Lie. I conjecture that
there is some type of algebras, that is some operad X', and some type of
Com*-X-bialgebras, which fit into a good triple of operads

(Com, X, preLie).
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If so, then the Grossman-Larson algebra would be the free X-algebra on
one generator.

The solution of this problem in the noncommutative framework is given
by the operad Dend, cf. [19].

12. Generalized bialgebras in positive characteristic

The Poincaré-Birkhoff-Witt theorem and the Cartier-Milnor-Moore theo-
rem are structure theorems for cocommutative bialgebras in characteristic
zero. They can be summarized by saying the triple of operads

(Com, As, Lie)

is a good triple. Several other good triples have been described in [!4]
of them being valid in any characteristic, like the triple (As, Dup, Mag)
for instance. For the classical case, it is known that, in order for the CMM
theorem to be true in characteristic p, one has to replace the notion of Lie
algebra by the notion of restricted Lie algebras. Operadically, restricted Lie
algebras, divided power algebras and the like are obtained by replacing the

“coinvariants” in the definition of an operad by the “invariants”, cf. [8],

IP(V) =Y (P(n) @ V"),

n

, some

So the PBW-CMM theorem in characteristic p can be phrased by saying
that

(Com, As,T'Lie)

is a good triple. Note that As = T'As, so equivalently (Com,T'As,T'Lie) is
a good triple.

It would be very interesting to generalize the results on generalized
bialgebras to positive characteristic along these lines, that is, to show that,
when (C, A, P) is a good triple, then so is (C,['4,T'P).

Similarly, (I'Com, As, Lie) is a good triple. One should be able to show
that, when (C, A, P) is a good triple, then so is (I'C, A, P).

13. Higher Dynkin diagrams and operads

Show that there exists some types of algebras (i.e. some operads) for which
the finite dimensional simple algebras are classified by the diagrams de-
scribed by Ocneanu in ['?]. The toy-model is the operad Lie and the Dynkin
diagrams.
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14. Coquecigrues

It is well-known that a Lie group admits a tangent space at the unit element
which is a Lie algebra. But there is also another relationship between groups
and Lie algebras, more specifically between discrete groups and Lie algebras
(over Z). Tt is given by the descending central series. For G a discrete
group, GV = [G,G] is its commutator subgroup, and, more generally,
G = [G,G™ V] is the nth term of the descending central series. Tt is
well-known that the graded abelian group €p,, G / Gt is a Lie algebra
whose bracket is induced by the commutator in G. The Jacobi identity is a
consequence of a nice (and not so well-known) relation, valid in any group
G, called the Philip Hall relation (see for instance ['3] for some drawing of
it related to the Borromean rings).

A natural question is the following. Let P be a variation of the operad
Lie (we have in mind preLie and Leib). Is there some structure playing the
role of groups in this realm? For Leibniz algebras the question arised natu-
rally in my research on the periodicity properties of algebraic K-theory, cf.
[11:12]. T called this conjectural object a coquecigrue. In fact I was more in-
terested in the cohomology theory which should come with this new notion,
to apply it further to groups. Recent progress using the notion of racks was
achieved by Simon Covez in [°].

15. Homotopy groups of spheres

Let p be a prime number. Let (75 (X)), be the stable homotopy groups
of the pointed connected topological space X, localized at p. Find a type
of algebras such that (77 (X)), is an algebra of this type and such that
(%)), is the free algebra of this type over one generator (in degree 2p—3).

(e

Comments. The Toda brackets are likely to play a role in this problem.
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The aim of this paper is to introduce and study Rota-Baxter Hom-algebras.
Moreover we introduce a generalization of dendriform algebras and tridendri-
form algebras by twisting the identities by mean of a linear map. Then we
explore the connections between these categories of Hom-algebras.

Keywords: Hom-Lie algebra; Hom-associative algebra; Rota-Baxter operator;
Rota-Baxter algebra; Hom-preLie algebra; Hom-dendriform algebra; Hom-
tridendriform algebra.

Introduction

The study of nonassociative algebras was originally motivated by certain
problems in physics and other branches of mathematics. The Hom-algebra
structures arose first in quasi-deformation of Lie algebras of vector fields.
Discrete modifications of vector fields via twisted derivations lead to Hom-
Lie and quasi-Hom-Lie structures in which the Jacobi condition is twisted.
The first examples of g-deformations, in which the derivations are replaced
by o-derivations, concerned the Witt and Virasoro algebras, see for exam-
ple.1,13716,18,19.42,44.48 A general study and construction of Hom-Lie alge-

39,4546 and a more general framework bordering color

bras are considered in
and super Lie algebras was introduced in.??*"47 In the subclass of Hom-Lie
algebras skew-symmetry is untwisted, whereas the Jacobi identity is twisted
by a single linear map and contains three terms as in Lie algebras, reducing
to ordinary Lie algebras when the twisting linear map is the identity map.

The notion of Hom-associative algebras generalizing associative algebras
to a situation where associativity law is twisted by a linear map was intro-
duced in,?* it turns out that the commutator bracket multiplication defined

using the multiplication in a Hom-associative algebra leads naturally to
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Hom-Lie algebras. This provided a different way of constructing Hom-Lie al-
gebras. Also are introduced in®* the Hom-Lie-admissible algebras and more
general G-Hom-associative algebras with subclasses of Hom-Vinberg and
Hom-preLie algebras, generalizing to the twisted situation Lie-admissible
algebras, G-associative algebras, Vinberg and preLie algebras respectively
and it is shown that for these classes of algebras the operation of taking
commutator leads to Hom-Lie algebras as well. The enveloping algebras
of Hom-Lie algebras were discussed in.®? The fundamentals of the formal
deformation theory and associated cohomology structures for Hom-Lie alge-
bras have been considered initially in®® and completed in.* Simultaneously,
in% elements of homology for Hom-Lie algebras have been developed. In>®
and,®” the theory of Hom-coalgebras and related structures are developed.
Further development could be found in.?:7:12:31,43,52,52,53,66

Dendriform algebras were introduced by Loday in.° Dendriform alge-
bras are algebras with two operations, which dichotomize the notion of
associative algebra. The motivation to introduce these algebraic structures
with two generating operations comes from K-theory. It turned out later
that they are connected to several areas in mathematics and physics, in-
cluding Hopf algebras, homotopy Gerstenhaber algebra, operads, homology,
combinatorics and quantum field theory where they occur in the theory of
renormalization of Connes and Kreimer. Later the notion of tridendriform
algebra were introduced by Loday and Ronco in their study of polytopes
and Koszul duality.®® A tridendriform algebra is a vector space equipped
with 3 binary operations satisfying seven relations.

The Rota-Baxter operator has appeared in a wide range of areas in pure
and applied mathematics. The paradigmatic example of Rota-Baxter op-
erator concerns the integration by parts formula of continuous functions.
The algebraic formulation of Rota-Baxter algebra appeared first in G. Bax-
ter’s works in probability study of fluctuation theory. This algebra was
intensively studied by G.C. Rota in connection with combinatorics. In A.
Connes and D. Kreimer works related to their Hopf algebra approach to
renormalization of quantum field theory, the Rota-Baxter identity appeared
under the name ”multiplicativity constraint”. This seminal work gives rise
to an important development including Rota-Baxter algebras and their con-
nections to other algebraic structure,?3:21,22,24-30,34,35,37,38,40

The purpose of this paper is to study Rota-Baxter Hom-algebras. We
introduce Hom-dendriform and Hom-tridendriform algebras and then ex-
plore the connections between all these categories of Hom-algebras. We
summarize in the first Section the basis of Hom-algebras and recall the
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definitions and some properties of Hom-associative, Hom-Lie and Hom-
preLie algebras. In Section 2, we introduce the notions of Hom-dendriform
algebras and Hom-tridendriform algebras and provide constructions of these
algebras and their relationships with Hom-preLie algebras. Section 3 is ded-
icated to Hom-associative Rota-Baxter algebras, we extend the classical
notion of associative Rota-Baxter algebra and show some constructions. In
Section 4 we establish functors between the category of Hom-associative
Rota-Baxter algebras and the categories of Hom-preLie, Hom-dendriform
and Hom-tridendriform algebras. In Section 5 we discuss the Rota-Baxter
operator in the context of Hom-nonassociative algebras mainly for Hom-Lie
algebras.

1. Home-associative, Hom-Lie and Hom-preLie algebras

In this section we summarize the definitions and some properties of Hom-
associative, Hom-Lie and Hom-preLie algebraic structures®® generalizing
the well known associative, Lie and preLie algebras by twisting the identities
with a linear map.

Throughout the article we let K be an algebraically closed field of char-
acteristic 0. We mean by a Hom-algebra a triple (A, u, ) consisting of a
vector space A on which 1 : Ax A — Ais a bilinear map (or p: AQA — A
is a linear map) and o : A — A is a linear map. A Hom-algebra (A4, p, ) is
said to be multiplicative if Vz,y € A we have a(u(z,y)) = pla(z), a(y)).

Let (A, p,a) and A" = (A, 1/, ') be two Hom-algebras of a given type.
A linear map f : A — A’ is a morphism of Hom-algebras if

Wo(fof)=fou and  foa=dof.

In particular, Hom-algebras (4, u, @) and (A, p/, ') are isomorphic if
there exists a bijective linear map f such thaty = f~t oy’ o (f ® f) and
a=f"lod of.

A subspace H of A is said to be a subalgebra if for all z,y € H we have
pu(z,y) € H and a(x) € H. A subspace I of A is said to be an ideal if for
x €l and y € A we have p(z,y) € I and a(x) € I.

In all the examples involving the unspecified products are either given
by skewsymmetry or equal to zero.

1.1. Hom-assoctiative algebras

The Hom-associative algebras were introduced by the author and Silvestrov
. 54
in.
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Definition 1.1 (Hom-associative algebra). A Hom-associative alge-
bra is a triple (A, -, «) consisting of a vector space A on which - : AQ A — A
and o : A — A are linear maps, satisfying

a(z) - (y-2) = (z-y) - al2). (1)

Example 1.1. Let {x1,22, 23} be a basis of a 3-dimensional linear space
A over K. The following multiplication - and linear map « on A define
Hom-associative algebras over K3:

1T = a X1, To - To = a T2,
T1T2 =Ty T1=0a T2, T2 T3=Dbu3,
$1'$3:$3'$1:b$3, $3'$C2:$3'$3:0,

Oé(.fCl) =ar, OL(ZCQ) = a T2, Oé(xg):bl‘g,

where a, b are parameters in K. The algebras are not associative when a # b
and b # 0, since

(x1-@1) 23 — 21 - (21 - 23) = (@ — b)bxs.

Example 1.2 (Polynomial Hom-associative algebra®?).
Consider the polynomial algebra A = K[z1,--- ,2,] in n variables. Let «
be an algebra endomorphism of A which is uniquely determined by the n

1

polynomials a(x;) = Niry oo pn @1t - xbm for 1 <14 < n. Define u by

/L(fv g) = f(O[(Il), o aa('rn))g(a(xl)v T ,O[(In)) (2)
for all f,g in A. Then, (A, u,«) is a Hom-associative algebra.

Example 1.3 (Matrix Hom-associative algebra®?).
Let A = (A, pu,a) be a Hom-associative algebra. Then (M, (A), o),
where My, (A) is the vector space of n x n matric with entries in A, is
also a Hom-associative algebra in which the multiplication 1’ is given by
matriz multiplication, and o is given by a in each entry.

1.2. Hom-Lie algebras

The notion of Hom-Lie algebra was introduced by Hartwig, Larsson and
Silvestrov in3?:4%:46 motivated initially by examples of deformed Lie algebras
coming from twisted discretizations of vector fields. In this article, we follow
notations and a slightly more general definition of Hom-Lie algebras from.?*
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Definition 1.2 (Hom-Lie algebra). 4 Hom-Lie algebra is a triple
(g,] , ], @) consisting of a vector space g on which [, ] :gxg — g is
a bilinear map and o : g — g a linear map satisfying

[x,y] = —[y,z], (skew-symmetry) (3)
O,z (2), [y, 2]] =0  (Hom-Jacobi identity) (4)
for all x,y,z in g, where Oy, . denotes summation over the cyclic permu-

tation on x,vy, z.

We recover classical Lie algebras when a = idy and the identity (4) is the
Jacobi identity in this case.

Example 1.4. Let {1, 22,23} be a basis of a 3-dimensional vector space g
over K. The following bracket and linear map a on g = K? define a Hom-Lie
algebra over K:

[x1,22] = axy + bas alry) = o1
[x1, 23] = ) a(zg) = 2x9
[x2, x3] = dx1 + 2axs, «(xs) = 2x3

with [x9,x1], [x3,21] and [z3, 2] defined via skewsymmetry. It is not a Lie
algebra if a # 0 and ¢ # 0, since

[x1, [z, z3]] + [x3, [1, 2]] + [x2, 13, 21]] = acxs.

Example 1.5 (Jackson sly). The Jackson sly is a q-deformation of the
classical sly. This family of Hom-Lie algebras was constructed in*” using
a quasi-deformation scheme based on discretizing by means of Jackson q-
derivations a representation of sla(K) by one-dimensional vector fields (first
order ordinary differential operators) and using the twisted commutator
bracket defined in.%? It carries a Hom-Lie algebra structure but not a Lie
algebra structure. It is defined with respect to a basis {x1,x2, 23} by the
brackets and a linear map « such that

[x1,20] = —2qx a(x1) = g1
[x1, 73] = 23 a(zg) = ¢*x2
(22, 23] = =3 (1 + @)x1,  ofxz) = qus

where q is a parameter in K. if ¢ = 1 we recover the classical sl .

There is a functor from the category of Hom-associative algebras in the
category of Hom-Lie algebras. It provides a different way for constructing
Hom-Lie algebras by extending the fundamental construction of Lie alge-
bras by associative algebras via commutator bracket.
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Proposition 1.1 (3%). Let (A,-,a) be a Hom-associative algebra defined
on the vector space A by the multiplication - and a homomorphism a. Then
the triple (A, [, ], «), where the bracket is defined for all x,y € A by [z,y] =
x-y—vy-x, s a Hom-Lie algebra.

1.3. Hom-preLie algebras

Hom-preLie algebras were introduced in®* in the study of Hom-Lie admis-
sible algebras.

Definition 1.3 (Hom-preLie algebras). A left Hom-preLie algebra
(resp. right Hom-preLie algebra) is a triple (A, -, ) consisting of a vector
space A, a bilinear map - : A X A — A and a homomorphism « satisfying

(@) (y-2)—(x-y) a(z) =a(y) - (z-2) = (y-2) - a2), (5)
resp.
(@) (y-z)—(z-y) - alz) =a@) (2-y) = (x-2) ay). (6)

Remark 1.1. Any Hom-associative algebra is a Hom-preLie algebras.

A left Hom-preLie algebra is the opposite algebra of the right Hom-
preLie algebra. Both left and right Hom-preLie algebras are Hom-Lie-
admissible algebras, that is the commutators define Hom-Lie algebras.®*

2. Hom-dendriform algebras and Hom-Tridendriform
algebras

In this Section, we introduce the notions of Hom-dendriform algebras and
Hom-tridendriform algebras generalizing the classical dendriform and tri-
dendriform algebras to Hom-algebras setting.

2.1. Hom-dendriform algebras

Dendriform algebras were introduced by Loday in.’® Dendriform algebras
are algebras with two operations, which dichotomize the notion of associa-
tive algebra. We generalize now this notion by twisting the identities by a
linear map.

Definition 2.1 (Hom-dendriform algebra). A Hom-dendriform alge-
bra is a quadruple (A, <,>,«) consisting of a vector space A on which
the operations <,=: A® A — g and o : A — A are linear maps satisfying

(x<y)<al)=ax) < (y<z+y> 2), (1)
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(z = y) <a(z) = alz) - (y < 2), (2)
alz) = (y=2)=(x<y+z>y) = alz). (3)

for all x,y,z in A.

We recover classical dendriform algebra when a = id.
Let (A, <,>,a) and (4’, <, ', ') be two Hom-dendriform algebras. A
linear map f : A — A’ is a Hom-dendriform algebras morphism if

<'o(f@f)=fo=, =o(f@f)=fo= and  foa=d of.

We show now that we may construct Hom-dendriform algebras starting
from a classical dendriform algebras and an algebra morphisms. We extend
then the construction by composition introduced by Yau in® for Lie and
associative algebras.

Theorem 2.1. Let (A, <,>) be a dendriform algebra and oo: A — A be a
dendriform algebra morphism. Then A, = (A, <4, =, @), where <,= o <
and >q= ao =, is a Hom-dendriform algebra.
Moreover, suppose that (A',<',>=") is another dendriform algebra and
"o A — A is a dendriform algebra morphism. If f : A — A’ is a
dendriform algebra morphism that satisfies f o = ' o f then

(A <a=aya) — (A, <o, =0, d)

is a morphism of Hom-dendriform algebras.

Proof. Observe that

(# <a y) <a a(z) = ®((x < y) < 2),
(T <0 ) =a a(2) = a?((x < y) = 2),
(@ =0 y) =a a(z) = ?((x = y) = 2),
(T 0 ¥) <a a(2) = a*((z = y) < 2).

And similarly

() <o (Y < 2) = 2(z < (y < 2)),
() <a (y o 2) = *(z < (y = 2)),
() =o (Y = 2) = 2z = (y = 2)),
a(x) =a (y =a 2) = (2 = (y < 2))
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Therefore the identities (1),(2),(3) follow obviously from the identities sat-
isfied by (A, <, ). The second assertion is proved similarly. O

In the classical case the commutative dendriform algebras are also called
Zinbiel algebras.*?:5% The left and right operations are further required to
identify, z < y = y > x. We call commutative Hom-dendriform algebras
Hom-Zinbiel algebras.

Definition 2.2 (Hom-Zinbiel algebra). A Hom-Zinbiel algebra is a
triple (A, o, ) consisting of a vector space A on which o : A®@ A — A
and o : A — A are linear maps satisfying

(zoy)oa(z) =a(r)o(yoz)+alx)o(z0y), (4)
for all x,y,z in A.
Remark 2.1. One may construct Hom-Zinbiel algebra by composition

method starting from a classical Zinbiel algebra (A, o) and an algebra en-
domorphism « by considering (A4, o,, ), where x o, y = a(x 0 y).

We show now that Hom-dendriform algebra structure dichotomize the
Hom-associative structure and provide a connection to Hom-preLie alge-
bras.

Proposition 2.1. Let (A, <,>,«) be a Hom-dendriform algebra. Let x :
A® A — A be a linear map defined for all xz,y € A by
T Y= <y+x>y. (5)

Then (A, *,a) is a Hom-associative algebra.

Proof. For all z,y,z € A we have
a(x) * (y* z) =a(z)*x(y<z+y > 2)
=a(x) < (y<z+y=2)tal@)=-(y<z+y>2)
=(x=<y)<alz) +a@) = y=<z2)+alx) = (y = 2)
= (& <y) <alz)+(@>-y) <alz) + (@ <y+z>y) > al)
=@ <ytz-y) <az)+@<y+tz>y) = az)
=(zxy) <afz) + (zxy) - a(2)
= (z*xy)*xa(z). O
Proposition 2.2. Let (A, <, =, ) be a Hom-dendriform algebra. Let < :
ARA—= Aand>: AR A — A be linear maps defined for all x,y € A by
r>y=x=y—y<zx and z<y=x<Yy—y > . (6)
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Then (A,r>,«) is a left Hom-preLie algebra and (A, <, «) is a right Hom-
preLie algebra.

Proof. For all z,y,z € A we have
a@)>(yz)=alz)>(y=2—2<y)
=alx)=(y=2)—a@) = (z<y)— (y>2) <alx)+ (z <y) < alz).
and
yai) =@-y—y=<z)>a(z)
=(x=y)=alz)—(y<z)=alz)—az) < (x=y)+a(z) < (y < ).
Using (1) and (3), we may write
)=(z=y)=a)+ @@=y =akz)—a@) = (z<y)
—(y = 2) <a@) +az) < (y < 2) +a(z) < (y - z).

Direct simplification and identity (1) lead to

alz)> (y> z

a@)>(y>z)— (x> y)>alz) —aly) > (@> 2+ (y>x) > alz) = 0.

Similar proof shows the right Hom-preLie structure. O

Remark 2.2. If (A4,<,>,«) is a commutative Hom-Dendriform algebra
then the corresponding left and right Hom-preLie algebras vanish.

2.2. Hom-tridendriform algebras

The notion of tridendriform algebra were introduced by Loday and Ronco
in.®" A tridendriform algebra is a vector space equipped with 3 binary
operations <, >, - satisfying seven relations. We extend this notion to Hom
situation as follows:

Definition 2.3 (Hom-Tridendriform algebra). A Hom-tridendriform
algebra is a quintuple (A, <, =, -, &) consisting of a vector space A on which
the operations <, =, : AQA — A and o : A — A are linear maps satisfying

(z<y)<al)=a@) < (y<z+y=z2+y-2), (7)
(@ -y) <az) =a@) - (y < 2), (8)
afz) = (y=2)=(x<y+az=-y+ay) - alz), (9)
(@ =y)-alz) =alz) - (y = 2), (10)
(z=y)-alz) =al@) - (y-2), (11)
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(- y)<a(z)=a
(x-y)-alz) = alz) - (y - 2), (13)

for all x,y,z in A.
We recover classical tridendriform algebra when o = id.

Remark 2.3. Any Hom-tridendriform algebra gives a Hom-dendriform al-
gebra by setting z -y = 0 for all z,y € A.

As in Theorem 2.1, Given a classical tridendriform algebra and an al-
gebra morphism we may construct by composition a Hom-tridendriform
algebra.

Proposition 2.3. Let (A, <, >,-) be a tridendriform algebra and o : A —
A be a tridendriform algebra morphism. Then A, = (A, <as=ay a, @),
where <o= o <, =4= «@o > and - = « o -, is a Hom-tridendriform
algebra.

Moreover, suppose that (A', <, ") is another tridendriform algebra
and o/ : A — A’ is a tridendriform algebra morphism. If f : A — A’ is a
tridendriform algebra morphism that satisfies f oo =o' o f then

Fi(A =, a0 0) — (A, <a; 0, 40
is a morphism of Hom-tridendriform algebras.

1

Similarly as in,?! we obtain in the Hom-algebras setting the following

new operation:

Proposition 2.4. Let (A, <, >, -, «) be a Hom-tridendriform algebra and
* 1 A® A — A be an operation defined by vy =z <y+z>y+x-y.
Then (A, *,a) is a Hom-associative algebra.

Proof. Using the axioms of Hom-tridendriform algebras we have for all
x,y,z€ A
o) (y+2) = @) s (y < 2+ y = 2+y-2)
=a@)<(y<z+y=-z+y-2)tal@) - yY<z+y=z+y-2)
ta(z) - (y<z4+y=-z+y-z)
=@<y <a)+@=y)<alz)+(@<y+r=y+x-y) = az)
F@=y)-alz)+(z-y) <alz)+(x<y) alz)+ (@ y) o)
=@ <ytrr-y+a-y) <a)+@<yt+r=-y+z-y) = az)
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ta<yt+rr-y+z-y)alz)
= (z*y) * a(z). O

3. Rota-Baxter operators and Hom-associative algebras

We extend in this section the notion of Rota-Baxter algebra to Hom-
associative algebras.

Definition 3.1. A Hom-associative Rota-Baxter algebra is a Hom-
associative algebra (A, -, a) endowed with a linear map R : A — A subject
to the relation

R(z) - R(y) = R(R(z) -y + 2 R(y) + Az - y), (1)

where A € K.
The map R is called Rota-Baxter operator of weight A\ and the identity
(1) is called Rota-Bazter identity. We denote the Hom-associative Rota-

Baxter algebra by a quadruple (4, -, «, R). We recover classical Rota-Baxter
associative algebras when a = id and we denote them by triples (4, -, R).

Remark 3.1. Let (A4,-,«, R) be a Hom-associative Rota-Baxter algebra,
where R is a Rota-Baxter operator of weight A\. Then (A, -, o, A\id — R) is a
Hom-associative Rota-Baxter algebra. Indeed, the proof is straightforward
and does not use the Hom-associativity of the algebra.

In the following we provide some constructions of Rota-Baxter Hom-
algebras starting from classical Rota-Baxter algebra. Also we construct
new Rota-Baxter Hom-algebras from a given Rota-Baxter Hom-algebra.
These constructions extend to Rota-Baxter Hom-algebras the composition
method, nth derived Hom-algebra construction and a construction involv-
ing elements of the centroid.

Theorem 3.1. Let (A,-, R) be an associative Rota-Bazter algebra and o :
A — A be an algebra morphism commuting with R. Then (A, -4, a, R),
where x .o y = a(x - y), is a Hom-associative Rota-Bazter algebra.

Proof. The Hom-associative structure of the algebra follows from Yau’s
Theorem in.%
Now we check that R is still a Rota-Baxter operator for the Hom-

associative algebra.
R(z) .o R(y) = a(R(z) - R(y))
= a(R(R(z) -y +a- R(y) + Az - y))
= a(R(R(z) -y)) + a(R(z - R(y))) + a(R(Az - y))).
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Since v and R commute then

R(z) o R(y) = R(a(R(z) - y)) + R(e(z - R(y))) + R(a(Az - y)))
= R(R(7) a y+ T o R(y) + Az 0 y)).
O

More generally, given a Hom-associative Rota-Baxter algebra
(A, p, 0, R), one may ask whether this Hom-associative Rota-Baxter al-
gebra is induced by an ordinary associative Rota-Baxter algebra (A, 11, R),
that is « is an algebra morphism with respect to g and pu = a o fi.

Let (A, p, @) be a multiplicative Hom-associative algebra. It was ob-
served in3 that in case « is invertible, the composition method using o'
leads to an associative algebra. If « is an algebra morphism with respect to

i then « is also an algebra morphism with respect to u. Indeed,

pla(z), ay)) = aoplalz), aly)) = acaou(e,y) = ao p(w,y).

If « is bijective then a1

may use an untwist operation on the Hom-associative algebra in order to

is also an algebra automorphism. Therefore one

recover the associative algebra (i = o=t o ).

Proposition 3.1. Let (A,p, o, R) be a multiplicative Hom-associative
Rota-Baxter algebra where o is invertible and such that o and R commute.
Then (A, pia—1 = o~ o u, R) is a Hom-associative Rota-Baxter algebra.

Proof. The associativity condition follows from

0 =a ?ulalz),uly, 2)) — plu(w,y), a(z))
=a p(z, o uly, 2) — o tula (e, y), 2)
= Ha-1 (LL', Ha—1 (yv Z)) — Mot (Moﬁl (xv y)? Z)

Since o and R commute then o~ ! and R commute as well. Hence R is a
Rota-Baxter operator for the new multiplication. O

We may also derive new Hom-associative algebras from a given multi-
plicative Hom-associative algebra using the following procedure. We split
the definition given in% into two types of nth derived Hom-algebras.

Definition 3.2 (%9). Let (A,pu,«) be a multiplicative Hom-algebra and
n > 0. The type 1 nth derived Hom-algebra of A is defined by

A" = (A, p™ =a"op, oz"Jrl) , (2)
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and the type 2 nth derived Hom-algebra of A is defined by

A" = (A, ™ =a? "oy, a2n) . (3)
Note that in both cases A = A and A = (A,u(l) =ao u,az).

Observe that for n > 1 and z,y, 2z € A we have

p (™ (x,y), " (2)) = o™ o p(a” o pz,y), o (2))
= a2n o /L(/L('xv y)a OA(Z))

Therefore, following,%° one obtains the following result.

Theorem 3.2. Let (A, p, a0, R) be a multiplicative Hom-associative Rota-
Baaxter algebra such that o and R commute. Then the nth derived Hom-
algebra of type 1 is also a Hom-associative Rota-Baxter algebra.

Proof. The operator R is a Rota-Baxter operator for the new multiplica-
tion since

o™ (u(R(x), R(y))) = o"(R(p(z, R(y))) + R(u(R(z),y)) + AR(u(x,y))).0O

In the following we construct Hom-associative Rota-Baxter algebras in-
volving elements of the centroid of associative Rota-Baxter algebras. The
construction of Hom-algebras using elements of the centroid was initiated
in'® for Lie algebras.

Let (4,-) be an associative algebra. An endomorphism « € End(A) is
said to be an element of the centroid if a(z - y) = a(z) -y = x - a(y) for all
x,y € A. The centroid of A is defined by

Cent(A) = {a € End(A) : az-y) = a(z) -y =z - afy), Yo,y € A}.
The same definition of the centroid is assumed for Hom-associative algebras.

Proposition 3.2. Let (A,u, R) be an associative Rota-Bazter algebra
where R is a Rota-Baxter operator of weight X. Let o € Cent(A) and set
forallx,y € A

py(z,y) = pla(z),y) and pl(z,y) = pla(z), a(y)).

Assume that o and R commute. Then (A, ul, o, R) and (A, u2, o, R) are
Hom-associative Rota-Bazter algebras.
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Proof. Observe that for all z,y,z € A
fa (), 11, (y, 2)) = p(a? (), p(a(y), 2)) = ula®(z), anuly, 2))
= a(u(a(z), p(y, 2))) = o (ule, p(y, 2))).

Similarly

pra (@), 15 (y, 2)) = p(a® (@), ap(aly), o(2)))
= p(a?(z),@®p(y, 2)) = o® (ulz, p(y, 2))).

The triple (A4, ul, o) and (A, u2, a) are Hom-associative algebras.
They define also Rota-Baxter algebras since

1o (R(x), R(y)) Zu( (R(2)), R(y)) = a(u(R(z), R(y)))

R(p(z, R(y)) + p(R(x), y) + Au(z,y)))
(a(2), R(y)) + pla(R(2)),y) + Au(a(z), v))
pa (2, R(Y) + pg (R(x),y) + g, (2,9)).

and

pa(R(@), R(y)) = p(a(R(x)), a(R(y))) = a(u(R(x), a(R(y))))
2

4. Some functors

We show in this section that there is a functor from the category of Hom-
associative Rota-Baxter algebras to the category of Hom-preLie algebras
and then a functor to the categories of Hom-dendriform algebras and Hom-

tridendriform algebras.

Proposition 4.1. Let (A, -, «, R) be a Hom-associative Rota-Baxter alge-
bra where R is a Rota-Baxter operator of weight A =0 or —1. Assume that

a and R commute. We define the operation * on A by
rxy=R(x) y—y Rx)+Ix-y.
Then (A, *,«) is a Hom-preLie algebra.
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Proof. In case A =0, we have for all z,y,z € A

— —~
= =
W(@W(x\
TIFE
SR T3
xR
-2 -2
— —
ESEER
DRQZRZ
/w.(((\(
RzR+a+
N I R
NN N
A
T e =T
. == S
v REE KR
¥ ~— .Z.Z
yR)).).

— o~ /=~

_ = =

ErR S 3EEE
S 3 KK 13 |

y) *x a(2)
—a(z) - R(R(z) - y) + a(2) - R(y - R(x)).

a(R(y)) - (z- R(x)) + (R(x) - 2) - a(R(y)) = (2 - R(x)) - (R(y))-

= R(R(z) -y) - a(z) — R(y - R(z)) - a(z)
a@)x(yxz)— (zxy)xa(z) —aly)* (z*x2)+ (y*x) *a(z) =

a(R(z)) - (R(y) - 2) — a(R(x)) - (z - R(y)) — (R(y) - 2) - «(R(x))
+a(R(y)) - (z- R(x)) + (R(x) - 2) - a(R(y)) = (2 - R(x)) - a(R(y))
+R(R(y) - x) - a(z) = R(z - R(y)) - a(z) — a(2) - R(R(y) - x)

+a(z) - R(R(z) - y) — a(z) - R(y - R(z)) — a(R(y)) - (R(z) - 2)
+a(z) - R(z - R(y)).

+(z- R(y)) - (R(z)) — R(R(x) - y) - a(z) + R(y - R(z)) - ()
Using the Rota-Baxter identity 1 we gather the 5" and 14*", 6! and 13",

7t and 164", 8" and 15" terms. Therefore we obtain

and
Then
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Then Hom-associativity leads to

af@)x (yxz)— (zxy)xa(z) —aly) « (x*2)+ (y*xx) xa(z) =0.

In case A = —1, we have for all x,y,z € A
a(z) * (y * 2) = R(a(z)) - ( (y) 2=z R(y)
—y-2) = (R(y)-z2— 2z R(y) —y-z) - R(a(x))

—a(x) - (R(y) -z — 2 R(y) —y - 2),
and
(@xy)*a(z) = R(R(z) -y —y- R(x) —z-y) az)

—a(2) - R(R(z) -y —y- R(z) —z-y)
—(R(z)-y—y-R(x)—x-y) az).

Then using the fact that & and R commute, and the Hom-associativity we
obtain

Then it vanishes using the Rota-Baxter identity (1). m|

Now we connect Hom-associative Rota-Baxter algebras to Hom-
dendriform algebras. We generalize to Hom-algebras setting, the result
given by Aguiar for weight 0 Rota-Baxter algebras in® and extended by
Ebrahimi-Fard in?' to any Rota-Baxter algebras.

Proposition 4.2. Let (A, -, «, R) be a Hom-associative Rota-Baxter alge-
bra where R is a Rota-Baxter operator of weight \. Assume that o and R
commute. We define the operation < and = on A by

x<y==xz-Rly)+X -y, and x>y=R(x)- y. (2)

Then (A, <, =, «) is a Hom-dendriform algebra.
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Proof. For simplicity we provide the proof for A = 0. Let x,y,z € A, we
have by using Hom-associativity, identity (1) and the fact that « and R
commute:

2
&
>
<
¥
X

—(x<y+z>y)=alz)
= R(a(z)) - (R(y) - z) — R(z - R(y) + R(z) - y) - a(2)
= a(R(2)) - (R(y) - z) — (R(z) - R(y)) - a(z) = 0.

The general case follows from similar and straightforward calculations.
For example

(z =y) <a(z) —a(z) = (y < 2)
= (R(z) y) < afz) —a(x) = (y- R(z) + Ay - 2)
= (R(z) - y) - R(a(2)) + MR(z) - y) - a(z) — R(a(x)) - (y - R(2) + Ay - 2)
= 0. O

Remark 4.1. Proposition 4.1 could be obtained as a corollary of Propo-
sition 4.2 and Proposition 2.2 which leads to a construction of right Hom-
preLie algebra with the following multiplication

vy =x-R(y)— R(y)- =

Considering the associated categories and denoting by H RBass) the
category of Hom-associative Rota-Baxter algebras, HpreLie the category of
Hom-preLie algebras and Hdend the category of Hom-dendriform algebras,
we summarize the previous results in the following proposition

Proposition 4.3. The following diagram is commutative

Hdend — HprelLie

3 \
HRBassy — HpreLie
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We show now a connection between Hom-associative Rota-Baxter alge-
bras and Hom-tridendriform algebras. The classical case was stated in.2!

Proposition 4.4. Let (A, -, «, R) be a Hom-associative Rota-Baxter alge-
bra where R is a Rota-Baxter operator of weight \. Assume that o and R
commute. We define the operation <, = and ® on A by

x<y=uz-R(y), z=y=R(x)-y and zey=Xr-y. (3)

Then (A, <, =, e, «a) is a Hom-tridendriform algebra.

Proof. The first three axioms follow from Proposition 4.2 and the last four
use Hom-associativity and the commutation between R and «. For example

(z < y) e alz) —ale) s (y = 2) = Az - R(y)) - a(2) — Aala) - (R(y) - 2)
=0. O

Observe that the category of Hom-dendriform algebras can be identified
with a subcategory of objects in the category of Hom-tridendriform alge-
bras.

Following Proposition 2.4, we derive a new Hom-associative multiplica-
tion defined by

rzxy=x-R(y)+R(x) y+Az-y.

As in the classical case it satisfies

R(z+y) = R(x)-R(y) and R(zxy)=—R(x)- R(y)
where R(z) = —Az — R(z).

5. Rota-Baxter operators and Hom-Nonassociative algebras

Rota-Baxter operator in the context of Lie algebras were introduced inde-
pendently by Belavin and Drinfeld and Semenov-Tian-Shansky”6% in the
1980th and were related to solutions of the (modified) classical Yang-Baxter
equation. The theory were developed later by Ebrahimi-Fard.?!

We may extend the theory of Hom-associative Rota-Baxter algebras
developed above to any Hom-Nonassociative algebra. We set the following
definition

Definition 5.1. A Hom-Nonassociative Rota-Baxter algebra is a Hom-
Nonassociative algebra (A, [, ], «) endowed with a linear map R: A — A
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subject to the relation

[R(z), R(y)] = R([R(z),y] + [z, R(y)] + Alz, y]), (1)
where A € K.
The map R is called Rota-Baxter operator of weight .

We obtain the following construction by composition of Hom-Lie Rota-
Baxter algebras, extending the construction of Hom-Lie algebras given by
Yau in% to Rota-Baxter algebras.

Theorem 5.1. Let (g,], |, R) be a Lie Rota-Baxter algebra and o : g — g
be a Lie algebra endomorphism commuting with R. Then (g, , ]a,a, R),
where [, |o =ao], ], is a Hom-Lie Rota-Baxter algebra.

Proof. Observe that [a(z),[y,2]ala = ola(z),aly,2]] = o*[z,[y, 2]].
Therefore the Hom-Jacobi identity for g, = (g, , ]a, @) follows obviously
from the Jacobi identity of (g, [, ]). The skew-symmetry is proved similarly.

Now we check that R is still a Rota-Baxter operator for the Hom-Lie
algebra.

[R(z), R(y)la = a[R(x), R(y)]
= (R([R(2),y] + [z, R(y)] + Az, y]))
= a(R([R(x),y])) + a(R([z, R(y)])) + a(R(A[z, y]))

Since o and R commute then
[R(z), R(y)]a = R(([R(2),y])) + R(a([z, R(y)])) + R(a(A[z,y]))
= R([R(2), yla + [z, R(Y)]a + Alz, yla)-
O

Remark 5.1. In particular the proposition is valid when « is an involution.

Let (g,[, ], @) be a Hom-Lie algebra. It was observed in®? that in case
« is invertible, the composition method using a1 leads to a Lie algebra.

Proposition 5.1. Let (g, , |,«, R) be a Hom-Lie Rota-Baxter algebra
such that o and R commute. Then (g,[ , Ja-r = a~to[, ],R) is a Lie
Rota-Baxter algebra.

Proof. The Jacobi identity follows from

Oz, (2,4 Zla=1]amr =Owy.z a7 (2,07 [y, 2])]) =Oa.y.z a?[a(2), [y, 2]
=0.
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Since o and R commute then o~ ! and R commute as well. Hence R is a
Rota-Baxter operator for the new multiplication. O

We construct now new Hom-Lie Rota Baxter algebras from a given
multiplicative Hom-Lie Rota-Baxter algebra using nth derived Hom-Lie
algebras.

Definition 5.2 (%9). Let (g,[, |,a) be a multiplicative Hom-Lie algebra
and n > 0. The nth derived Hom-algebra of g is defined by
g = (.1, 19 =am o[, L.a™). 8

Note that gy = g and g(1) = (g,[ LM =aol, ],a2).
Observe that for n > 1 and z,y, z € g we have

[lz, )™, a1 ()] = o ([ ([z,y]), "+ (2)])
= o™ ([[z,y], a(2))).

Theorem 5.2. Let (g,[, ],a, R) be a multiplicative Hom-Lie Rota-Baater
algebra and assume that o and R commute. Then its nth derived Hom-
algebra is a Hom-Lie Rota-Baxter algebra.

Proof. The nth derived Hom-algebra is a Hom-Lie algebra according to.%?
It is also a Rota-Baxter algebra since

a"([R(z), R(y)]) = o" (R([z, R(y)]) + R([R(z),y]) + AR([z,y])). O

In the following we construct Hom-Lie Rota-Baxter algebras involving
elements of the centroid of Lie Rota-Baxter algebras. Let (g, [, ], R) be a
Lie Rota-Baxter algebra. An endomorphism o € End(g) is said to be an
element of the centroid if afx,y] = [a(z),y] for all z,y € g. The centroid
is defined by Cent(g) = {a € End(g) : afz,y] = [a(z),y], Yx,y € g}.
The same definition of the centroid is assumed for Hom-Lie Rota-Baxter
algebra.

Proposition 5.2. Let (g,[-, ], R) be a Lie Rota-Baxter algebra where R is
a Rota-Bazter operator of weight . Let o € Cent(g) and set for all z,y € g

(2,9l = [a(2),y] and [z,y]3 = [o(2), a(y)].
Assume that o and R commute. Then (g, [-,-]L,, R) and (g,[, ]2, a, R)

a?
are Hom-Lie Rota-Baxter algebras.
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Proof. The triple (g,[-,-]L,a) and (g, [, ]2, ) are Hom-Lie algebras ac-
cording to [10, Proposition 1.12].
They define also Rota-Baxter algebras since

We may obtain similar connections to Hom-preLie and Hom-dendriform
algebras as for Hom-associative algebras. For example we have

Proposition 5.3. Let (A,[, ],a,R) be a Hom-Lie Rota-Baxter algebra
where R is a Rota-Baxter operator of weight 0. Assume that o and R com-
mute. We define the operation x on A by

zxy = [R(z),y]. (3)
Then (A, x,«) is a Hom-preLie algebra.
Remark 5.2. The connection between Rota-Baxter Hom-algebras and

Yang-Baxter equation will be developed in a forthcoming paper, as well
as free Hom-associative Rota-Baxter algebra.
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Based on the particular orderings introduced for the positive roots of a finite
dimensional simple basic Lie superalgebra G, we construct the explicit free
field realization of the corresponding current (or affine) superalgebra Q\k at an
arbitrary level k.

Keywords: Conformal field theory; current algebra; free field realization.

1. Introduction

The interest in two-dimensional non-linear o-models with supergroups or
their cosets as target spaces has grown drastically over the last ten years
because of their applications ranging from string theory®® and logarith-
mic conformal field theories (CFTs)?%42 (for a review, see e.g.,?%? and
references therein) to modern condensed matter physics.?6:10:17,29,37,38,40
The Wess-Zumino-Novikov-Witten(WZNW) models associated with super-
groups stand out as an important class of such o-models. This is due to
the fact that, besides their own importance, the WZNW models are also
the “building blocks” for other coset models which can be obtained by
gauging or coset constructions.2*3339 In these models, current or affine
(super)algebras®!:3% are the underlying symmetry algebras and are relevant
to integrability of the model.

The Wakimoto free field realizations of current algebras*® have been
proved very powerful in the study of the WZNW models on bosonic
groups. b 716:18:24.27 Gince the work of Wakimoto on the sl(2) current al-
gebra, much effort has been made to obtain similar results for the general
case.®11,12:19,26,30,41 Tp) these constructions, the explicit differential operator
realizations of the corresponding finite dimensional (super)algebras play a
key role. However, explicit differential operator expressions heavily depend
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on the choice of local coordinate systems in the so-called big cell ¢/.23 Thus
it is at least very involved, if not impossible, to obtain explicit differential
operator expressions for higher-rank (super)algebras in the usual coordinate
systems. 1 13715,26,30,41 Recently it was shown in?44%47:4® that there exists a
certain coordinate system in U, which drastically simplifies the computation
involved in the construction of explicit differential operator expressions for
higher-rank (super)algebras. We call such a coordinate system the “good
coordinate system”.

In this paper we show how to establish such a “good coordinate sys-
tem” of the big cell ¢ for an arbitrary finite-dimensional basic Lie (su-
per)algebra.??3! It has been shown?® that the “good coordinate system”
indeed exits and is related to a particular ordering for the positive roots
of the (super)algebra. Based on such an ordering of the positive roots, we
construct the “good coordinate system” for the three infinite series super-
algebras gl(r|n), osp(2r|2n) and osp(2r + 1|2n), and derive their explicit
differential operator representations. We then apply these differential oper-
ators to construct explicit free field representations of the associated cur-
rent algebras. These free field realizations of the gi(r|n), osp(2r|2n) and
osp(2r + 1]2n) current algebras give rise to the Fock representations of
the current algebras. They provide explicit realizations of the vertex op-
erator construction®® of representations for affine superalgebras gl (r|n)x,
osp(2r|2n)y, and osp(2r 4+ 1]2n);. These representations are in general not
irreducible. To obtain irreducible representations, one needs the associated
screening charges and to perform the cohomology analysis as in.%12:18:19

This paper is organized as follows. In section 2, we briefly review finite-
dimensional simple basic Lie superalgebras and their corresponding current
algebras, which also introduces our notation and some basic ingredients. In
section 3, we introduce the particular orderings for the positive roots of the
superalgebras gl(r|n), osp(2r|2n) and osp(2r + 1|2n). Based on the order-
ings, we construct the explicit differential operator representations of the
superalgebras. In section 4 we apply these differential operator expressions
to construct the explicit free field realizations of the gl(r|n), osp(2r|2n) and
0sp(2r 4+ 1|2n) currents.

2. Notation and preliminaries

Let G = Gy + Gy be a finite dimensional simple basic Lie superalgebra?23!

with a Zo-grading:

_ [ 0ifa € Gy,
[a]_{lifaegl.
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The superdimension of G, denoted by sdim, is defined by
sdim (G) = dim (Gg) — dim (G7) . (1)

For any two homogenous elements (i.e. elements with definite Zo-gradings)
a,b € G, the Lie bracket is defined by

[a,b] = ab— (—1)lllpq,

This (anti)commutator extends to inhomogenous elements through linear-
ity. Let {E;|i = 1,...,d}, where d = dim(G), be the basis of G, which satisfy
(anti)commutation relations,

[E;, Ej] Z 4 B 2)

The coeflicients f;. are the structure constants of G. Alternatively, one can
use the assomated root system?? to label the generators of G as follows. Let
H be the Cartan subalgebra of G. A root « of G (o # 0) will be an element
in H*, the dual of H, such that:

Go ={a €G|[h,a] =a(h)a, Yhe H}+O0. 3)

The set of roots is denoted by A. Let II: = {a;|i = 1,...,r} be the simple
roots of G, where the rank of G is equal to r = dim(H ). With respect to II,
the set of positive roots is denoted by Ay, and we write o > 0 if « € A
A root « is called even or bosonic (odd or fermionic) if G, € Gy (Gu € G7)-
The set of even roots is denoted by Ag, while the set of odd roots is denoted
by Aj. Associated with each positive root «, there is a raising operator E,,
a lowering operator Fy, and a Cartan generator H,. These operators have
definite Zg-gradings:

OuaeA()mA+7

o] =0, [Fo] = [Fo] :{1 o€ ArNA.

Moreover, one has the Cartan-Weyl decomposition of G

G=G_ ©H®Gy, (4)

where G_ is a span of lowering operators {F,, } and G is a span of raising
operators {E,}, and Gy respectively generates an nilpotent subalgebra of

g.



176  W.-L. Yang

One can introduce a nondegenerate and invariant supersymmetric met-
ric or bilinear form for G, which is denoted by (E;, E}). Then the affine
Lie superalgebra Gy, (or G current algebra) associated to G is generated by

{EMi=1,...,d; n € Z} satisfying (anti)commutation relation:
d
[Ezn, E;n] = Z flleanrm + nk(E“ Ej)5n+m,0- (5)
=1

Introduce currents
Ei(z)=) Erz""', i=1,...4d
nez

Then the (anti)commutation relations (5) can be re-expressed in terms of
the OPEs?! of the currents,

(Esi, Ej) + Zi:l filel(w)
(z —w)? (z —w)

are the structure constants (2). The aim of this paper is to con-

’ ivjzlv"'vdv (6)

L
ij
struct explicit free field realizations of the current algebras associated with
the unitary series gl(r|n) and the orthosymplectic series osp(2r|2n) and
osp(2r 4+ 1|2n) at an arbitrary level k.

where

3. Differential operator realizations of superalgebras

Let G be a Lie supergroup with G being its Lie superalgebra, and X be
the flag manifold G/B_, where B_ is the Borel subgroup corresponding to
the subalgebra G_ @ H. The differential operator realization of G can be
obtained from the infinitesimal action of the corresponding group element
on sections of a line bundle over X3° or an n-invariant lifting of the vector
fields on X which form a representation of G.2* As an open set of X,
we will take the big cell ¢, which is the orbit of the unit coset under
the action of subgroup N, with Lie superalgebra G . After choosing some
local coordinates of U, all the generators of G in principle can be realized by
first-order differential operators of the coordinates. In this section we show
that there are “good coordinate systems” which enable us to obtain the
explicit differential operator realizations of all basic Lie superalgebras. We
shall construct such coordinate systems for the three infinite series of basic
superalgebras sl(r|n), osp(2r|2n) and osp(2r + 1|2n) with generic r and n.
Our coordinate system in U/ is based on a particular ordering introduced for
positive roots A of the corresponding superalgebra. We call this ordering
the normal ordering®® of A .
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Definition 3.1. The roots of A4 are in normal ordering if all roots are
ordered in such a way that: (i) for any pairwise non-colinear roots «, 3, €
Ay such that v = a+ 8, v is between « and f; (ii) for a, 2a € Ay, 2 is
located on the nearest right of a.

Such an ordering was constructed explicitly for all (super)algebras with
rank less than 3 in.?* In the following, we shall give the normal ordering of
positive roots for each of the three infinite series superalgebras gl(r|n), and
0sp(2r|2n) and osp(2r + 1|2n).

3.1. Differential operator realization of gl(r|n)

Hereafter, let us fix two non-negative integers n and r such that 2 < n+r.
Let us introduce n + r linear-independent vectors: {d;]i = 1,...,n} and
{€;]i = 1,...7}. These vectors are endowed with a symmetric inner product
such that

(B 81) = Sy (s €i) =0, (ei,€5) = —ij. (1)

The root system A of gl(r|n) (or A(r —1,n—1)) can be expressed in terms
of the vectors:

A={e —¢€,0m =01, 0m—€, €6 =0}, 1<iFj<r, 1<m#l<n,
while the even roots Ay and the odd roots Aj are given respectively by
ANg={ei—€j, om — 01}, Ai={E£(0m —€)}, 1<i#j<r, 1<m#I<n.
The distinguished simple roots are

ayp =01 —02,...,0p—1 = 0p—1 — Op, Qp = Oy — €1,

Q1 = €1 — €2, ..., Qnppr—1 = €p—1 — Ep. (2)

With regard to the simple roots, the corresponding positive roots A, are

5m_6l; €; — €5, 1SZ<.]§T71Sm<l§n7 (3)
Om — €, 1<m<n 1<i<nr. (4)
Among these positive roots, {d,, —€li = 1,...,7, m = 1,...,n} are odd

and the others are even. Then we construct the normal ordering of the
corresponding positive roots.
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Proposition 3.1. A normal ordering of Ay for gl(r|n) is given by

€r1 — €piann} €1 — €pynn. €] — €23 Op — €y, O — €15

..;51—ET,...,51—61,51—5n,...,51—52. (5)

Proof. One can directly verify that the above ordering of the positive roots
(3)-(4) of gl(r|n) fulfills all requirements of Definition 3.1. |

Let us introduce a bosonic coordinate (@, 1, y;,; for m <1 and ¢ < j) with
a Zg-grading zero: [x] = [y] = 0 associated with each positive even root
(resp. 0m — 01, €, — € for m < [ and ¢ < j), and a fermionic coordinate
(01.;) with a Zg-grading one: [0] = 1 associated with each positive odd root
(resp. 8; — €;). These coordinates satisfy the following (anti)commutation

relations:
[‘Ti,j7 me] = 07 [6%” ) awm,L] = 07 [amlj ) :Em,l] = 5im5jl7 (6)
[yi,ja ym,l] =0, [3y1] ) aym,z] =0, [37;” ’ ym,l] = 5im5jlv (7)
[91')]‘, Gm;l] = 07 [aei,j ? 69m,l] = 07 [aei,j 9 em,l] = 6im5jl7 (8)

and the other (anti)commutation relations vanish.

It is well-known that the big cell U is isomorphic to the subgroup N,
and hence to the subalgebra G via the exponential map. Therefore we can
choose the following coordinate system G (z,y,0) for the associated big
cell U:

G+ (z;9;0) = (Gntr—1n4r) - - (Gintr - Gjj41) (Grngr ... Gr2). (9)
Here, for i < j, G, ; is given by

eVhifee if 1<i<j<r,
Gij=1Q eifai—« if 1<1<n, 1<i<r, (10)
eTmiBom—s if 1<m<l<n.
Hereafter, let us adopt the convention that
E,=E,, F=F,, i=1,...,n+r. (11)
Let (A| be the highest weight vector of the representation of gi(r|n) with
highest weights {);} , satisfying the following conditions:
(A|F; =0, 1<i<n+r, (12)
(NH; = N (A, I1<i<n+r. (13)
Here the generators H; are expressed in terms of some linear combina-
tions of H,.*" An arbitrary vector in the corresponding Verma module is
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parametrized by (A| and the corresponding bosonic and fermionic coordi-
nates as

(N z;950) = (MG (25950). (14)

One can define a differential operator realization p(¥) of the generators
of gl(r|n) by

D(g) (Nszsy; 0| = (N3 0] g, Vg € gllr|n). (15)

Here p(9(g) is a differential operator of the coordinates {z;y; 8} associated
with the generator g, which can be obtained from the defining relation (15).
The defining relation also assures that the differential operator realization
is actually a representation of gl(r|n). Therefore it is sufficient to give the
differential operators related to the simple roots, as the others can be con-
structed through the simple ones by the (anti)commutation relations. The
coordinate system (9)-(10) enabled us*” to obtain the explicit differential
operator realization of gl(r|n).

Proposition 3.2. The differential operator representations of the genera-
tors associated with the simple roots of gl(rin) are given by

p(d)(Ej) = Z Lk,j 890k,j+1 + 890j,j+17 1<7<r—1, (16)
k<j—1
PE) = > a0 0y, + 0o,
k<r—1
7“+J Zekjaek1+]+ Z yk] Yk, 145 831+j’
k<r k<j—1
POE )= D whjOu, — D kO, — > 0ike,, + X,
k<j—1 JH1<k<r k<n
1<ji<r—1,
P(d) (Er,r) = Z Tk,r zk ” Z 9r k 897 k + )\Tv
k<r—1 k<n
p(d) Eritjrts) Ze*’w 9o,.,; + Z Yk,j Oy 5
k<r k<j—1

Z Yj.k ayj,k + )‘T+j7 1<j<n,
JH+1<k<n
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p(d) (FJ) = Z Lk,j+1 aﬂﬂk,j - Z Lj,k an+1,k - Z ejyk 60j+1,k

k<j—1 j2<k<r k<n

—Zjj+1 Z Tk (%%k + Z ej,k 89M

J+H1<k<r k<n

5,541 E Lj+1,k 890j+1,k + E : 9j+11k 89j+1,k
J+2<k<r k<n

+2j 541 (N — Ajg1), 1<j<r—1,

P(d) (Fr) - Z ok,l 8zkm + Z er,kalek + 97“,1 ()\r + )\rJrl)
k<r—1 2<k<n

_er,l Z (er,k 807',k + Y1k ayl,k)

2<k<n

POFry) = k100, + D, UkariOp, — D YikOuy,,

k<r k<j—1 j+2<k<n

~Yinsi D VikOu ot Uinei D Viik Oy,
j+1<k<n j+2<k<n

FYja4g Artj — Argigy), 1< j<n—1 (17)

A direct computation shows that these differential operators (17)-(16) sat-
isfy the gl(r|n) (anti)commutation relations corresponding to the simple
roots and the associated Serre relations. This implies that the differen-
tial representation of non-simple generators can be consistently constructed
from the simple ones. Hence, we have obtained an explicit differential real-
ization of gl(r|n).

3.2. Differential operator realization of osp(2r|2n)

The root system A of osp(2r|2n) (or D(r,n)) can be expressed in terms of
the vectors {0;} and {e;} (1) as follows:

A ={te; te€j, £6,, £, £20;, £0, ¢}, 1<i#j<r, 1<m#Il<n,
while the even roots Ay and the odd roots Aj are given by
Ag = {xe; £¢j, £0,, £ 1, £26;}, Ar={£d *e},
1<i#j<r,1<m=#l<n.
The distinguished simple roots are
a1 =081 —02,...,0ap_1 =0p_1 — Op, Qp = Op, — €1, (18)

Qpt1 = €] —€25...,Qnir—1 = €p—1 — €p, Opty = €Ep—1 + €. (19)
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With regard to the simple roots, the corresponding positive roots A, are

Om — 01, 20, O+, 1<m<l<n, (20)
0y — €, Op+¢, 1<i<r, 1<1<n, (21)
€ — €5, € + €5, 1<i<yi <. (22)

In order to obtain an explicit differential operator realization of osp(2r|2n),
let us introduce the normal ordering of its positive roots.

Proposition 3.3. A normal ordering of Ay for osp(2r|2n) is given by

€r—1t+ €py €p1 —€p...; €1+ €2,...,€1 T €, €1 —€p,..., €] — €2
Op + €1y, 00+ €y 200, 0y — €ryevyOp — €15...5
01+ 0d2,...,00 + 0y, 01 +€1,...,01 + €, 261,
51— €rynn 01— €1,00 — Opy ..., 01 — 0o (23)

Proof. One can directly verify that the above ordering of the positive roots
(20)-(22) of 0sp(2r|2n) obeys all requirements of Definition 1. |

For the case r = 0, the ordering (23) gives rise to the normal ordering of
the positive roots of sp(2n), while for the case n = 0 it yields the normal
ordering of the positive roots of so(2r). Based on these orderings, a “good
coordinate system” in each of the associated big cells for so(2n) and sp(2n)
was constructed in.** Here we use the ordering (23) to construct the “good
coordinate system” in the associated big cell U and the explicit differential
operator realization of osp(2r|2n).

In addition to the coordinates {z,;;v: ;;0::}, which are associated
with the positive roots {0,, — d;;€; — €;;0; — €;}, we also need to intro-
duce extra coordinates{Zm i; i ;; T1; 91,1} associated with the positive roots
{6m+01; €i+€5;20;; 01+¢€, } respectively. The coordinates {@m, 1; y: ;; 61,: } and
their differentials satisfy the same (anti)commutation relations as (6)-(8).
The other non-trivial relations are

[Zijs Zma] = 0, [0z, ;,0z,,,] =0, [0z, ;;Tm.1] = Simdji, (24)
[Zm, 1] =0, [0z,,,00] =0, [0s,,,21] = mi, (25)
[Y: ,vam =0, 05,05, = 07 [0, Irm, 1] = dimdji, (26)
[0i.5,0m,1) = 0, (95, ,,95,,,1 =0, [0, ,0mi] = Simdj, (27)

and the other (anti)commutation relations vanish.
Based on the very ordering (23) of the positive roots of osp(2r|2n), we
may introduce the following coordinate system G (z,Z;y,7;6,0) for the
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associated big cell U:

Gy (2, %59, 5:0,0) = (Gnir—1intr Gnir—1inir) - -
X (Gnirnt2 - - Gnitntr Guitngr - - - Gni1,nt2)
X (Gt - Grngr Gn Grngr . Grns1) - ..
x (Gi2...G1pr G1 Grpgyr ... Gr) . (28)

Here G, ;, Gi,j and G; are given by

Gy = ePmtFom=si, Gy = ePmtPomsa 1 <m<l<n, (29)
E 01iE5 —c. 01.iEs5 4e,

G[ — e:El 2(517 Gl,n-{-z —e 1,ites; 517 Gl,n-{-z —e l,i 5l+517
1<i<n,1<i<r, (30)

Grpints =€ P95 Gryipyy =" Para 1 <i<j<r (31)
Thus all generators of osp(2r|2n) can be realized in terms of the first or-
der differential operators of the coordinates {x,Z;y,7;0,0} as the similar
procedure as that of the gl(r|n) case. Here we present the result of the
generators corresponding to simple roots.*6

Proposition 3.4. The differential operator representations of the genera-
tors associated with the simple roots of osp(2r|2n) are given by

l

|
—

p\D(E)) = (Tm 100 1ir — Tmi107,,, )+ Oy iys 1 <1< —1, (32)
m=1
n—1 B
p(d)(En) = (‘Tm;naenl,l + 9777/71615771,71) + aen,l’
m=1
PN Engi) =Y (9m,z‘39m,i+1 - 9m,z'+13§m,i)
m=1
i—1
=+ (ym,iaym,i+1 - qui‘i’laim,i) =+ ayi,i+15 1<i<r— 15
m=1
P(d) (EnJrr) - Z (29m,r719m,razm + em,rflaém,r - om,raém”_l>

=1

3
N

r—

=+ (ym,rflafm,r - ym,raﬂm,rfl) + 3.@71,?,

m=1
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-1 n
p(d) (Hl) = Z (ZEmﬁlaszl — jm)lajml) — Z (IEl’mamlym + :fhma@M)
m=1 m=Il+1

— (Hl,m&;m + élﬁmaglym) — 23318951 + A, 1< <n,

m=1
n i—1
d . Z a B Z _
p( )(Hn"l‘z) - <9myi607n,i - 9m>189m11> + (ymyiaymu,i - ymyia'gwn,i)
m=1 m=1
T
- § (yi,mayi,m + yi,mayji’m) + An+i7 1 S 7 S T,
m=i+1
u -1
Py = 21 (zm,l+1axm,z - imwlaim,z+1) — @0z g 280410 4

n
+ ZH2 (ml,mil,mafz,prl T2 mO2y 1 T2 m Tl 1, m Oy ’jl,mafwl,m)
m=

T
- (el,mel,ma’il,prl + el,m69l+1,m + 200, m0141,m 0% g + el’m6§l+1,m)

m=1

2
Tl 410y g 22 @419 4 T 221417000

REIAEST

n
> (Il+1,mazz+1,m*’jl+1,maizﬂ,m’zl,mazz,m - ilﬂnail,wn)]
mT42

REIAEST

T
mzl (91+1,7n89l+1’m + el+1,7na§l+1’m - 9l,7n89l,m - 9l,7na§l,m):|

Fp 1 = A1), 1<i<n-—1,

n—1

d _
o@D (Fp) = m21 (emlammm - mm,nagm,l) —end,

.
+ 3 (nmOusm — OnmOnmdg, | +Inmop )
m=

T
RIS (971,77169"’7“ FOnmOs UL mOyp g, Ql,mang)
m=2 ’
—20n, 17002y — 200,101,195 | + 0n,1(An + Ang1),

n i—1
d = _
o€ )(Fn+i) = > Om,it19g, , — Om,i%,, ;4 q) T 2 Wm,i+19 i~ Im,i 00, ig1)
m=1 ’ , m=1

T
+ > (yi,m@i,maﬂi’i+1 —Yi,mO;t1,m — ?i,m6@i+1,m)
m=it2
s
tuiit1 D (yi+1,7nayi+1,7n T Ui+1,mO%11,m ~ Yi,mOyi m — 1:’ivma@i,m)
‘o

m=1
2 )
—Yi,i+19%; 41 T Yiit1 Angi = Angit1)s 1<i<r-—1,
(@ S~ (s 5 ; .
P (Fpyr) = Z (emﬂ‘aemmfl + 20 r—10m, 102y, — em,r—laem,r)

m=1
r—2 ,
+ > (ﬂm,raym,rfl - ?m,r—lf’ym,r) “Ur—1,79, 1,
=5

FUr—1,r Pngr—1 + Angp)- (33)
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A direct computation shows that these differential operators (32)-(33)
satisfy the osp(2r|2n) (anti)commutation relations corresponding to the
simple roots and the associated Serre relations. This implies that the dif-
ferential representation of non-simple generators can be consistently con-
structed from the simple ones. Hence, we have obtained an explicit differ-
ential realization of osp(2r|2n).

3.3. Differential operator realization of osp(2r + 1|2n)

The root system A of osp(2r+1|2n) (or B(r,n)) can be expressed in terms
of the vectors {4;} and {¢;} (1) as follows:

A = {*e; L€, £e;, £0,, £ 0y, £y, £20;, £ L€},
1<i£j<r, 1<m#I[<n,
while the even roots Ag and the odd roots Aj are given respectively by
Ag = {xe; t¢j, t€;, £0,, £ 6, £26,F, A ={xd te;, £},
1<i#j<r, 1<m#I[<n.
The distinguished simple roots are
a1 =01 —02,...,0p—1 = 0p_1—0n, Qp = O, — €1, (34)
Qi1 = €1 — €2, ..., Qpip_1 = €r_1 — €y Oty = Ep. (35)

With regard to the simple roots, the corresponding positive roots A, are

Om — 01, 20, Om+0;, 1<m<lI<n, (36)
o —e, Ote, o0, 1<i<r1<1<n, (37)
€ —¢€5, €+€, €, 1<i<j<r. (38)

Among these positive roots, {d;, § £ ¢l|i =1,...,r, 1 =1...,n} are odd
and the others are even.To obtain an explicit expression of the differential
operator realization of osp(2r 4 1|2n), let us introduce the normal ordering
of its positive roots.

Proposition 3.5. A normal ordering of Ay for osp(2r +1|2n) is given by
€r; €Ep—1 F €ry €p—1, €r—1 = €p}. ..}
€1+ €,...,601 +€p, €1, €] — €py..., €] — €32}
On + €1y, 0n + €ry 200, Ony Op — €pyeeoyOp — €15 ..
014+ 062,...,01 +6p, 01 +€1,...,01 + €, 201, 61,
01— €ryony01 —€1,01 —Opy, ..., 01 — O3 (39)
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Proof. One can directly verify that the above ordering of the positive roots
(36)-(38) of osp(2r + 1|2n) satisfies all requirements of Definition 1. O

For the case n = 0, the ordering (39) gives rise to the normal ordering of
the positive roots of so(2r + 1). Based on this ordering a “good coordinate
system” in the associated big cell of so(2r + 1) was constructed in.** Here
we use the ordering (39) to construct a “good coordinate system” in the
associated big cell ¢ and the explicit differential operator realization of
osp(2r 4+ 1|2n).

In addition to the coordinates {1, Zm.i; Tm; Yi.j, Ui.j; 0r.i» 01}, which
are associated with the positive roots {d,, — 01,0 + 0152015€; — €5, ¢; +
€;;0, — €,0; + €}, we also need to introduce n + r extra coordinates
{6i]l =1,...,n} and {y;|i = 1,...,r} associated with the positive roots
{&|l = 1,...,n} and {e&|i = 1,...,r} respectively. The coordinates
{ Tty Tonls T3 Yinjs Uijs 01, 01i+ and their differentials satisfy the same
(anti)commutation relations as (6)-(8) and (24)-(27). The other non-trivial
relations are

[yivyj] = [aUZ7an:| =0, [aywyj] :5ij7 thj=1...,m (4())
[Hm,Hl] = [897”,891]:0, [89m79l]:5ml7 m,l:l,...,n. (41)
Based on the very ordering (39) of the positive roots of osp(2r + 1|2n),
we introduce the following coordinate system G (x,Z;y,7; 0, 0) for the as-
sociated big cell U:
Gy (z,7:y,5;0,0) (42)
- (GnJrr) (GnJrrfl,nJrr GnJrrfl GnJrrfl,nJrr) cee

X (én+l,n+2 e én-i—l,n-l—r C7Vn-i-1 Gn+1,n+r cee Gn+l,n+2)
X (én,nJrl . én,nJrr énGn Gn,nJrr . Gn,nJrl) .
X (6172 e Gl7n+rr GlGl Gl,nJrr . GLQ) . (43)

Here Giﬁj,éiyj,Gi and G; are given by

Gy = e®miBom=si | G| = e®miBonta 1<m<l<n, (44)
Gy =enPoor Gy =e"Po Gy=e¥iPa 1<1<n 1<i<r, (45)
Glnti = efribs —ci Ginti = eél*iE‘sl“i, 1<i<n, 1<i<r (46)
Grtint; = eViilei-e; Grtintj = eVnileate 1< <j<r (47)

Then we can obtain the first order differential operator realization of the
generators of osp(2r + 1|2n).46
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Proposition 3.6. The differential operator representation of the genera-
tors associated with the simple roots of osp(2r + 1|2n) are given by

-1
p(d) (El) = (xm,lawm’l+1 - jm,l-‘rlafm’l) + 8wl,1+17
m=1
1<i<n-—1, (48)
n—1
p(d) (En) = (xmynaemu,l + é”nalajwn,n) + aen,l’
m=1
p(d)(En-H) = Z (9m7i8‘9m1i+1 — §m7i+1(9§m)
m=1
1—1
+ Z (ym,iaym,i+1 - gmqi‘f’laim,i) + ayi,i+15 1 <i<r-— 15
m=1
P(d) (En-l-r) - Z <9m6§mm - Hm,raGm - em,remawm>
m=1

r—1
+ Z (ym,raym - ymaﬂm,r) + ay“
m=1

oD (ry) =

L (zm,l+16mm,z - 'im,la'im,url) — 2102 4y — 2004102
e

n
+ > (Il,milymaiz,u1 T2 mOny 4 2P m T4, m Oy ’il,maiul,m)
T . . .
- Zl (el,mel,ma-'i'l,l+l TO0Lm%, oy T 20 m Ot mO gy FO1m %, m)
m= ’
=019,y — 0101410 g FP41014190, ) — 1141919,

2
“eli4 9y gy T 2@ 924 T 2241700

+Tp 41

n
Zl:+2(ml+l,m6Iz+1,m+@l+l,m6fz+1,m’zl,m6zl,m - il,mafz,m)]
m=

r

REIRES 21 (9l+1,m691+1ﬂn FO1,m%, L, T Om 9, — fm g, m)]
e . .

+p g1 = A1), 1<i<n-—-1,

n—1
d _
oD (ppy = mZ::1 (9m’laxm,n - Im’naém,l) —endg

s
+ 3 (0n.mOus 1 = On,mOn,mOg, | +FnmOgy ) = OnOyy
m=

»
—On,1 > (9n,m56n,m +O0n,m0, o+ Y1,mOyy +@1,m5@1,m)
m=2 ’
—20n,1@n 02y = 200,100,195 |~ 0n 10089, — On 1y19y;
.

+0n,1(An + Ang1)s
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i—1

n

(d) = ) 5. .o~ ) GO

P Y (Fppi) = 30 (Omit10g,, . — Om,id5, . )+ > Wit 1% — Im,i0G,, 1)
m=1 ’ ’ m=1

r
+ z (yi,mgimnaﬂiyi*,l - yi,mayi+11m - gi,7n8§i+1,m)
m=i+2
y2
—viOy; 41 + ?15171,141 +Yii41Yit19y;41 — Vii41Yi0y;
s
+Yi,i41 Z+2 (yi+l,m6yi+1’m F Uit 1,m 0% 41 m ~ Yi,m i ﬂi,magi,m)

m=7
2 .
—Y5,i419%; 401 T Y1 Qg — Andit1)s lgigsr—-1,
(d,) n _ _
PN Enyr) = 3 (0mrog,, = Om.r0mdem, — Omd,, )
m=1

r—1
Yy
+ Z (ymaymm - gmwTaym) - éayT +Yyringr,
m=1

1—1 n
d _ _
P D = 3 (”m,lawm,z - zm,la'im,z) - X (zl,mazz,m +ml,mafz,m)
m=1 m=1+1
T _
- (el,vn891m+el,m5él )7221521 — 0199, + X, 1<1<m,
m=1 ’ e
(@) n i—1
PV Hyp ) = > (9m,159m i~ Om,i%, 1) + > (ym,iaym,i - @m,z‘aﬂm,i)
m=1 ’ ’ m=1
r
- > (yi,mayi’m + gi,maﬂi’m) —yidy; +Apqs, 1< i< (49)
m=i+1

A direct computation shows that these differential operators (48)-(49)
satisfy the osp(2r + 1]2n) (anti)commutation relations corresponding to
the simple roots and the associated Serre relations. This implies that the
differential representation of non-simple generators can be consistently con-
structed from the simple ones. Hence, we have obtained an explicit differ-
ential realization of osp(2r + 1|2n).

4. Free field realization of current superalgebras
4.1. Current superalgebra gl(r|n);

With the help of the explicit differential operator expressions of gl(r|n)
given by (16)-(17) we can construct the explicit free field representation of
the gl(r|n) current algebra at arbitrary level k in terms of @ + @
bosonic 8-+ pairs {(5:,j,Vi.;j)s (le",j’v%(',j') 1<i<j<n 1<i<j <r}
nr fermionic b — ¢ pairs {(\Ifjj, i)l <i<n, 1<j<r}andn+r free
scalar fields ¢;, i = 1,...,n+r. These free fields obey the following OPEs:

Bii(2) Ymi(w) = =vm.1(2) Bij(w) = % (1)
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Oim0i
B2 ot0) = =) 8 0) = 22
\I,;-“(Z) Uy (w) = 5(2) ‘I’;z(w) = (im_lag)’
Om(2)P1(w) = 0y In(z — w), 1 <m,l <mn,
Gnti(2)Pnsj(w) = =6 In(z —w), 1 <d,j <, (2)

and the other OPEs are trivial. Then we have?”

Theorem 4.1. The currents associated with the simple roots of the gl(r|n)
current algebra at a generic level k are given in terms of the free fields

(1)-(2) as
Ej(z) = Y wi(2)Bujti(2) + Bjm(2), 1<j<r—1,

1<j—1
Z Ym (2)V11(2) + ¥ 1(2),
1<r—1
Epqj( Z‘I’zg 2)Wyj11(2 Z %,J 51J+1( )+53‘,j+1(2)7
I<r 1<j—1
1<j<n—-1,
Eji( Z V1,5 (2)Bu,5 (2 Z ¥5,1(2)Bj(z Z\I’
1<j—1 JH1I<I<r 1<n

r+n

+VEk+1r—ndo;(z) — 2\/% Z 0¢i(2)
1=1

1<j5<n

Ertjrti( Z\I]lg 2)Wy5(z Z ’Vl,g Bl,] Z ’73‘,l(2)61‘,l(2)

1<r 1<j—1 jH+1<i<n

1+CY r+n
vk — N0y _— 0
+ +r n ¢+J(z)+2\/m; ¢l(z)

1<75<n,

Fi(z) = 3 ,5+1(2)B 5 (2) — > Y, ()Bjp1,1(2) — > ‘I’;[,L(z)‘l’]q,LL(z)
1<j-1 j4o<i<r 1<n

—j,i+1(2) ( > B ) + Z A%, Z(Z))
JHI<i<r <n

+75,541(2) PIETIEROTIIERICEID S 1N O L IERIC)
j+2<i<r l=n

FVEF T — vy 11(2) (965 (2) = 06541(2)) + (k+ 35 — Dov; j41(2),
1<j<r-1,
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Z‘I’u )Bi.m (2 Z‘I’ 2)B1,(2)

1<r—1 2<i<n

~v@) | Y (W) (o) +914()814(2))
2<i<n

+Vk+r— nkllil(z) (00 (2) + 0Pr11(2))
+(k+ 7 —1)0V] | (2),

Fryj(z qulj-i-l 2)Vi5(z Z 71,]-‘:-1 ﬂl;]()

I<r 1<j—1

- Z 7§,l(z)ﬁé‘+1,l(z)

j+2<i<n

—Yj.5+1(2) Z Via(2)B5 Z%Hl Bir14(2)
j+1<i<n j+2<i<n

+VE+1 =171 (00r45(2) — 04 j51(2))
—(k+r+1 _j)87;',j+1(z)7 l<j<n-1,

% ;W Here and throughout normal ordering of
free fields is zmplzed whenever necessary.

where o = 1+ =

It is remarked that for m = n, « can be chosen as a = lim,,(1 +

2k 24/k(k+m—n) )
of gl(4]4).47

= 0. For the case of m = n =4, it recovers the result

4.2. Current superalgebra osp(2r|2n)j

With the help of the explicit differential operator expressions of osp(2r|2n)
given by (32)-(33) we can construct the explicit free field repre-
sentation of the osp(2r|2n) current algebra at arbitrary level k in

terms of n? + r? — r bosonic -y pairs {(Bi;, %), (Bijs¥ii)s (Bir i),

( I /,'yz/ '/), (/B’L' /,'Y,L/ -/) 1< 7 <] S n, 1 S 7:’ <]/ S 'I"}, 2nr fermionic
b—cpalrs {(\IJ”,\II ) (\I/”,\I/ i), 1<i<n,1<j<r}andn+r free

scalar fields ¢;, i = 1,...,n + 7. The free fields {(8;;,7i;), (Bir jo»Vir j)}s
{(¥;},, ¥, i)} and {¢;} obey the same OPEs as (1)-(2). The other non—trwlal

i,5°
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OPEs are
n — o — ol o 5im5jl
Bi3(2) Am,i(w) = =Fm(2) Bij(w) = G—uw) (3)
() u(w) = =3 () felw) = s 1< mI <
B3 (2) At a(w) =~ o(2) B (w) = %
T (o) () = Ty j() T () = % (4)

and the other OPEs are trivial. Then we have*6

Theorem 4.2. The currents associated with the simple roots of the
0sp(2r|2n) current algebra at a generic level k are given in terms of the

free fields (1)-(2) and (3)-(4) as

-1
Ei(2) = (Ym(2)Bm i1 (2)=Tm.i1(2) B 1(2))+B1141(2),
m=1
1<li<n-1, (5)
n—1 B
En(z) = (’Vm,n(z)\llm,l(z) + \If;)l(z)ﬁm)n(z)) + \IJn,l(Z)a (6>
m=1
Ep4i(2) = i (‘I’jmi(z)‘l’m,i+1(2) - ‘i’:;,Hl(Z)‘i’m,i(Z))
m=1
+ b (V5 Bl i1 () i1 (DB s (O B] i1 (2), 1< <=1,
m=1
Boir() = Y R

o=
S

S (2vf v m e T, ()T e 1(2))
e

+

(Vi1 BBy 1 (2) = Yy (2B 1 (2)) + Bry o (2),
m=1
—1

1

Fi(2) = 3 (Y418 1(2) = T 1 (2B 141(2))
m=1
= (2B 141(2) = 29,141 (2) B4 1 (2)

n
+ 3 (Mm@ L m BL141 () = Y ,m (2)Brp1,m (2)
m=1l+4+2

n _
= > (CTUm Y41, m PB4 (2) + T (2B 1,m ()
m=1l+2

=3 (L@ @B )+ T ()
m=1

) (2o, ¥, L @B ) + I (DT ()

e

n

i1 @B = a1 X (m B m () + T (2B (2))
m=Il+2
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n

041 3 (g 1,m GBI 1, m () F g 1,m (DB, m (2)

m=I[1+2

—v141(2) Z (v T () + T (T (2))

m=1
+,141(2) Z ( 141, m Y1 m (2) + ‘PL++1 LT m(z))

+27l,l+1(2)7l+1(Z)El+1(2) = 271,141 (2)7(2)B(2)

k4200 —n = Dy g () (061 (2006141 (2))

+(=k +20 —=1)0v 41(2), 1<1<n-—1,

Z (T (B () = L HTE ()T 1) + T (2B, (2)

wt <z)Z( OV m G ()0 m)-2v ] ()0, 1)

m=2

Fp(z) = Z (v 1 G)Bmn(2) = Fmn ()T 1(2)) = 0 ()T 1 (2)
-

1
77‘ / ! 7/ =/
TG Y (hm@BLm ) +71,m BB () = 2% | ()7 (2)Bn (=)
2

m=

k20 —n = D @) (060 (2 HO0n11(2)

=k +20m —1)o vt (o),

n
Frpi(z) = Z (v 1@V () = T ()T 11 ()

(Vi1 Bl 1 (2) = T (DBl s 1(2))

+

2,
Z (vé,m<zw£,m<z)ﬁé,,-+1<z> = m (DB m () = Vi (DB m ()

T

501 X (a1, m OB 1, m () + Vi1, m ()Bip1 m (2)

m=i+2

m=i+2

T
i1 X (DB () + T ()] ()
i+

i1 (Vi 41 (DB 41 ()

k4 20r —n = D7 i1 (2) (00n4i(2) — Bbnyip1(2)

Flket20—n—1)0v ;41(2), 1<i<r—1,
Frgr(x) = 3 (Th )0 1 H2T) T (2)Bm (T () ¥m i (2))
m=1

r—2
+ 30 (e BB 1 (2) = Ay 1 (2B 1 (2))

m=1

A1, (1, (2B 1 (2)

FE+20r —n - DAL (=) (8¢n+7‘71(2) + a¢n+T(z))

(k4 2(r —n —2) 057 _q_.(2),

1—1 n
Hy(2) =3 (im0 B 1 3 m 1D B 1)) = 32 (1,m ()81, GHAL 1 (2B (2))
1

m=1 m=l+

.
29 ()B1(2) = > (¥ @ @)+ V)T, (2))

m=1

+yk+2(r —n —1)0¢;(2), 1<1<n

191
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n i—1
Hypi(2) =3 (Vh (W s (T )0 s S (i 4 ()B4 () 4 (2) By 3 (2))
m=1 m=1

= 3 (OB ) A (2B ()

m=it1
+yk+2(r —n = 1)0¢y1(2), 1<i<r (7)

Here normal ordering of free fields is implied.

Some remarks are in order. The free field realization of the currents asso-
ciated with the non-simple roots can be obtained from the OPEs of the
simple ones. For n = r, our result reduces to the free field realization of the
0sp(2n|2n) current algebra.*> When n = 0 (or r = 0), our result recovers
the free field realization of so(2r) (or sp(2n)) current algebra proposed in.**

4.3. Current superalgebra osp(2r + 1|2n)y,

With the help of the explicit differential operator expressions of osp(2r +
112n) given by (48)-(49) we can construct the explicit free field rep-
resentation of the osp(2r + 1|2n) current algebra at an arbitrary level
k in terms of n? + r? bosonic -y pairs {(Bi;,Vi;), (Bijs¥ii)s (BisYi)s
(Bll",jfa%{',j')v (Béf,ju’%,j’)v Bisvin), 1 << g _S n,_l < < g <,
n(2r + 1) fermionic b — ¢ pairs {(\IJIJ-,\IIM), (\If;-fj,\lfi,j), (U, 0,),1 <
i <mn,1 < j <r}and n+r free scalar fields ¢;, i = 1,...,n + r.
The free ﬁelds_{(ﬁi_,jv’yi,j)v (Bi,jvﬁi,j)v (Bi77i)a (/B’Zl7j,7,71{,,jl)7 (/B£I7j,7,71{,,jl)}7
{(\If;-'fj, U, ), (\I!;'j, U, i)} and {#;} obey the same OPEs as (1)-(2) and (3)-
(4). The other non-trivial OPEs are

Bi(z) vj(w) = =vj(2) Bi(w)

Theorem 4.3. The currents associated with the simple roots of the
osp(2r + 1|2n) current algebra at a generic level k are given in terms of

the free fields (3)-(4) and (8)-(9) as

l

|
—_

Ei(z) = (Y1 (2)Bm.i41(2)m,141(2) B 1 (2))4Br141(2),
m=1
1<li<n-—1, (10)
n—1
En(z) = (VW,H(Z)\I’W,I(Z) + @;,1(2)3"1,71(2)) + \I/ml(z),

3
I
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n
Eni(z) = Y (U ((2)Wmit1(2) = W (2) W0 4(2))

+ (”Yv/n i(2) By, ar1(2)— ’Y;n,i+1( 2)B, (2 ))+ﬂz/,i+1(z)7

3

- Z ("Yl,m (Z)ﬂl,m (Z)_'—;Yl,m(z)ﬂ_l,m (Z))
m=Il+1

“23()B1(2) = 3 (V2 W0 (=) + T ()T (2))

m=1

—U(2)U(2) + VE +2r — 2n — 10¢(2), 1<i<n,

:11—1
m=1
= > (hm@Bm(2) + V()8 (2) — 7i(2)Bi(2)
m=i+1
+VEk+2r —2n—10¢,+i(2) 1<i<r
Fn+r(z) = Z(@:@ T(z)\ll ( ) vl ( )\IJ:;L(Z)Bm(z)_\yjﬁ(z)\l}m,r(z))

+ 3 (DB () = T ()8 (2) = 1L B(E)

+\/k+27”—2n— 19,.(2)0¢n1r(2) + (k +2(r —n — 1)) 97,.(2),

3
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1—1
+ Z (%/n,z'+1(z)5;n,i(z) - an,i(z)@n,iﬂ(z))
m=1

T

+ Y (@ m (2Bl (2) = A () B2, (2)

m=i+2

_ﬁz{,m('z)gzﬁrl,m(’z))
ABa () + A i (2)

+7£,i+1(z) Z (/Yz{Jrl,m(Z)Bll'Jrl,m(z)+/71{+1,m(2)31{+1,m(2))
m=i+2

m=i+2
_7£,i+1(z) (”Yz{,i+1(z)6zl',i+1(z) - ’y{H(z)ﬂ;H(z) + 71/(2)6:(2))
V42 —2n — 17 141 (2) (0¢n1i(2) — Obnyit1(2))
+(k+2(i—n—1))0v,1(2), 1<i<r—1,

n—1

Fo(z) = Z (\I/;Lml(z)ﬁmn(z) - :Ymn(z)‘i}ml(z)) — Y (2)¥n1(2)
m=1
+ (\I]:L_,m(z)ﬁi,m(z) - \I]rtm(z)@rtm(z)\ilnxl(z)

m=2

W (2)B1,m (2))

41’:,1(2) (\IJszr,m(Z)\IJmm(Z)'i‘ \I]:,m(z)@mm(z))

m=2

<

=20, (2) ¥ 1 (2) ¥ (2)

=5 1(2) D, (Vm(2)BL i (2) + 71 (2) 81 (2))

m=2

=27 ()1 (2)Bn(2)

— U5 (2)B1(2) = U1 (2) W (2)Un(2) — W1 ()71 (2) 5 (2)
+VE +2r — 2n — 107, (2) (06 (2)+0bn-+1(2))

+(- k+2(n—1))8\11+ (2),

-1

Fi(z) = (”Ym,l+1(2)ﬂm,z(2) - ’_Ym,l(Z)Bm,lH(Z)) —(2)Bri41(2)

—1
—2%1,141(2) Bi41(2)

3
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+ Z (Vim (2)V1m (2) Bri+1(2) = Yim (2) Bra1,m (2))
m=Il+2

n

= Y (@Wm@Vr1m(2)Bir1(2) + Am (2)Biy1.m(2))
m=Il+2

Z ( U ( )Brisi(z )—I—\Ifﬁm(z)\IJHLm(z))

T

Z (Q‘I’Jr U (2B (2 )+‘I’fm(z)‘1’l+1,m(z))

_\Iler(Z)\Ilerl(Z)_\Ijl (2)U 1 (2)Bis1(2) = V141 (2)Brisa(2)

—Y1+1(2) Z (Y, (2)Biym (2) + T,m (2) B (2))
m=Il+2

+71,041(2) Z (Vig1,m(2) Bra1,m (2) + Vi41,m (2) Big1,m (2))
m=l+2

“141(2) Y (U (2 Wt (2) + T (2) Wi (2))

F1051(2) 3 (Tt (Wi (2) + Ty () Prm(2))
m=1

+291,141(2) Y141 (2) Bi1(2) — 27,0401 (2) 0 (2) Bi(2)

41 () (2) Wi (2) = 41 (2) 8 (2) U(2)
+VE+2r —2n — 1y41(2) (0¢1(2)—-0¢141(2))
+H(=k+2(1-1)0v41(2), 1<1<n-—1, (11)

Here normal ordering of free fields is implied.

The free field realization of the currents associated with the non-simple
roots can be obtained from the OPEs of the simple ones. Moreover, for the
case of n = 0 our result recovers the free field realization proposed in** for
so(2r + 1) current algebra.
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Free TD Algebras and Rooted Trees

Chenyan Zhou

Office of Public Lessons, Wuhan Technical College of Communications,
Wuhan 430065, P. R. China
E-mail: zhouchy05Q@lzu.cn

This paper uses rooted trees and forests to give explicit constructions of free
noncommutative TD algebras on modules and sets. We also obtain construc-
tions of free TD algebras in terms of Motzkin paths. These highlight the com-
binatorial nature of TD algebras.

Keywords: TD algebras; free objects; rooted trees; planar rooted trees.

1. Introduction

Let k be a commutative unitary ring. A TD k-algebra is an associative
k-algebra R with a k-linear endomorphism P : R — R satisfying the TD
relation:

P(x)P(y) = P(P(a)y + aPy) —«P(1)y), Yoy e R (1)
The relation was introduced by Leroux”
Rota-Baxter relation

as a relation closely related to

P(z)P(y) = P(P(z)y +xP(y) + Azy), V z,y € R.

where A is a fixed element in the base ring k.

In the recent literature further Rota-Baxter type algebras appeared,
to wit, the associative Nijenhuis algebra and the TD-algebra. In fact, the
latter is a particular case of Rota-Baxter algebras of generalized weight. The
TD-algebras only recently entered the scene in the work of Leroux? in the
context of Loday’s work on dendriform algebras, however with motivations
from associative Nijenhuis algebras. Free commutative TD algebras have
been constructed in? by generalized shuffles that are similar to the mixable
shuffle construction of free commutative Rota-Baxter algebras.® Our goal
in this paper is to give an explicit construction of free noncommutative TD
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algebras in terms of rooted trees. In our constructions, we follow closely the
constructions of free Rota-Baxter algebras in.2:3:5

In Section 2 we will consider the set of planar rooted forests F and
the corresponding free k-modules k F. We equip this module with a TD
algebra structure (Theorem 2.1). By decorating angles of the forests in
this TD algebra by elements of a module M, we construct in Section 3
the free unitary TD algebra TD(M) on M, in Theorem 3.1. By taking
M = kX for a set X, we obtain the free TD algebra on the set X in
Section 3.2 and display a canonical basis in the form of angularly decorated
forests (Theorem 3.2). In Section 4 we give another construction of free TD
algebras in terms of Motzkin paths.

Notations: In this paper, by a k-algebra we mean a unitary algebra unless
otherwise stated. The same applies to TD algebras.

Acknowledgements: This paper is based the Master’s thesis of the author
from Lanzhou University. The author would like to thank his advisors,
Professors Li Guo and Yanfeng Luo for guidance.

2. The TD algebra of planar rooted forests

We first obtain a TD algebra structure on planar rooted forests and their
various subsets. This allows us to give a uniform construction of free TD
algebras in different settings in Section 3.

2.1. Planar rooted forests

For the convenience of the reader and for fixing notations, we recall basic
concepts and facts of planar rooted trees. For references, see.?

A free tree is an undirected graph that is connected and contains no
cycles. A rooted tree is a free tree in which a particular vertex has been
distinguished as the root. Such a distinguished vertex endows the tree
with a directed graph structure when the edges of the tree are given the
orientation of pointing away from the root. If two vertices of a rooted tree
are connected by such an oriented edge, then the vertex on the side of the
root is called the parent and the vertex on the opposite side of the root is
called a child. A vertex with no children is called a leaf. By our convention,
in a tree with only one vertex, this vertex is a leaf, as well as the root. The
number of edges in a path connecting two vertices in a rooted tree is called
the length of the path. The depth d(T) (or height) of a rooted tree T is
the length of the longest path from its root to its leafs. A planar rooted
tree is a rooted tree with a fixed embedding into the plane.
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There are various ways of drawing planar rooted trees. In our drawing
all vertices are represented by a dot and the root is usually at the top of
the tree. The first few planar rooted trees are shown below. The tree e with
only the root is called the empty tree.

alaldaia

Let 7 be the set of planar rooted trees and let F be the free semigroup
generated by 7 in which the product is given by the concatenation, denoted
by LI In this way, each element in F is a noncommutative product 771 - L
T, of of trees T4, -+ ,T,, € T. Such a product is called a planar rooted
forest. We also use the abbreviation

T =TuU---UT. (1)
| —

n terms

We use the (grafting) bracket |TiL---UT, | to denote the tree obtained
by grafting, that is, by adding a new root together with an edge from the

new root to the root of each of the trees T4, --- ,T,.
The depth of a forest F is the maximal depth d = d(F) of trees in F.
Furthermore, for a forest F = T7 L ---U Ty, with trees T4, --- , Ty, we define

b = b(F) to be the breadth of F. Let ¢(F) be the number of leafs of F.
Then

UF) =3 UT). (2)

We will often use the following recursive structure on forests. For any subset
X of F, let (X) be the sub-semigroup of F generated by X. Let Fy = (e),
consisting of forests e~ n > 1. These are also the forests of depth zero.
We then recursively define

Fn = ({o} U [Fn]). (3)

It is clear that F,, is the set of forests with depth less or equal to n. From this
observation, we see that F,, form a linear ordered direct system: F,, 2 F,_1,
and

F = UpsoFp = lim F,. (4)
- —
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2.2. TD operator on rooted forests

We note that k F with the product LI is in fact the free noncommutative
nonunitary k-algebra on the alphabet set 7. We are going to define another
product ¢ on k F, making it into a unitary TD algebra.

We define ¢ by giving a set map

o FxF—=kF

and then extending it bilinearly. For this, we use the depth filtration F =
Un>0Fn in Eq. (4) and apply the induction on i + j to define

o Fi x Fj =+ kF.

When i + j = 0, we have F; = F,; = (o). With the notation in Eq. (1), we
define

o Fox Fo—kF, o o e = .u(m-i-n—l)' (5)

For given k£ > 0, suppose that ¢ : F; x F; — kF is defined for i + j < k.
Consider forests F, F/ with d(F) + d(F') =k + 1.

First suppose that F' and F’ are trees. Note that a tree is either e or
is of the form | F| for a forest F' of smaller depth. Thus it makes sense to
define

F, if /=,

F', if F=oe,
|FoF |+ |FoF|

—|(TyU--UTy 1 U|Ty))oF |, if F#e, and F' # e,

FoF = (6)

Here F =T U---UTy_1 UTy is the decomposition of F into trees.
To see that Eq. (6) and Eq. (8) are well-defined assuming the induction
hypothesis, note that in the first term (resp. the second term) on the right
hand of the third equation in Eq. (6), the sum of the depth of the product
is

A(F) +d(F) (resp. d(F) + d(F)) (7)

which is less than or equal to k. Also in the third term of the third equation,
(T1U---UTy_1 U |Ty]) has depth less or equal that of F. Hence

AT U UTy U|Ty)) +d(F) < d(F) + d(F') < k.

Note that when F and I’ are trees, F' ¢ I is a tree or a sum of trees.
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Next let F =Ty U---UT, and F =T U --- UT}, be forests. We then
define

FoF' =T\ U---UT,1 U (TpoT)) UTs - UTy (8)

where Ty, o TY is defined by Eq. (6).

By the remark after Eq. (7), F'¢ F’ is in k F. This completes the defi-
nition of the set map ¢ on F x F.

Before we proceed, we display the following interesting properties of .

Lemma 2.1.

(a) For a trees F', we have

Fol=1loF=|F|. (9)
(b) If F = |F| where F is also a tree and F' = LFIJ where ' is a forest,
then
FoF =|FoF'|. (10)
(c) If F=|F| and F' = | F J where F and T are forests, then
FoF' =||F|oF |+ |Fo|F |- |(Fol)oF|. (11)

Proof. (a). By Eq. (6), we have
loF =|1cF|+ |ec|F|]| - ||o|oF]
=|F|.

Similarly, we have, F OI—\_ F.
(b). Similarly by using Eq.(6), we have
FoF' =||F|oF |+ |Fo L_JJ [Ty U UTyy U|Ty| o F |
= |[FJoF |+ |Fo|F ||~ ||F|oF]
=|FoF'].

(c). We only need to verify F o I=T,u-- UT,_, U |Ty]. Tt is obvious by
Eq.(10), since

Fol LU UTy  UTy) 0l
LU UTp U (Ty o)
1 U

| Tb—l [ LTbJ

[
’ﬂ| ’ﬂ| ﬁ|
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As an example, we have

f\oIz o |
L( Jo Lol + Lol o o) = [(sU o loy (12)

_%)xftk

We record the following simple properties of ¢ for later applications.
Lemma 2.2. Let F,F', F" be forests.

(a) (FUF)oF"=FU(F' oF"), F'o(FUF)=(F'oF)UF'
(b) O(F o F') = ((F) + ((F') — 1.

Thus k F with the operations LI and ¢ forms a 2-associative algebra in the
sense of 1112,
Extending ¢ bilinearly, we obtain a binary operation

o:kFokF —kF.
For F' € F, we use the grafting operation to define
Pr(F) = |F). (13)
Then Pr extends to a linear operator on k F.

We now state our first main result which will be proved in the next
subsection.

Theorem 2.1.

(a) The pair (kK F,©) is a unitary associative algebra.
(b) The triple (k F,o, Pr) is a unitary TD algebra.

2.3. The proof of Theorem 2.1

Proof. (a). By Eq. (6), e is the identity under the product ¢. So we just
need to verify the associativity. For this we only need to verify

(FoFYoF"=Fo(F oF") (14)
for forests F, F', F" € F. We will accomplish this by induction on the sum
of the depths n := d(F) + d(F’) + d(F"). If n = 0, then all of F,F', F"
have depth zero and so are in Fy = (e), the sub-semigroup of F generated
by e. Then we have F = o F/ = o' and F” = &“i" for i,i',i" > 1.
Then the associativity follows from Eq. (5) since both sides of Eq. (14) is
oLl " =2) iy this case.
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Let k > 0. Assume Eq. (14) holds for n < k and assume that F, F’, F" €
F satisfy n = d(F) + d(F’) + d(F") = k + 1. We next reduce the breadths
of the forests.

Lemma 2.3. If the associativily
(FoF'YoF"=Fo(F oF")
holds when F,F' and F" are trees, then it holds when they are forests.

Proof. The proof of this lemma is the same as for Rota-Baxter algebra
5

in. O
To summarize, our proof of the associativity (14) has been reduced to
the special case when the forests F, ', F" € F are chosen such that

(a) n:=d(F)+d(F')+d(F") =k + 1 > 1 with the assumption that the
associativity holds when n < k, and
(b) the forests are of breadth one, that is, they are trees.

If any o