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Preface

The Summer School and the International Conference “Operads and

Universal Algebra” were held at the Chern Institute of Mathematics

(Nankai University, Tianjin) from June 28 to July 9 of 2011. The present

volume is the Proceedings of these events.

The goal of the Summer School was to introduce the non-specialists to

the theory of algebraic operads and to the current problems in universal al-

gebra. The aim of the International Conference was to expose the forefront

research on these themes. These events successfully brought together teach-

ers and students in mathematics from all around China (including Beijing,

Tianjin, Guangzhou, Hangzhou, Harbin, Kunming and Lanzhou) and from

France (including Paris, Lyon and Strasbourg), but the International Con-

ference hosted also specialists from several other countries (see the list of

participants).

During these two weeks we found a strong convergence of the methods:

the Gröbner-Shirshov bases. They are a key tool in the work on rewriting

systems of the mathematical school of South China Normal University and

they turn out to be an efficient ingredient in the algorithmic proof of Koszul

duality, both for algebras and for operads. It was also a first opportunity

to compare the work of the French school and the Chern Institute of Math-

ematics school on the “higher algebra” types like dendriform algebras and

the like.

These Proceedings show the strong relationship between topics coming

from universal algebra, algebraic topology, computer science and mathe-

matical physics. Also included in these proceedings are a list of problems

in operad theory and an encyclopedia of types of algebras accumulated as

of 2010.

The fruitfulness of this meeting can be judged not only by these Pro-

ceedings, but also by the productive collaborations which occurred during

and after this meeting, and the ties forged through this meeting that result

future visits and events, including the next meeting “Operads and rewrit-

ing” to be held in Lyon in November 2011.
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vi Preface

The Summer School and the International Conference were preceded

by a preparatory week which was held at the Capital Normal University,

Beijing from June 21 to June 25, 2011.
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Gröbner-Shirshov Bases for Categories∗

L. A. Bokut†

School of Mathematical Sciences, South China Normal University,
Guangzhou 510631, P. R. China

Sobolev Institute of Mathematics, Russian Academy of Sciences
Siberian Branch, Novosibirsk 630090, Russia

E-mail: bokut@math.nsc.ru

Yuqun Chen‡ and Yu Li

School of Mathematical Sciences, South China Normal University,
Guangzhou 510631, P. R. China

E-mail: yqchen@scnu.edu.cn
liyu820615@126.com

In this paper, we give a short survey of Gröbner-Shirshov bases in algebra. We
establish Composition-Diamond lemma for categories that is closely related
to non-commutative Gröbner bases for quotients of path algebras. Gröbner-
Shirshov bases for simplicial category and cyclic category are obtained.

Keywords: Gröbner-Shirshov basis; simplicial category; cyclic category.

1. Introduction

This paper devotes to Gröbner-Shirshov bases for small categories (all cat-

egories below are supposed to be small) presented by a graph (=quiver)

and defining relations (see, Maclane58). As important examples, we use the

simpicial and the cyclic categories (see, for example, Maclane,59 Gelfand,

Manin42). In an above presentation, a category is viewed as a “monoid with

several objects”. A free categoryC(X), generated by a graphX , is just “free

partial monoid of partial words” u = xi1 . . . xin , n ≥ 0, xi ∈ X and all

product defined in C(X). A relation is an expression u = v, u, v ∈ C(X),

∗Supported by the NNSF of China (Nos.10771077, 10911120389).
†Supported by RFBR (project 09–01–00157), Integration Project SB RAS No.94, and
the Federal Target Grant “Scientific and educational staff of innovation Russia” for
2009–2013 (contracts 02.740.11.5191, 02.740.11.0429, 14.740.11.0346).
‡Corresponding author.
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where sources and targets of u, v are coincident respectively. The same as

for semigroups, we may use two equivalent languages: Gröbner-Shirshov

bases language or rewriting systems language. Since we are using the for-

mer, we need a Composition-Diamond lemma (CD-lemma for short) for a

free associative partial algebra kC(X) over a field k, where kC(X) is just

a linear combination of uniform (with the same sources and targets) par-

tial words. Then it is a routing matter to establish CD-lemma for kC(X).

It is a free category (“semigroup”) partial algebra of a free category. Re-

mark that in the literature one is usually used a language of rewriting

system, see, for example, Malbos.54 Let us stress that the partial asso-

ciative algebras presented by directed multi-graphs and defining relations

are closely related to the well-known quotients of the path algebras from

representation theory of finitely dimensional algebras, see, for example, As-

sem, Simson, Skowroński.1 In this aspect Gröbner-Shirshov bases for cate-

gories are closely related to non-commutative Gröbner bases for quotients

of path algebras, see Farkas, Feustel, Green.41 Rewriting system language

for non-commutative Gröbner bases of quotients of path algebras was used

by Kobayashi.47 Main new results of this paper are Gröbner-Shirshov bases

for the simplicial and cyclic categories.

All algebras assume to be over a field.

2. A short survey on Gröbner-Shirshov bases

What is now called Gröbner and Gröbner-Shirshov bases theory was ini-

tiated by A. I. Shirshov (1921-1981),66,67 1962 for non-associative and Lie

algebras, by H. Hironaka,44,45 1964 for quotients of commutative infinite

series algebras (both formal and convergent), and by B. Buchberger,31,32

1965, 1970 for commutative algebras.

English translation of selected works of A. I. Shirshov, including,66,67 is

recently pulished.68

Remark that Shirshov’s approach was a most universal as we under-

stand now since Lie algebra case becomes a model for many classes of

non-commutative and non-associative algebras (with multiple operations),

starting with associative algebras (see below). Hironaka’s papers on reso-

lution of singularities of algebraic varieties become famous very soon and

Hironaka got Fields Medal due to them few years latter. B. Buchberger’s

thesis influenced very much many specialists in computer sciences, as well

as in commutative algebras and algebraic geometry, for huge important ap-

plications of his bases, named him under his supervisor W. Gröbner (1898-

1980).
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Shirshov’s approach for Lie algebras,67 1962, based on a notion of com-

position [f, g]w of two monic Lie polynomials f, g relative to associative

word w, i.e., f, g are elements of a free Lie algebra Lie(X) regarded as

the subspace of Lie polynomials of the free associative algebra k〈X〉 and

w ∈ X∗, where X∗ is the free monoid generated by X . The definition of

Lie composition relies on a definition of associative composition (f, g)w as

(monic) associative polynomials (after worked out into f, g by Lie brackets

[x, y] = xy−yx) relative to degree-lexicographical ordering on X∗. Namely,

(f, g)w = fb − ag, where w = acb, f̄ = ac, ḡ = cb, a, b, c ∈ X∗, c 6= 1.

Here f̄ means the leading (maximal) associative word of f . Then (f, g)w
belongs to the associative ideal Id(f, g) of k〈X〉 generated by f, g, and the

leading word of (f, g)w is less than w. Now we need to put some Lie brackets

[fb]− [ag] on fb− ag in such a way that the result would belong to the Lie

ideal generated by f, g (so we can not trouble bracketing into f, g) and the

leading associative word of [fb] − [ag] must be less than w. To overcome

these obstacles Shirshov used his previous paper,64 1958 with a new linear

basis of the free Lie algebra Lie(X). As it happened the same linear basis

of Lie(X) was discovered in the paper Chen, Fox, Lyndon,33 1958. Now

this basis is called Lyndon-Shirshov basis, or, by a mistake, Lyndon ba-

sis. It consists of non-associative Lyndon-Shirshov words (NLSW) [u] in X ,

that are in one-one correspondence with associative Lyndon-Shirshov words

(ALSW) u in X . The latter is defined as by a property u = vw > wv for

any v, w 6= 1. Shirshov,64 1958 introduced and used the following properties

of both associative and non-associative Lyndon-Shirshov words:

1) For an ALSW u, there is a unique bracketing [u] such that [u] is a

NLSW.

There are two algorithms for bracketing an ALSW. He mostly used

“down-to-up algorithm” to rewrite an ALSW u on a new alphabet Xu =

{xi(xβ)j , i > β, j ≥ 0, xβ is the minimal letter in u}; the result u′ is again
ALSW on Xu with the lex-ordering xi > xixβ > ((xixβ)xβ) > . . . .

It is Shirshov’s rewriting or elimination algorithm from his famous pa-

per Shirshov,63 1953, on what is now called Shirshov-Witt theorem (any

subalgebra of a free Lie algebra is free). This rewriting was rediscovered by

Lazard,49 1960 and now called as Lazard elimination (it is better to call

Lazard-Shirshov elimination).

There is “up-to-down algorithm” (see Shirshov,65 1958, Chen, Fox, Lyn-

don,33 1958): [u] = [[v][w]], where w is the longest proper end of u that is

ALSW and in this case v is also an ALSW.

2) Leading associative word of NLSW [u] is just u (with the coefficient

1).
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3) Leading associative word of any Lie polynomial is an associative

Lyndon-Shirshov word.

4) A non-commutative polynomial f is a Lie polynomial if and only if

f = f0 → · · · → fi → fi+1 → · · · → fn = 0,

where fi → fi+1 = fi − αi[ui], f̄i = ui is an ALSW, αi is the leading

coefficient of fi, i = 0, 1, . . . .

5) Any associative word c 6= 1 is the unique product of (not

strictly) increasing sequence of associative Lyndon-Shirshov words: c =

c1c2 · · · cn, c1 ≤ · · · ≤ cn, ci are ALSW’s.

6) If u = avb, where u, v are ALSW, a, b ∈ X∗, then there is a rel-

ative bracketing [u]v = [a[v]b] of u relative to v, such that the leading

associative word of [u]v is just u. Namely, [u] = [a[vc]d], cd = b, [u]v =

[a[[v[c1]] . . . [cn]]d], c = c1c2 · · · cn as above.

7) If ac and cb are ASLW’s and c 6= 1 then acb is an ALSW as well. If

a, b are ALSW’s and a > b, then ab is an ALSW as well.

Property 5) was unknown to Chen-Fox-Lyndon,33 1958 (cf. Berstel-

Perrin,6 2007).

Lyndon,53 1954 was actually the first for definition of associative

“Lyndon-Shirshov” words. To the best of our knowledge no one use the term

“Lyndon words” before Lothaire,52 1983. For example, Schützenberger,62

1965 and Viennot,69 1978 mentioned Chen-Fox-Lyndon,33 1958 and Shir-

shov,64 1958 as a sorce of ALSW. On the other hand, there were dozens

of papers and some books on Lie algebras that mentioned both associative

and non-associative “Lyndon-Shirshov” words as Shirshov’s regular words,

see, for example, P. M. Cohn,37 1965 and Bahturin,2 1978.

Now a Lie composition [f, g]w of monic Lie polynomials f, g relative to

a word w = f̄ b = aḡ = acb, c 6= 1 is defined by Shirshov,67 1962 as follows

[f, g]w = [fb]f̄ − [ag]ḡ,

where [fb]f̄ means the result of substitution f for [f̄ ] into the relative brack-

eting [w]ac of w with respect to f̄ = ac and the same for [ag]ḡ.

According to the definition and properties above, any Lie composition

[f, g]w is an element of the Lie ideal generated by f, g, and the leading

associative word of the composition is less than w.

The composition above is now called composition of intersection. Shir-

shov avoided what is now called composition of inclusion

[f, g]w = f − [agb]ḡ, w = f̄ = aḡb,
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assuming that any system S of Lie polynomials is reduced (irreducible)

in a sense that leading associative word of any polynomial from S does

not contain leading words of another polynomials from S. This assumption

relies on his algorithm of elimination of leading words for Lie polynomials

below.

For associative polynomials the elimination algorithm is just non-

commutative version of the Euclidean elimination algorithm. For Lie poly-

nomial case Shirshov,67 1962 defined the elimination of a leading word as

follows:

If w = avb, where w, v are ALSW’s, and v is the leading word of some

monic Lie polynomial f , then the transformation [w] 7→ [w]−[afb]v is called

an elimination of leading word of f into w. The result of Lie elimination is

a Lie polynomial with a leading associative word less than w.

Then Shirshov,67 1962 formulated an algorithm to add to an initial

reduced system of Lie polynomials S a “non-trivial” composition [f, g]w,

where f, g belong to S. Non-triviality of a Lie polynomial h relative to S

means that h is not going to zero using “elimination of leading words of

S”. Actually, he defines to add to S not just a composition but rather the

result of elimination of leading words of S into the composition in order to

have a reduced system as well.

Then Shirshov proved the following.

Composition Lemma. Let S be a reduced subset of Lie(X). If f

belongs to the Lie ideal generated by S, then the leading associative word

f̄ contains, as a subword, some leading associative word of a reduced multi-

composition of elements of S.

He constantly got the following corollary.

Corollary. The set of all irreducible NLSW’s [u] such that u does not

contain any leading associative word of a reduced multi-composition of

elements of S is a linear basis of the quotient algebra Lie(X)/Id(S).

Some later (see Bokut,9 1972) the Shirshov Composition lemma was

reformulated in the following form: Let S be a set of monic Lie polynomials

closed under compositions (it means that any composition of intersection

and inclusion of elements of S is trivial). If f ∈ Id(S), then f̄ = as̄b for

some s ∈ S. In other words, S-irreducible NLSW’s is a linear basis of the

quotient algebra Lie(X)/Id(S).

The modern form of Shirshov’s lemma is the following (see, for example,

Bokut, Chen13).

Shirshov’s Composition-Diamond lemma for Lie algebras. Let

Lie(X) be a free Lie algebra over a field, S monic subset of Lie(X) relative
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to some monomial ordering on X∗. Then the following conditions are equiv-

alent:

1) S is a Gröbner-Shirshov basis (i.e., any composition of intersection

and inclusion of elements of S is trivial).

2) If f ∈ Id(S), then f̄ = as̄b for some s ∈ S, a, b ∈ X∗.
3) Irr(S) = {[u]|[u] is a NLSW and u does not contain any s̄, s ∈ S} is

a linear basis of the Lie algebra Lie(X |S) with defining relations S.

The proof of the Shirshov’s Composition-Diamond lemma for Lie al-

gebras becomes a model for proofs of number of Composition-Diamond

lemmas for many classes of algebras. An idea of his proof is to rewrite any

element of Lie ideal generated by S in a form

∑
αi[aisibi],

where each si ∈ S, ai, bi ∈ X∗, αi ∈ k such that

i) leading words of each [aisibi] is equal to aisibi (in this case an ex-

pression [asb] is called normal Lie S-word in X) and

ii) a1s1b1 > a2s2b2 > . . . .

Now let F (X) be a free algebra of a variety (or category) of algebras.

Following the idea of Shirshov’s proof, one needs

1) to define appropriate linear basis (normal words) of F(X),

2) to define monomial ordering of normal words or some related words,

3) to define compositions of element of S (they may be compositions of

intersection, inclusion and left (right) multiplication, or may be else),

4) prove two key lemmas:

Key Lemma 1. Let S be a Gröbner-Shirshov basis (any composition of

polynomials from S is trivial). Then any S-word is a linear combination of

normal S-words.

Key Lemma 2. Let S be a Gröbner-Shirshov basis, [a1s1b1] and [a2s2b2]

normal S-words, s1, s2 ∈ S. If w = a1s1b1 = a2s2b2, then [a1s1b1] ≡
[a2s2b2] mod(S,w), i.e., [a1s1b1]− [a2s2b2] is a linear combination of normal

S-words with leading terms less than w.

There are number of CD-lemmas that realized Shirshov’s approach to

them.

Shirshov,67 1962 assumed implicitly that his approach, based on the

definition of composition of any (not necessary Lie) polynomials, is equally

valid for associative algebras as well (the first author is a witness that

Shirshov understood it very clearly and explicitly; only lack of non-trivial
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applications prevents him from publication this approach for associative

algebras). Explicitly it was done by Bokut10 and Bergman.5

CD-lemma for associative algebras is formulated and proved in the same

way as for Lie algebras.

Composition-Diamond lemma for associative algebras. Let k〈X〉
be a free associative algebra over a field k and a set X . Let us fix some

monomial ordering on X∗. Then the following conditions are equivalent for

any monic subset S of k〈X〉:
1) S is a Gröbner-Shirshov basis (that means any composition of inter-

section and inclusion is trivial).

2) If f ∈ Id(S), then f̄ = as̄b for some s ∈ S, a, b ∈ X∗.
3) Irr(S) = {u ∈ X∗|u 6= as̄b, s ∈ S, a, b ∈ X∗} is a linear basis of the

factor algebra k〈X |S〉 = k〈X〉/Id(X).

There are a lot of applications of Shirshov’s CD-lemmas for Lie and

associative algebras. Let us mention some connected to the Malcev embed-

ding problem for semigroup algebras (Bokut,7,8 1969, there is a semigroup

S such that the multiplication semigroup of the semigroup algebra k(S),

where k is a field, is embeddable into a group, but k(S) is not embed-

dable into any division algebra), the unsolvability of the word problem for

Lie algebras (Bokut9), Gröbner-Shirshov bases for semisimple Lie algebras

(Bokut, Klein26,27), Kac-Moody algebras,60 finite Coxeter groups (Bokut,

Shiao29), braid groups in different set of generators (Bokut, Chainikov,

Shum,24 Bokut,11 Bokut12), quantum algebra of type An (Bokut, Mal-

colmson28), Chinese monoids (Chen, Qiu34).

There are applications of Shirshov’s CD-lemma,66 1962 for free anti-

commutative non-associative algebras: there are two anti-commutative

Gröbner-Shirshov bases of a free Lie algebra, one gives the Hall basis

(Bokut, Chen, Li18), another the Lyndon-Shirshov basis (Bokut, Chen,

Li19).

Bokut, Chen, Mo21 proved and reproved some embedding theorems for

associative algebras, Lie algebras, groups, semigroups, differential algebras,

using Shirshov’s CD-lemmas for associative and Lie algebras.

Bahturin, Olshanskii3 found embeddings without distortion of finitely

generated associative and Lie algebras into 2-generated simple algebras.

They also used Shirshov’s CD-lemmas for associative and Lie algebras.

Mikhalev55 used Shirshov’s approach and CD-lemma for associative al-

gebras to prove CD-lemma for colored Lie super-algebras.

Mikhalev, Zolotykh57 proved CD-lemma for free associative algebra over

a commutative algebra. A free object in this category is k[Y ]⊗k〈X〉, tensor
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product of a polynomial algebra and a free associative algebra. Here one

needs to use several compositions of intersection and inclusion.

Bokut, Fong, Ke25 proved CD-lemma for free associative conformal (a

sense of V. Kac46) algebra C(X, (n), n = 0, 1, . . . , D,N(a, b), a, b ∈ X) of

a fixed locality N(a, b). A linear basis of free associative conformal alge-

bra was constructed by M. Roitman.61 Any normal conformal word has

a form [u] = a1(n1)[a2(n2)[. . . [ak(nk)D
iak+1] . . . ]], where aj ∈ X,nj <

N(aj , aj+1), i ≥ 0. The same word without brackets is called the leading

associative word of [u]. One needs to use external multi-operator semigroup

as a set of leading associative words of conformal polynomials (it is the same

as for Lie algebras), several compositions of inclusion and intersection, and

new compositions of left (right) multiplication (last compositions are ab-

sent into classical cases). Also in the CD-lemma for conformal algebras we

have 1) ⇒ 2) ⇔ 3), but in general, 1) does not follow 2). Here conditions

2) and 3) are formulated in terms of associative leading words, the same as

for Lie algebras. We see that CD-lemma for associative conformal algebras

has a lot of in common with CD-lemma for Lie algebras, but there are also

some differences. Though PBW-theorem is not valid for Lie conformal alge-

bras (M. Roitman61), some generic intersection compositions for universal

enveloping algebra U(L) of any Lie conformal algebra L are trivial (it is

called “1/2 PBW theorem”).

Bokut, Chen, Zhang23 proved CD-lemma for associative n-conformal

algebras, where instead of one derivation D and polynomial algebra k[D]

one has n derivations D1, . . . , Dn and polynomial algebra k[D1, . . . , Dn].

Here 2) follows 1) but not conversely. This case is treated in the same way

as for n = 1. A more general case, the associative H-conformal algebra (or

H-pseudo-algebra in a sense of Bakalov, D’Andrea, Kac4), where H is any

Hopf algebra, is still open.

Mikhalev, Vasilieva56 proved CD-lemma for free supercommutative

polynomial algebras. Here they use compositions of multiplication as well.

Bokut, Chen, Li17 proved CD-lemma for free pre-Lie algebras (also

known as Vinberg-Koszul-Gerstenhaber right-symmetric algebras).

Bokut, Chen, Liu20 proved CD-lemma for free dialgebras in a sense of

Loday.50 Here 2) follows 1) but not conversely.

The cases of associative conformal algebras and dialgebras show that

definition of Gröbner-Shirshov bases by condition 1) is in general preferable

to one by condition 2).

Bokut, Shum30 proved CD-lemma for free Γ-associative algebras, where

Γ is a group. It has applications to the Malcev problem above and to Bruha

normal forms for algebraic groups.
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Eisenbud, Peeva, Sturmfels40 found non-commutative Gröbner basis of

any commutative algebra (extending any commutative Gröbner basis to

non-commutative one).

Bokut, Chen, Chen15 proved CD-lemma for Lie algebras over commu-

tative algebras. Here one needs to establish Key Lemma 1 in a more strong

form – any Lie S-word is a linear combination of S-words of the form [asb]s̄
in the sense of Shirshov’s special Lie bracketing. As an application they

proved Cohn’s conjecture36 for the case of characteristics 2, 3 and 5 (that

some Cohn’s examples of Lie algebras over commutative algebras are not

embeddable into associative algebras over the same commutative algebras).

Bokut, Chen, Deng16 proved CD-lemma for free associative Rota-Baxter

algebras. As an application, Chen and Mo35 proved that any dendriform

algebra is embeddable into universal enveloping Rota-Baxter algebra. It

was Li Guo’s conjecture,43

Bokut, Chen, Chen14 proved CD-lemma for tensor product of two

free associative algebras. As an application they extended any Mikhalev-

Zolotyh commutative-non-commutative Gröbner-Shirshov basis laying into

tensor product k[Y ]⊗k〈X〉 to non-commutative-non-commutativeGröbner-

Shirshov basis laying into k〈Y 〉⊗k〈X〉 (a la Eisenbud-Peeva-Sturfels above).
They also gave another proof of the Eisenbud-Peeva-Sturmfekls theorem

above.

As we mentioned in introduction, Farkas, Feustel, Green41 proved CD-

lemma for path algebras.

Kobayashi48 proved CD-lemma for algebras based on well-ordered semi-

groups.

Drensky, Holtkamp39 proved CD-lemma for nonassociative algebras

with multiple linear operators.

Bokut, Chen, Qiu22 proved CD-lemma for associative algebras with mul-

tiple linear operators.

Dotsenko, Khoroshkin38 proved CD-lemma for operads.

3. Composition-Diamond lemma for categories

3.1. Free categories and category partial algebras

LetX = (V (X), E(X)) be an oriented (multi) graph. Then the free cat-

egory on X is C(X) = (Ob(X), Arr(X)), where Ob(X) = V (X) and

Arr(X) is the set of all paths (“words”) of X including the empty paths 1v,

v ∈ V (X). It is easy to check C(X) has the following universal property.

Let C be a category and ΓC the graph relative to C , i.e., V (ΓC ) = Ob(C )
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and E(ΓC ) = mor(C ). Let e : X → C(X) be a mono graph mor-

phism of the graph X to the graph ΓC(X), where e = (e1, e2), and e1
is a mapping on V (X), e2 on E(X), both e1 and e2 are mono. For any

graph morphism b from X to ΓC , where b = (b1, b2), and b1 is mono,

there exists a unique category morphism (a functor) f : C(X) → C ,

such that the corresponding diagram is commutative, i.e., fe = b. There-

fore each category C is a homomorphic image of a free category C(X)

for some graph X and thus C is isomorphic to C(X)/ρ(S) for some set

S, where S = {(u, v)|u, v have the same sources and the same targets} ⊆
Arr(X)×Arr(X) and ρ(S) the congruence of C(X) generated by S. If this

is the case, X is called the generating set of C and S the relation set of C

and we denote C = C(X |S).
Let C be a category, k a field, kC the set of elements f =

∑n
i=1 αiµi,

where αi ∈ k, ui ∈ mor(C ), n ≥ 0, ui (0 ≤ i ≤ n) have the same sources

and the same targets.

Note that in kC , for f, g ∈ kC , f + g is defined only if f, g have the

same sources and the same targets.

A multiplication · in kC is defined by linearly extending the usual com-

positions of morphisms of the category C . Then (kC , ·) is called the cat-

egory partial algebra over k relative to C and kC(X) the free category

partial algebra generated by the graph X .

3.2. Composition-Diamond lemma for category partial

algebras

Let X be a oriented (multi) graph, C(X) the free category generated by

X and kC(X) the free category partial algebra. Since we only consider the

morphisms of the free category C(X), we write C(X) just for Arr(X).

Note that for f, g ∈ kC(X) if we write gf , then it means that the target

of g is the source of f .

A well ordering > on C(X) is called monomial if it satisfies the following

conditions: u > v ⇒ uw > vw and wu > wv, for any u, v, w ∈ C(X).

In fact, there are many monomial orderings on C(X). For example, let

E(X) be a well-ordered set. We order C(X) by the following way: for any

words u = x1 · · ·xm, v = y1 · · · yn ∈ C(X), u > v iff m > n or (m =

n and x1 = y1, x2 = y2, . . . , xt = yt, xt+1 > yt+1 for some 0 ≤ t < n).

It is easy to check that the above ordering, called degree lexicographical

(deg-lex) ordering, is a monomial ordering on C(X). In the next section,

we will give other monomial orderings on C(X).
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Suppose that > is a fixed monomial ordering on C(X). Given a nonzero

polynomial f ∈ kC(X), it has a word f̄ ∈ C(X) such that f = αf+
∑
αiui,

where f > ui, α, αi ∈ k, ui ∈ C(X). We call f the leading term of f and

f is monic if α = 1.

Let S ⊂ kC(X) be a set of monic polynomials, s ∈ S and u ∈ C(X).

We define S-word us inductively:

(i) us = s is an S-word of s-length 1.

(ii) Suppose that us is an S-word of s-length m and v is a word of length

n, i.e., the number of edges in v is n (denoted by |v| = n). Then usv

and vus are S-words of s-length m+ n.

Note that for any S-word us = asb, where a, b ∈ C(X), we have asb =

as̄b.

Let f, g be monic polynomials in kC(X). Suppose that there exist

w, a, b ∈ C(X) such that w = f̄ = aḡb. Then we define the composition of

inclusion by

(f, g)w = f − agb.

For the case that w = f̄ b = aḡ, w, a, b ∈ C(X) and |w| < |f̄ | + |ḡ|, the
composition of intersection is defined by

(f, g)w = fb− ag.

It is clear that

(f, g)w ∈ Id(f, g) and (f, g)w < w,

where Id(f, g) is the ideal of kC(X) generated by f, g.

The composition (f, g)w is trivial modulo (S,w), if

(f, g)w =
∑

i

αiaisibi

where each αi ∈ k, ai, bi ∈ C(X), si ∈ S, aisibi an S-word and ais̄ibi < f̄ .

If this is the case, then we write (f, g)w ≡ 0 mod(S,w). In general, for

p, q ∈ kC(X), we write

p ≡ q mod(S,w)

which means that p−q =∑αiaisibi, where each αi ∈ k, ai, bi ∈ C(X), si ∈
S, aisibi an S-word and ais̄ibi < w.
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Definition 3.1. Let S ⊂ kC(X) be a nonempty set of monic polynomials.

Then S is called a Gröbner-Shirshov basis in kC(X) if any composition

(f, g)w with f, g ∈ S is trivial modulo (S,w).

Lemma 3.1. Let a1s1b1, a2s2b2 be S-words. If S is a Gröbner-Shirshov

basis in kC(X) and w = a1s1b1 = a2s2b2, then

a1s1b1 ≡ a2s2b2 mod(S,w).

Proof. There are three cases to consider.

Case 1. Suppose that subwords s̄1 and s̄2 of w are disjoint, say, |a2| ≥
|a1|+ |s̄1|. Then, we can assume that a2 = a1s̄1c and b1 = cs̄2b2 for some

c ∈ C(X), and so, w = a1s̄1cs̄2b2. Now,

a1s1b1 − a2s2b2 = a1s1cs̄2b2 − a1s̄1cs2b2

= a1s1c(s̄2 − s2)b2 + a1(s1 − s̄1)cs2b2.

Since s2 − s2 < s̄2 and s1 − s1 < s̄1, we conclude that

a1s1b1 − a2s2b2 =
∑

i

αiuis1vi +
∑

j

βjujs2vj

for some αi, βj ∈ k, S-words uis1vi and ujs2vj such that uis̄1vi, uj s̄2vj < w.

This shows that a1s1b1 ≡ a2s2b2 mod(S,w).

Case 2. Suppose that the subword s̄1 of w contains s̄2 as a subword. We

may assume that s̄1 = as̄2b, a2 = a1a and b2 = bb1, that is, w = a1as̄2bb1
for some S-word as2b. We have

a1s1b1 − a2s2b2 = a1s1b1 − a1as2bb1

= a1s1 − as2bb1

= a1(s1, s2)s1b1

≡ 0 mod(S,w)

since S is a Gröbner-Shirshov basis.

Case 3. s̄1 and s̄2 have a nonempty intersection as a subword of w. We

may assume that a2 = a1a, b1 = bb2, w1 = s̄1b = as̄2. Then, we have

a1s1b1 − a2s2b2 = a1s1bb2 − a1as2b2

= a1(s1b− as2)b2

= a1(s1, s2)w1b2

≡ 0 mod(S,w)

This completes the proof.
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Lemma 3.2. Let S ⊂ kC(X) be a subset of monic polynomials and

Irr(S) = {u ∈ C(X) | u 6= as̄b, a, b ∈ C(X), s ∈ S}. Then for any

f ∈ kC(X),

f =
∑

ui≤f̄
αiui +

∑

ajsjbj≤f̄
βjajsjbj

where each αi, βj ∈ k, ui ∈ Irr(S) and ajsjbj an S-word.

Proof. Let f =
∑
i

αiui ∈ kC(X), where 0 6= αi ∈ k and u1 > u2 > · · · . If
u1 ∈ Irr(S), then let f1 = f − α1u1. If u1 6∈ Irr(S), then there exist some

s ∈ S and a1, b1 ∈ C(X), such that f̄ = u1 = a1s̄1b1. Let f1 = f−α1a1s1b1.

In both cases, we have f̄1 < f̄ . Then the result follows from the induction

on f̄ .

Theorem 3.1. (Composition-Diamond lemma for categories) Let S ⊂
kC(X) be a nonempty set of monic polynomials and < a monomial or-

dering on C(X). Let Id(S) be the ideal of kC(X) generated by S. Then the

following statements are equivalent:

(i) S is a Gröbner-Shirshov basis in kC(X).

(ii) f ∈ Id(S) ⇒ f̄ = as̄b for some s ∈ S and a, b ∈ C(X).

(ii)′ f ∈ Id(S) ⇒ f = α1a1s1b1 + α2a2s2b2 + . . ., where each αi ∈ k, aisibi
is an S-word and a1s̄1b1 > a2s̄2b2 > . . ..

(iii) Irr(S) = {u ∈ C(X) | u 6= as̄b a, b ∈ C(X), s ∈ S} is a linear basis of

the partial algebra kC(X)/Id(S) = kC(X |S).

Proof. (i) ⇒ (ii). Let S be a Gröbner-Shirshov basis and 0 6= f ∈ Id(S).

Then, we have

f =

n∑

i=1

αiaisibi

where each αi ∈ k, ai, bi ∈ C(X), si ∈ S and aisibi an S-word. Let

wi = aisibi, w1 = w2 = · · · = wl > wl+1 ≥ · · · .
We will use the induction on l and w1 to prove that f = asb for some

s ∈ S and a, b ∈ C(X).

If l = 1, then f = a1s1b1 = a1s1b1 and hence the result holds. Assume

that l ≥ 2. Then, by Lemma 3.1, we have

a1s1b1 ≡ a2s2b2 mod(S,w1).
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Thus, if α1+α2 6= 0 or l > 2, then the result holds. For the case α1+α2 = 0

and l = 2, we use the induction on w1. Now, the result follows.

(ii) ⇒ (ii)′. Assume (ii) and 0 6= f ∈ Id(S). Let f = α1f + · · · . Then,
by (ii), f = a1s1b1. Therefore,

f1 = f − α1a1s1b1, f1 < f, f1 ∈ Id(S).

Now, by using induction on f , we have (ii)′.

(ii)′ ⇒ (ii). This part is clear.

(ii) ⇒ (iii). Suppose that
∑
i

αiui = 0 in kC(X |S), where αi ∈ k, ui ∈
Irr(S). It means that

∑
i

αiui ∈ Id(S) in kC(X). Then all αi must be equal

to zero. Otherwise,
∑
i

αiui = uj ∈ Irr(S) for some j which contradicts (ii).

Now, by Lemma 3.2, (iii) follows.

(iii) ⇒ (i). For any f, g ∈ S , by Lemma 3.2 and (iii), we have (f, g)w ≡
0 mod(S,w) . Therefore, S is a Gröbner-Shirshov basis.

Remark. If the category in Theorem 3.1 has only one object, then Theorem

3.1 is exactly Composition-Diamond lemma for free associative algebras.

4. Gröbner-Shirshov bases for the simplicial category and

the cyclic category

In this section, we give Gröbner-Shirshov bases for the simplicial category

and cyclic category respectively.

4.1. Gröbner-Shirshov basis for the simplicial category

For each non-negative integer p, let [p] denote the set {0, 1, 2, . . . , p} of

integers in their usual ordering. A (weakly) monotonic map µ : [q] → [p]

is a function on [q] to [p] such that i ≤ j implies µ(i) ≤ µ(j). The objects

[p] with morphisms all weakly monotonic maps µ constitute a category L

called simplicial category. There is an equivalent definition for simplicial

category given by Maclane.59

Let X = (V (X), E(X)) be an oriented (multi) graph, where V (X) =

{[p] | p ∈ Z+ ∪ {0}} and E(X) = {εip : [p − 1] → [p], ηjq : [q + 1] →
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[q] | p > 0, 0 ≤ i ≤ p, 0 ≤ j ≤ q}. Let S ⊆ C(X)×C(X) be the relation set

consisting of the following:

f
q+1,q

: εiq+1ε
j−1
q = εjq+1ε

i
q, j > i,

g
q,q+1

: ηjqη
i
q+1 = ηiqη

j+1
q+1 , j ≥ i,

h
q−1,q

: ηjq−1ε
i
q =





εiq−1η
j−1
q−2, j > i,

1q−1, i = j, i = j + 1,

εi−1
q−1η

j
q−2, i > j + 1.

Then the simplicial category L is just the category C(X |S) generated by

X with defining relation set S, see Maclane,59 Theorem VIII. 5.2. We will

give another proof in what follows.

We order C(X) by the following way.

Firstly, for any ηip, η
j
q ∈ {ηip|p ≥ 0, 0 ≤ i ≤ p}, ηip > ηjq iff p > q or (p = q

and i < j).

Secondly, for each u = ηi1p1η
i2
p2

· · · ηinpn ∈ {ηip|p ≥ 0, 0 ≤ i ≤ p}* (all

possible words on {ηip|p ≥ 0, 0 ≤ i ≤ p}, including the empty word 1v, v ∈
Ob(X)), let wt(u) = (n, ηinpn , η

in−1
pn−1 , · · · , ηi1p1). Then for any u, v ∈ {ηip|p ≥

0, 0 ≤ i ≤ p}*, u > v iff wt(u) > wt(v) lexicographically.

Thirdly, for any εip, ε
j
q ∈ {εip, |p ∈ Z+, 0 ≤ i ≤ p}, εip > εjq iff p > q or

(p = q and i < j).

Finally, for each u = v0ε
i1
p1
v1ε

i2
p2

· · · εinpnvn ∈ C(X), n ≥ 0, vj ∈ {ηip|p ≥
0, 0 ≤ i ≤ p}*, let wt(u) = (n, v0, v1, · · · , vn, εi1p1 , · · · , εinpn). Then for any

u, v ∈ C(X),

u ≻1 v ⇔ wt(u) > wt(v) lexicographically.

It is easy to check that the ≻
1
is a monomial ordering on C(X). Then

we have the following theorem.

Theorem 4.1. Let X, S be defined as the above. Then with the ordering

≻1 on C(X), S is a Gröbner-Shirshov basis for the category partial algebra

kC(X |S).

Proof. According to the ordering ≻1 , f̄q+1,q = εiq+1ε
j−1
q , ḡ

q,q+1 = ηjqη
i
q+1

and h̄
q−1,q

= ηjq−1ε
i
q. So, all the possible compositions of S are the following:

(a) (f
q+2,q+1

, f
q+1,q

)
εk
q+2

εi
q+1

ε
j−1
q

, k ≤ i ≤ j − 1;

(b) (g
q−1,q

, g
q,q+1

)
ηk
q−1

η
j
qηi

q+1

, i ≤ j ≤ k;
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(c) (h
q,q+1

, f
q+1,q

)
ηk
q εi

q+1
ε
j−1
q

, i ≤ j − 1;

(d) (g
q−2,q−1

, h
q−1,q

)
ηk
q−2

η
j
q−1

εiq

, j ≤ k.

We will prove that all possible compositions are trivial. Here, we only

give the proof of the (b). For others cases, the proofs are similar.

Let us consider the following subcases of the case (b): (I) i < j < k; (II)

i < j, j = k, or j = k+ 1; (III) i < k, k+ 1 < j; (IV) j > k+ 1, i = k, k+ 1;

(V) j > i > k + 1.

For (I),

(h
q,q+1

, f
q+1,q

)
ηk
q εi

q+1
ε
j−1
q

= εiqη
k−1
q−1 ε

j−1
q − ηkq ε

j
q+1ε

i
q

≡ εiqε
j−1
q−1η

k−2
q−2 − εjqη

k−1
q−1 ε

i
q

≡ 0 mod(S, ηkq ε
i
q+1ε

j−1
q ).

For (II),

(h
q,q+1

, f
q+1,q

)
ηk
q εi

q+1
ε
j−1
q

= εiqη
k−1
q−1 ε

j−1
q − ηkq ε

j
q+1ε

i
q

≡ 0 mod(S, ηkq ε
i
q+1ε

j−1
q ).

For (III),

(h
q,q+1

, f
q+1,q

)
ηk
q εi

q+1
ε
j−1
q

= εiqη
k−1
q−1 ε

j−1
q − ηkq ε

j
q+1ε

i
q

≡ εiqε
j−2
q−1η

k−1
q−2 − εj−1

q ηkq−1ε
i
q

≡ 0 mod(S, ηkq ε
i
q+1ε

j−1
q ).

For (IV),

(h
q,q+1

, f
q+1,q

)
ηk
q εi

q+1
ε
j−1
q

= εj−1
q − ηkq ε

j
q+1ε

i
q

≡ εj−1
q − εj−1

q ηkq−1ε
i
q

≡ 0 mod(S, ηkq ε
i
q+1ε

j−1
q ).

For (V),

(h
q,q+1

, f
q+1,q

)
ηk
q εi

q+1
ε
j−1
q

= εi−1
q ηkq−1ε

j−1
q − ηkq ε

j
q+1ε

i
q

≡ εi−1
q εj−2

q−1η
k
q−2 − εj−1

q ηkq−1ε
i
q

≡ 0 mod(S, ηkq ε
i
q+1ε

j−1
q ).

Therefore S is a Gröbner-Shirshov basis in kC(X).

By Theorem 3.1, Irr(S) = {εi1p · · · εimp−m+1η
j1
q−n · · · ηjnq−1|p ≥ i1 > . . . >

im ≥ 0, 0 ≤ j1 < . . . < jn < q and q − n + m = p} is a linear basis
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of the category partial algebra kC(X |S). Therefore, we have the following

corollaries.

Corollary 4.1. (Maclane,59 Lemma VIII. 5.1) In the category C(X |S),
each morphism µ : [q] → [p] can be uniquely represented as

εi1p · · · εimp−m+1η
j1
q−n · · · ηjnq−1,

where p ≥ i1 > . . . > im ≥ 0, 0 ≤ j1 < . . . < jn < q and q − n+m = p.

Corollary 4.2. (Maclane,59 Theorem VIII. 5.2) Let L be the simplicial

category defined as before. Then L = C(X |S).

4.2. Gröbner-Shirshov basis for the cyclic category

The cyclic category is defined by generators and defining relations as fol-

lows, see.42 Let Y = (V (Y ), E(Y )) be an oriented (multi) graph, where

V (Y ) = {[p] | p ∈ Z+ ∪ {0}} and E(Y ) = {εip : [p− 1] → [p], ηjq : [q+ 1] →
[q], tq : [q] → [q] | p > 0, 0 ≤ i ≤ p, 0 ≤ j ≤ q}. Let S ⊆ C(Y ) × C(Y ) be

the set consisting of the following:

f
q+1,q : εiq+1ε

j−1
q = εjq+1ε

i
q, j > i,

g
q,q+1 : ηjqη

i
q+1 = ηiqη

j+1
q+1 , j ≥ i,

h
q−1,q : ηjq−1ε

i
q =





εiq−1η
j−1
q−2, j > i,

1q−1, i = j, i = j + 1,

εi−1
q−1η

j
q−2, i > j + 1,

ρ1 : tqε
i
q = εi−1

q tq−1, i = 1, . . . , q,

ρ2 : tqη
i
q = ηi−1

q tq+1, ı = 1, . . . , q,

ρ3 : tq+1
q = 1q.

Then the category C(Y |S) is called cyclic category, denoted by Λ. In the

following, we give a Gröbner-Shirshov basis for the cyclic category.

Let us order C(Y ) by the following way.

Firstly, for any tip, t
j
q ∈ {tq|q ≥ 0}∗, (tp)i > (tq)

j iff i > j or (i =

j and p > q).

Secondly, for any ηip, η
j
q ∈ {ηip|p ≥ 0, 0 ≤ i ≤ p}, ηip > ηjq iff p > q or

(p = q and i < j).

Thirdly, for each u = w0η
i1
p1w1η

i2
p2 · · ·wn−1η

in
pnwn ∈ {tq, ηip|q, p ≥

0, 0 ≤ i ≤ p}*, where wi ∈ {tq|q ≥ 0}∗, let wt(u) =

(n,w0, w1, · · · , wn, ηinpn , η
in−1
pn−1 , · · · , ηi1p1). Then for any u, v ∈ {tq, ηip|q, p ≥

0, 0 ≤ i ≤ p}*, u > v iff wt(u) > wt(v) lexicographically.
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Fourthly, for any εip, ε
j
q ∈ {εip, |p ∈ Z+, 0 ≤ i ≤ p}, εip > εjq iff p > q or

(p = q and i < j).

Finally, for each u = v0ε
i1
p1
v1ε

i2
p2

· · · εinpnvn ∈ C(Y ), n ≥ 0, vj ∈
{tq, ηip|q, p ≥ 0, 0 ≤ i ≤ p}*, let wt(u) = (n, v0, v1, · · · , vn, εi1p1 , · · · , εinpn).

Then for any u, v ∈ C(Y ),

u ≻
2
v ⇔ wt(u) > wt(v) lexicographically.

It is also easy to check the ordering ≻
2
is a monomial ordering on C(Y ),

which is an extension of ≻1 . Then we have the following theorem.

Theorem 4.2. Let Y , S be defined as the above. Let Sc = S ∪ {ρ4, ρ5},
where

ρ4 : tqε
0
q = εqq,

ρ5 : tqη
0
q = ηqq t

2
q+1.

Then

(1) With the ordering ≻2 on C(Y ), Sc is a Gröbner-Shirshov basis for the

cyclic category partial algebra kC(Y |S).
(2) For each morphism µ : [q] → [p] in the cyclic category Λ = C(Y |S), µ

can be uniquely represented as

εi1p · · · εimp−m+1η
j1
q−n · · · ηjnq−1t

k
q ,

where p ≥ i1 > . . . > im ≥ 0, 0 ≤ j1 < . . . < jn < q, 0 ≤ k ≤
q and q − n+m = p.

Proof. It is easy to check that f̄
q+1,q

= εiq+1ε
j−1
q , ḡ

q,q+1
= ηjqη

i
q+1, h̄q−1,q

=

ηjq−1ε
i
q, ρ̄1 = tqε

i
q, ρ̄2 = tqη

i
q, ρ̄3 = tq+1

q , ρ̄4 = tqε
0
q and ρ̄5 = tqη

0
q .

First of all, we prove Id(S) = Id(Sc). It suffices to show ρ4, ρ5 ∈ Id(S).

Since (ρ3, ρ1)tq+1
q εqq

=tqqε
q−1
q tq−1 − εqq ≡ tqε

0
qt
q
q−1 − εqq ≡ tqε

0
q − εqq = ρ4 and

(ρ3, ρ2)tq+1
q ηqq

=tqqη
q−1
q tq+1− ηqq ≡ tqη

0
q t
q
q+1− ηqq , ρ4 ∈ Id(S) and tqη

0
q t
q
q+1−

ηqq ∈ Id(S). Clearly, the leading term of the polynomial tqη
0
q t
q
q+1 − ηqq is

tqη
0
q t
q
q+1. Therefore (tqη

0
q t
q
q+1 − ηqq , ρ3)tqη0q t

q+2
q+1

= −tqη0q + ηqq t
2
q+1 and thus

ρ5 ∈ Id(S).

Secondly, we prove that all possible compositions of Sc are trivial which

are the following:

(a) (f
q+2,q+1

, f
q+1,q

)
εk
q+2

εi
q+1

ε
j−1
q

, k ≤ i ≤ j − 1;

(b) (g
q−1,q

, g
q,q+1

)
ηk
q−1

η
j
qηi

q+1

, i ≤ j ≤ k;



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc
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(c) (h
q,q+1

, f
q+1,q

)
ηk
q εi

q+1
ε
j−1
q

, i ≤ j − 1;

(d) (g
q−2,q−1

, h
q−1,q

)
ηk
q−2

η
j
q−1

εiq

, j ≤ k;

(e) (ρ1, fq+1,q
)
tq+1εi

q+1
ε
j−1
q

, j > i and i = 1, 2, . . . , q;

(f) (ρ3, ρ1)tq+1
q εiq

, i = 1, 2, . . . , q;

(g) (ρ2, gq,q+1)tqηjqηiq+1
, j ≥ i and j = 1, 2, . . . , q;

(h) (ρ2, hq,q+1)tqηjqεiq+1
, j ≥ i and j = 1, 2, . . . , q;

(i) (ρ3, ρ2)tq+1
q ηiq

, i = 1, 2, . . . , q;

(j) (ρ3, ρ4)tq+1
q ε0q

;

(k) (ρ3, ρ5)tq+1
q η0q

;

(l) (ρ4, fq+1,q
)
tq+1ε0

q+1
ε
j−1
q

, j > 0;

(m) (ρ5, gq,q+1)tqη0
qη0

q+1

;

(n) (ρ5, hq,q+1
)
tqη0

qεi
q+1

, i ≥ 0.

Here, we only give the proof of the case (n) (ρ5, hq,q+1
)
tqη0

qεi
q+1

. The

others can be similarly proved. Let us consider the following subcases of

the case (n): (I) i = 0; (II) i = 1; (III) i > 1.

For (I),

(ρ5, hq,q+1
)
tqη0

qε0
q+1

= ηqq t
2
q+1ε

0
q+1 − tq

≡ ηqq tq+1ε
q+1
q+1 − tq

≡ ηqqε
q
q+1tq − tq

≡ 0 mod(S, tqη
0
qε

0
q+1).

For (II),

(ρ5, hq,q+1)tqη0
qε1

q+1

= ηqq t
2
q+1ε

1
q+1 − tq

≡ ηqq tq+1ε
0
q+1tq − tq

≡ ηqqε
q+1
q+1tq − tq

≡ 0 mod(S, tqη
0
qε

1
q+1).

For (III),

(ρ5, hq,q+1
)
tqη0

qεi
q+1

= ηqq t
2
q+1ε

i
q+1 − tqε

i−1
q η0q−1

≡ ηqqε
i−2
q+1t

2
q − εi−2

q tq−1η
0
q−1

≡ 0 mod(S, tqη
0
qε
i
q+1).

Thus Sc is a Gröbner-Shirshov basis in kC(Y ).
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Now, by Theorem 3.1, for each morphism µ : [q] → [p] in Λ = C(Y |S)
can be uniquely represented as

εi1p · · · εimp−m+1η
j1
q−n · · · ηjnq−1t

k
q ,

where p ≥ i1 > . . . > im ≥ 0, 0 ≤ j1 < . . . < jn < q, 0 ≤ k ≤
q and q − n+m = p.

Remark. According to Loday,51 the uniqueness property in Theorem 4.2

(2) was known.

Acknowledgement: The authors would like to thank the referee for com-

ments.
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Gröbner bases and path algebras, Can. J. Math. 45, (1993), pp. 727–739.
42. S. I. Gelfand and Y. I. Manin, Homological Algebra, (Springer-Verlag, 1999).
43. L. Guo, private communication, (2009).
44. H. Hironaka, Resolution of singulatities of an algebraic variety over a field if

characteristic zero, I, Ann. Math., 79(1964), 109-203.
45. H. Hironaka, Resolution of singulatities of an algebraic variety over a field if

characteristic zero, II, Ann. Math. 79, (1964), pp. 205–326.
46. V. Kac, Vertex algebras for beginners, University Lecture Series Vol. 10,

AMS, (Providence, RI, 1996).
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We show how non-symmetric operads (or multicategories), symmetric oper-
ads, and clones, arise from three suitable monads on Cat, each extending to
a (pseudo-)monad on the bicategory of categories and profunctors. We also
explain how other previous categorical analyses of operads (via Day’s tensor
products, or via analytical functors) fit with the profunctor approach.

1. Introduction

Operads, in their coloured and non-symmetric version, are also known as

multicategories, since they are like categories, but with morphisms which

have a single target as codomain but a multiple source (more precisely, a

list of sources) as domain. These morphisms are often called operations

(whence the term “operad” for the whole structure). Operads for short are

the special case where the multicategory has just one object, and hence the

arity of a morphism is just a number n (the length of the list), while the

coarity is 1. There are many variations.

• non-symmetric operads versus symmetric operads versus clones (these

variations concern the way in which operations are combined to form

compound operations);

• operations versus cooperations (one input, several outputs), or “biop-

erations” (several inputs, several outputs);

• operations whose shape, or arity, is more structured than a list (it could

be a tree, etc...).

In this paper, we deal principally with the first variation, and touch on

the second briefly. Our goal is to contribute to convey the idea that these

variations can be smoothly and rather uniformly understood using some

categorical abstractions.
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We are aware of two approaches for a general categorical account of

such variations. The first one, which is also the earliest one, is based on

spans, while the second one is based on profunctors. In both approaches,

one abstracts the details of the variant in a monad, and one then extends

the monad to the category of spans, or to the category of profunctors. Here,

we take the profunctor approach.

• Spans are pairs of morphisms with the same domain, in a suitable cate-

gory C. Burroni has shown [8] that every cartesian∗ monad T on C ex-

tends to a monad on spans, and then, for example, multicategories arise

as endomorphisms endowed with a monoid structure in the (co)Kleisli

(bi)category of a category of spans.

• Profunctors are functors Φ : C × C′op → Set. As pointed out by

Cheng [11] , every monad inCat (the 2-category of categories) satisfying

a certain distributive law can be extended to the category of profunctors

(whose objects are categories and whose morphisms are profunctors).

We exhibit here how

non-symmetric and symmetric operads, and clones, arise (again) as

monoids in the (co)Kleisli (bi)category associated with the respective

extended monad.

This is all rather “heavy” categorical vocabulary. We shall unroll this slowly

in what follows. We offer the following intuitions for why monads, spans,

and profunctors are relevant here.

• Monad. Consider the following composition of operations:

g h

f

By plugging the output of g and h on the inputs of f in parallel, we put

together the three inputs of g and the input of h, yielding a compound

∗A monad T is cartesian if it preserves pullbacks (hence C is required to have pullbacks)
and if all naturality squares of the unit and multiplication of the monad are pullbacks.
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operation with 3 + 1 = 4 inputs. In other words, one may read two

shapes on the upper part of the picture: ((·, ·, ·), ·), and (·, ·, ·, ·). The
first one remembers the construction, the second one flattens it. This

flattening is a typical monad multiplication (monad of powersets, of

lists, etc...).

• Span. Each bioperation has an arity and a coarity: the legs of the span

are this arity and coarity mappings, respectively.

• Profunctor: A profunctor gives a family of sets of bioperations of fixed

arity and coarity.

Arities (or coarities) are governed by the monad T . For example, an

operad will be a span / profunctor from T1 to 1, where T takes care of the

multiplicity of inputs (1 is the category with one object and one morphism).

Similarly, a cooperad will go from 1 to T1.

The span approach and the profunctor approach should be related,

since one goes from profunctors to spans via the “element” or so-called

Grothendieck construction. But under this correspondence the (bi)category

of profunctors is (bi)equivalent to a subcategory of spans only, the discrete

fibrations, while on the other hand the span approach leaves a lot of free-

dom on the choice of the underlying category C. As a matter of fact, the

two approaches have led to different types of successes. The current state

of the art seems to be that:

(1) using spans, an impressive variety of shapes in the non-symmetric case

have been covered. We refer to [23] for a book-length account;

(2) using profunctors, one may cover the two other kinds of variations men-

tioned in this introduction.

In the sequel, we use (and introduce) the profunctor road. In Section

2, we introduce several monads on Cat. After recalling the notion of Kan

extension in Section 3, we present two classical categorical accounts of op-

erads in Sections 4 and 5. We proceed then to profunctors in Section 6. A

plan of the rest of the paper is given at the end of that section.

Notation We shall use juxtaposition to denote functor application. More-

over, if F is a functor from, say C to SetD, we write FXD for (FX)D,

etc... .
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2. Three useful combinators

Consider the following three operations, or combinators. Think of them

as morphisms in a category whose objects are (possibly empty) sequences

(C1, . . . , Cn), where the Ci’s range over the objects of some category C.

C1 C2

σ

C2 C1

C

δ

C C

C

ǫ

These combinators should satisfy equations:

C1 C2 C3

σ

C1

C2 σ

C3

σ

C3 C2 C1
=

C1 C2 C3

σ

C3

σ C2

C1

σ

C3 C2 C1

(compare with the familiar equations of transpositions, and notice that here

we do not have to index them over natural numbers).

C1 C2

σ

C2 C1

σ

C1 C2
=

C1 C2

C

δ

C C

σ

C C =

C

δ

C C

The other equations are the familiar ones for comonoids, and (mutatis

mutandis) for distributive laws (see below). For a complete list, we refer

the reader to [9,22] .
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Take any X ⊆ {σ, δ, ǫ}. We build a category !XC as follows: objects are

sequences (C1, . . . , Cn) of objects of C .† Morphisms are string diagrams

built out of the combinators taken from X and out of the morphisms of

C, quotiented over all the equalities that concern the combinators of X ,

including their naturality, and the equalities
C1

f

C2

g

C3
=

C1

g ◦ f

C3

C

id

C =

C

which allow to embed C functorially into !XC. String diagrams are com-

binations of vertical and horizontal combinations of the basic combinators

σ, δ, ǫ, f , such as the ones drawn above.

For six of the eight choices of X , the functor !X is equipped with a

monad structure: the unit takes C to (C) and f : C → D to f : (C) → (D)

and the multiplication on objects is the usual flattening, which takes

((C1
1 , . . . , C

i1
1 ), (C1

n, . . . , C
in
n )) to (C1

1 , . . . , C
in
n ). A little care is needed to

define the “flattening” on morphisms. A morphism of !!C is an assem-

bling of boxes connected by combinators typed in !C. When we remove

the boxes, we need to turn these combinators into (assemblings of) com-

binators typed in C. We call this an expansion. A σ is expanded by

means of σ’s, an ǫ is expanded by putting ǫ’s in parallel, but we need

δ’s and σ’s to expand a δ. For example, at type (C1, C2), the expansion

of δ : ((C1, C2)) → ((C1, C2), (C1, C2)) is the following morphism from

(C1, C2) to (C1, C2, C1, C2):
C1 C2

δ δ

C1 C2

σ

C1 C2 C1 C2

†This notation, that comes from linear logic [18] , stresses the idea of multiple input
(see [14] for explicit links with linear logic).
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We therefore exclude !{δ} and !{δ,ǫ} from our treatment. But all the other !

constructions are fine.

Three of the six remaining combinations are of particular interest. If

X = ∅ (resp. X = {σ}, X = {σ, δ, ǫ}), then !C is the free strict monoidal

(resp. symmetric monoidal, cartesian) category over C. (By cartesian cat-

egory, we mean “category with specified finite products”). We write them

!m, !s, !f , respectively:

monoidal symmetric monoidal cartesian

!m !s !f

When X = {σ, δ, ǫ}, the !-algebras are the cartesian categories, and when

X = ∅ (resp. X = {σ}), the (pseudo-) !-algebras are the monoidal (resp.

symmetric monoidal) categories. We refer to [23] for details.

We define ?C = (!(Cop))op . Graphically, this amounts to reversing the

basic combinators σ, δ, ǫ (which could then, if we cared, be called σ, µ, η),

while maintaining the orientation of the combinators f imported from C

(since they become themselves again after two op ’s). But it is more conve-

nient to stick with σ, δ, ǫ, to reverse the direction of the f ’s, and to read the

diagrams in the bottom-to-top direction. In particular, when C = 1 (the

terminal category), there is no f to reverse...

When X = ∅ or X = {σ}, then ?C is (isomorphic to) !C. When X =

{σ, δ, ǫ}, ?C is the free cocartesian category over C. The objects of ?1 are

written 0, 1, 2, . . ., standing for (), (·), (·, ·, ·), . . ., where · is the unique object
of 1.

Note that for any choice of ?, there is a faithful functor from ?1 to Set.

For any morphism from m to n, i.e., for any string diagram constructed out

of the combinators in X that has n input wires and m output wires, one

constructs a function from {0, . . . ,m−1} to {0, . . . , n−1}, by the following

rules.

• σ: the transposition on {0, 1};
• ǫ: the unique function from the empty set to {0};
• δ: the unique function from {0, 1} to {0};
• vertical composition of string diagrams: function composition;

• horizontal composition of string diagrams: their categorical sum, i.e.,

for f : {0, . . . ,m − 1} → {0, . . . , n − 1} and g : {0, . . . , p − 1} →
{0, . . . , q− 1}, f + g : {0, . . . ,m+ p− 1} → {0, . . . , n+ q− 1} is defined

by (f + g)(i) = f(i) if i < m and f + g(i) = g(i) + n if i ≥ m.
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More synthetically, the function f associated with a string diagram

is obtained by naming the output and input wires 0, 1, . . . ,m − 1 and

0, 1, . . . , n− 1, respectively, and then computing f(i) as the name of the in-

put wire reached when starting from input wire i, going up in δ nodes, and

going up left or right in σ nodes according to whether this node is reached

from down right or down left, respectively. For example, the picture

σ

δ

ǫ

represents the function f : {0, 1, 2} → {0, 1, 2} defined by

f(0) = f(1) = 1 f(2) = 0

Note on this example that ǫ witnesses the lack of surjectivity. More precisely,

as first shown by Burroni [9] , the functor, when suitably corestricted, gives

the following isomorphims and equivalences of categories:

?∅ identity functions

?{σ} bijections

?{σ,δ,ǫ} all functions

?{δ,ǫ} monotone functions

?{σ,δ} surjective functions

?{σ,ǫ} injective functions

where, say, the last line should be read as follows: the category ?{σ,ǫ}(1) is
equivalent to the category of finite sets and injective functions, and isomor-

phic to its full subcategory whose objects are the sets {0, . . . , i−1} (i ∈ N).

For ?{δ,ǫ}(1), one must take the category of all finite total orders.

3. Kan extensions

We recall that given a functor K : M → C, a left Kan extension of a

functor T : M → A along K is a pair of a functor LanK(T ) : C → A and

a natural transformation ηT : T → LanK(T )K such that (LanK(T ), ηT ) is

universal from T to AK . This means that for any other pair of a functor

S : C → A and a natural transformation α : T → SK there exists a unique
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natural transformation µ : LanK(T ) → S such that α = µK ◦ η. Here we

shall only need to know that the solution of this universal problem is given

by the following formula for LanK(T ):

LanKTC =

∫ m

C[KM,C] · TM

where we use Mac Lane’s notation for coends [24] . Coends are sorts of

colimits (or inductive limits), adapted to the case of diagrams which vary

both covariantly and contravariantly over some parameter: here, M ap-

pears contravariantly in C[KM,C] and covariantly in TM . In the formula,

C[KM,C] ·TM stands for the coproduct of as many copies of TM as there

are morphisms from KM to C.

M

T

��

K // C

LanKT
����
��
��

A

When K is full and faithful, then η is iso, and in particular the tri-

angle commutes (up to isomorphism). When moreover K is the Yoneda

embedding, we get

LanYTX =

∫ M

Xm · TM

When moreover A is a presheaf category SetD, we have (since limits and

colimits of presheaves are pointwise):

LanYTXD =

∫ M

XM × TMD

or, making the quotient involved in the coend explicit:

LanYTXD = (
∑

M

XM × TMD)/ ≈

When ≈ is termwise, i.e. is the disjoint union of equivalences ≈M each on

XM × TMD, we get a formula which will look more familiar to algebraic

operadists:

LanYTXD =
∑

M

(XM ⊗M TMD)

(where we have written (XM × TMD)/≈M as XM ⊗M TMD). In our

examples, ≈ will not always be termwise (it will be in the operad cases, but

not in the clone case).
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4. Kelly’s account of operads

In 1972, Kelly gave the following description of operads [21] (see also [13] ):

1

X ""F
FF

FF
FF

FF
// !1

X⊗

��

Y
// Set?1

LanY(X⊗ )= •Xzztt
tt
tt
tt
t

Set?1

In this diagram, the functor X⊗ associates with n the nth iterated tensor

of X , with respect to the following tensor product structure on Set?1 due

(in a more general setting) to Day [12] :

(X ⊗ Y )p =

∫ m,n

Xm× Y n×?1[m+ n, p]

The n-ary tensor product is described by the following formula (which also

gives the unit of the tensor product, for m = 0):

(X1⊗X2⊗ . . .⊗Xm)p =

∫ n1,...,nm

X1n1× . . .×Xmnm×?1[n1+ . . .+nm, p]

Hence the formula for LanY(X⊗ )Y , which we write Y •X , is

(Y •X)p =
∫m

Ym×X⊗mp
=
∫m,n1,...,nm Ym×Xn1 × . . .×Xnm×?1[n1 + . . .+ nm, p]

In the case of !f this boils down to

(Y •X)p =

∫ m

Ym× (Xp)m

This is because in a cocartesian category, a morphism f : n1+ . . .+nm → p

amounts to morphisms fi ∈?1[ni, p] which allows us to define a map from

Xn1 × . . .×Xnm×?1[n1 + . . .+ nm, p] to (Xp)m as follows:

(a1, . . . , am, f) 7→ (Xf1a1, . . . , Xfmam)

and then to “extend” cocones indexed over m to cocones indexed over

m,n1, . . . , nm.

One can check rather easily that the substitutions operation •, together
with the unit defined by

In =?1[1, n]

provide a (non-symmetric) monoidal structure on Set?1 (for I • X ≈ X ,

one uses the fact that X⊗ is functorial).

When ! is !m, !s, !f , respectively, a monoid for this structure (I, •) is an
operad, a symmetric operad, a clone, respectively.
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5. Operads from analytic functors

Another way to arrive at the operation • just defined is via a different Kan

extension:

?1
⊆
//

X

��

Set

Lan⊆X����
��
��
�

Set

where ⊆ is the faithful (and non full) functor described at the end of Section

2. This is the approach taken by Joyal (for !s) [20] . In Joyal’s language,

X is called a species of structure, and Lan⊆X is the associated analytic

functor, whose explicit formula is (for any set z):

Lan⊆Xz =

∫ m

zm ×Xm

It can be shown that Lan⊆ is faithful. Then Y •X is characterised by the

following equality:

Lan⊆(Y •X) = Lan⊆Y ◦ Lan⊆X

which evidences the fact that • is a composition operation. Indeed, we have:

Lan⊆Y (Lan⊆Xz)
=
∫m

(
∫ n

zn ×Xn)m × Ym

=
∫m,n1,...,nm zn1+...+nm ×Xn1 × . . .×Xnm × Y m

=
∫ p
zp × (

∫m,n1,...,nm Ym×Xn1 × . . .×Xnm×?1[n1 + . . .+ nm, p])

= Lan⊆(Y •X)z

(the summation over p is superfluous since from f ∈?1[n1 + . . .+nm, p] we

get z⊆(f) from zp to zn1+...+nm).

6. Profunctors

Recall that a profunctor (or distributor) [5,6] Φ from C to C′ is a functor

Φ : C×C′op → Set

We write Φ : C + //C′. Composition of profunctors is given by the following

formula:

(Ψ ◦ Φ)(C,C′′) =

∫ C′

Ψ(C′, C′′)× Φ(C,C′)

Therefore, profunctors compose only up to isomorphism. Categories, pro-

functors, and natural transformations form thus, not a 2-category, but a

bicategory [4] .
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The bicategory Prof of profunctors is self-dual, via the isomorphism
op : Prof → Profop which maps C to Cop and Φ : C1 + //C2 to

Φop = ((C2, C1) 7→ Φ(C1, C2)) : C2
op

+ //C1
op

The composition of profunctors can be synthesised via Kan extensions:

Given Φ : C + //C′ and Ψ : C′ + //C′′, consider their “twisted curried”‡

versions Φ′ : C′op → SetC and Ψ′ : C′′op → SetC
′

, defined by Φ′C′C =

Φ(C,C′) and Ψ′C′′C′ = Ψ(C′, C′′). Then it is immediate to check that Ψ◦Φ
is the uncurried version of (LanYΦ′) ◦ Ψ′, as illustrated in the following

diagram:

C′op

Φ′

��

Y
// SetC

′

LanYΦ′

zztt
tt
tt
tt
t

C′′op
Ψ′

oo

(Ψ◦Φ)′

tthhh
hhhh

hhhh
hhhh

hhhh
hhhh

SetC

Now we take “profunctor glasses” to look at Kelly’s and Joyal’s dia-

grams.

• A presheaf X :?1 → Set can be viewed as a profunctor

(n 7→ (· 7→ Xn)) :?1 + //1

• X⊗ can be viewed as a profunctor from ?1 to ?1 (since (?1)op =

!(1op) =!1). Thus the transformation

X :?1 + //1

X⊗ :?1 + //?1

suggests to consider ? as a comonad over Prof.

• The diagram and the formula defining Y •X in Section 4 exhibit Y •X
as the profunctor composition of Y :?1 + //1 and X⊗ :?1 + //?1. But a

better way to put it is that Y •X is the composition of Y and X in the

coKleisli bicategory Prof?, and we shall see that it is indeed the case.

• Joyal’s construction amounts to “taking points”. We first observe that

?∅ = 1, where ∅ is the empty category. (This holds for any of the eight

choices for !.) It follows that ∅ is terminal in Prof?. In this category,

the points of an object C are the morphisms from ∅ to C, i.e., the

‡After the name of Curry, who defined a calculus of functions called combinatory logic,
based on application and a few combinators, and where functions of several arguments
are expressed through repeated applications.
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profunctors from 1 to C, i.e. the presheaves over C. In particular, the

points of 1 are just sets. We shall see that

Prof ?[∅, X ] = Lan⊆X

i.e., that the analytic functor associated with the presheaf X describes

its pointwise behaviour in Prof?.

Our goal is thus to figure out ? as a comonad on Prof. We shall do this

in three steps:

• In Section 7, we show that profunctors arise as a Kleisli category for

the presheaf construction C 7→ SetC
op

.

• In Section 9, we show that all the monads ! of Section 2 distribute over

Psh. Distributive laws are recalled in Section 8. In Section 10, we pause

to explain how both Day’s tensor product and this distributive law can

be synthesised out of considerations of structure preservation.

• in Section 11, we show that this distributive law allows us to extend !

to a monad on Prof, and by self-duality we obtain the comonad ? that

we are looking for.

Warning. In what follows, we ignore coherence issues for simplicity, and

we partially address size issues.

• Coherence issues arise from the fact that we shall compose mor-

phisms using coend formulas, which make sense only up to iso. In

particular, our “distributive law” will in fact be a “pseudo-distributive

law” [10,16,25] .

• Size issues arise from the fact that the presheaf construction is dramati-

cally size increasing. It is therefore in fact simply not rigorous to call Psh

a monad (or even a pseudo-monad) on Cat. But the issue is fortunately

not too severe. In a forthcoming paper, Fiore, Gambino, Hyland, and

Winskel propose a general notion of Kleisli structure, which we shall

sketch here (ignoring again coherence issues), and in which Psh fits.

7. Profunctors as a Kleisli category

If we write a profunctor Φ : C1 + //C2 in (untwisted) curried form

C1 7→ (C2 7→ Φ(C1, C2)) : C1 → SetC2
op

this suggests us to look at the operation Psh on the objects of Cat defined

by Psh(C) = SetC
op

. The idea is to exhibit Psh as a (pseudo-)monad, so
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that profunctors arise as a Kleisli category. We have a good candidate for

the unit η, namely: Y : C → Psh(C).

But the Yoneda functor makes sense only for a locally small category

(one in which all homsets are sets), while it is not clear at all whether Psh

keeps us within the realm of locally small categories, i.e. ifC is locally small,

then SetC
op

is not necessarily locally small. It is neverheless tempting to

go on with a multiplication µ : Set(Set
C

op
)
op

→ SetC
op

given by a left Kan

extension

SetC
op

id

��

Y
// Set(Set

C
op

)
op

µ=LanY(id)wwpp
pp
pp
pp
pp
pp

SetC
op

with explicit formula µ(H)C =
∫ F

HF × FC. But why should a coend on

such a vertiginous indexing collection exist?

We pause here to recall that an equivalent presentation of a monad on

a category C is by means of the following data:

• for each object C of C, an object TC of C, and a morphism ηC ∈
C[C, TC];

• for all objects C,D ofC and each morphism f ∈ C[C, TD], a morphism

f# ∈ C[TC, TD];

satisfying the equations f = f# ◦ η = f, , η# = id , , (g# ◦ f)# = g# ◦ f#.

Let us also recall the definition of the associated Kleisli category CT :

its objects are the objects of C, and one sets CT [C,D] = C[C, TD], with

composition easily defined using the composition inC and the # operation.

It turns out that under this guise, the definition of monad can be gen-

eralised in a way that will fit our purposes. Ignoring coherence issues, a

Kleisli structure (as proposed in [15] ) is given by the following data:

• a collection A of objects of C;

• for each object A in A an object TA of C, and a morphism ηA ∈
C[A, TA];

• for all objects A,B in A and each morphism f ∈ C[A, TB], a morphism

f# ∈ C[TA, TB];

satisfying the same equations. The associated Kleisli category CT has A as

collection of objects, and one sets CT [A,B] = C[A, TB]. We recover the

monads when every object of C is in A. But in general there is no such
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thing as a multiplication, since it is not granted that TTC exists for all C.

We also note that in a Kleisli structure, T is still a functor, not from C to

C, but from C ⇃A (the full subcategory spanned by A) to C.

In our setting, we have C = Cat, and we can take A to consist of the

small categories (in which the objects form a set, as well as all homsets).

Then we have no worry about the coends that we shall write. We complete

the definition of the Kleisli structure with the definition of the # operation.

C

F
��

Y
// SetC

op

F#=LanY(F )||zz
zz
zz
zz

SetD
op

and the explicit formula is F#XD =
∫ C

XC × FCD. It is then an easy

exercise to check that the three equations of a Kleisli structure are satisfied,

and that the composition in the associated Kleisli category coincides with

the composition of profunctors as defined in the previous section.

We end the section with a description of the functorial action of Psh

(on, say, functors between small categories):

Psh(F )XD = (ηPsh ◦ F )#XD =

∫ C

XC ×D[D,FC]

8. Distributive laws

Recall that a distributive law [3] (see also [2] ) is a natural transformation

λ : TS → ST , where (S, ηS , µS) and (T, ηT , µT ) are two monads over the

same category C, satisfying the following laws, expressed in the language

of string diagrams:

EQUATION (λ − ηT ):

S
η

T

λ

T S =

η

S

T
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EQUATION (λ− µT ):

S T T

µ

T

λ

T S =

S T T

λ

S

T λ

T

µ

T S

and two similar equations (λ− µS) and (λ− ηS).

A distributive law allows us to extend T to CS , the Kleisli category of S

(and conversely, such a lifting induces a distributive law such that the two

constructions are inverse to each other).§ The extended T acts on objects

as the old T . On morphisms, its action is described as follows:

C1

C1

f T

C2 S

C2
=

C1 T

C1 T

f

S

λ

C2 T S

C2 T

§ From another standpoint, a distributive law λ : TS → ST also amounts to lifting S to
the category of T -algebras. See Section 10.
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where the box separates the inside which lives in C from the outside which

lives in CS . It is a nice exercise to check that the old and the new T satisfy

T ◦ FS = FS ◦ T
where FS : C → CS is defined by FS(C) = C and FS(f) = ηS ◦ f , and that

the new T is a monad.

In the next section, we want to apply this to S = Psh and T =! . But

S is only a Kleisli structure. Only slight adjustments is needed:

(1) make sure that A is stable under T ;

(2) replace the equation (λ − µS) by the following one (for f : A→ SB):

λB ◦ T (g#) = (λB ◦ Tg)# ◦ λA

9. A !/Psh distributive law

We define a transformation λ : ! ◦ Psh → Psh ◦ !, as follows:
• on objects:

(F1, . . . , Fn) 7→ ((C1, . . . , Cm) 7→∫D1,...,Dn F1D1 × . . .× FnDn×!C[(C1, . . . , Cm), (D1, . . . , Dn)])

• on generating morphisms:

- α : F → G. There is an obvious map from
∫D

FD×!C[C1, . . . , Cm, (D)]

to
∫ D

GD×!C[C1, . . . , Cm, (D)].

- Combinators, say δ : (F ) → (F, F ). We obtain a map

from
∫D

FD × !C[C1, . . . , Cm, (D)]

to
∫D1,D2 FD1 × FD2 × !C[(C1, . . . , Cm, (D1, D2)]

by going

from FD × !C[C1, . . . , Cm, (D)]

to FD × FD × !C[(C1, . . . , Cm, (D,D)]

We verify three of the four equations (leaving the last one – as stated at

the end of Section 8 – to the reader):

(λ − η!). The left hand side is computed by taking the case n = 1 in the

definition of λ, thus we obtain

F 7→ ((C1, . . . , Cm) 7→
∫ D

FD×!C[(C1, . . . , Cm), (D)])

which is the formula for Psh(η!).
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(λ− ηPsh ). We have (at (A1, . . . , An), (C1, . . . Cm)):

∫ D1,...,Dn C[D1, A1]× . . .×C[Dn, An]×!C[(C1, . . . , Cm), (D1, . . . , Dn)]

=!C[(C1, . . . , Cm), (A1, . . . , An)] = Y(A1, . . . , An)(C1, . . . Cm)

(λ − µ!). The left hand side is (at ((F 1
1 , . . . , F

i1
1 ), . . . (F 1

n , . . . , F
in
n )),

(C1, . . . , Cm)):

∫ D1
1,...,D

in
n

F 1
1D

1
1 × . . .× F inn Din

n ×!C[~C, (D1
1, . . . , D

in
n )]

We first compute the upper part (λ!) ◦ (!λ) of the right hand side (at

( ~F1, . . . , ~Fn), ((A
1
1, . . . , A

j1
1 ), . . . , (A1

p, . . . , A
jp
p ))):

∫ ~B1,... ~Bn
∫ D1

1,...,D
in
n

F 1
1D

1
1×· · ·×F inn Din

n ×!C[ ~B1, ~D1]×· · · ×!C[ ~Cn, ~Dn]×!!C[
~~A,
~~B]

=

∫ D1
1,...,D

in
n

F 1
1D

1
1 × . . .× F inn Din

n ×!!C[
~~A,
~~D]

Finally, applying Psh(µ), we get (at
~~F , ~C):

∫ ~A1,..., ~Ap
∫ D1

1,...,D
in
n

F 1
1D

1
1 × · · · × F inn Din

n ×!!C[
~~A,
~~D]×!C[~C, (A1

1, . . . , A
jp
p )]

and we conclude using µ!.

Summarizing, we have the following result:

Proposition 9.1. The transformation λ defines a (pseudo)-distributive

law for any choice among the six !X monads over the presheaf Kleisli struc-

ture.

A similar proposition is proved in [26] : there, the existence of λ is derived

from the fact ! and Psh are both free constructions (the latter being the

free cocompletion, i.e. the free category with all colimits) and commute in

the sense that Psh lifts to the category of !-algebras (cf. Section 2). For

completeness, we sketch this more conceptual approach in the following

section.

On the other hand, the advantage of a “symbol-pushing” proof like the

one presented above is to highlight plainly the “uniformity” in the choice

of any combination X of Burroni’s combinators.
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10. Intermezzo

The reader may have noticed that the formula defining λ proposed in the

last section “looks like” the formula for Day’s tensor product (cf. Section

4). In this section, we actually synthesise the latter formula from consid-

erations of cocontinuity, and then the former one from considerations of

monad lifting. Since this section has merely an explanatory purpose, we

limit ourselves here to the case ! =!∅, and we disregard size issues.

Cocontinuity is at the heart of the presheaf construction. It is well-

known that SetC
op

is the free cocomplete category over C, and that

the unique cocontinuous (i.e., colimit preserving) extension of a functor

F : C → D (where D is cocomplete, i.e., has all colimits) is its left Kan

extension LanY(F ):

C

F

��

Y
// SetC

op

LanYF
zzvv
vv
vv
vv
vv

D

In particular, the fact that LanY(F ) preserves colimits follows from its

being left adjoint to (C 7→ (D 7→ D[FC,D])) (easy check).

We could have defined the “monad” Psh more economically and more

conceptually as the monad arising from the adjunction between Cat and

the category of cocomplete categories. The “brute force” construction of

last section is in any case a good exercise in coend computations.

Although we shall not need it here, it is worth pointing out that the

adjunction is monadic, i.e., that the (pseudo-) Psh-algebras are actually

the cocomplete categories (and hence that there can be at most one Psh-

algebra structure on a given category). This can be proved using Beck’s

characterization of monadic adjunctions (Theorem 4.4.4 of [7] ).

Consider a slightly more general version of Day’s tensor product than

that given in Section 4, with now some monoidal category C in place of !1

(X ⊗ Y )C =

∫ C1,C2

XC1 ×XC2 ×C[C,C1 ⊗ C2]

(thus Day’s tensor depends on the tensor on C). We show that this defini-

tion is entirely determined from the requirements that

• ⊗ extends the tensor product of C (via the Yoneda embedding), and

• ⊗ is cocontinuous in each argument.
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And, of course, Day’s product does satisfy these requirements (easy proof

left to the reader). Recall that Y is dense, i.e., that every preseheaf is a

colimit of representable presheaves (i.e. presheaves of the form Y C), and,

more precisely, that LanYY = id :

X =

∫ D

XD · YD = colim (D,z∈XD)YD

Then, we must have

X ⊗ Y = (colim (D1,z∈XD1)YD1)⊗ Y

= colim(D1,z∈XD1)(YD1 ⊗ Y ) (by requirement 2)

= colim(D1,z∈XD1),(D2,z∈XD2)(YD1 ⊗ YD2) (by requirement 2)

= colim(D1,z∈XD1),(D2,z∈XD2)Y(D1 ⊗D2) (by requirement 1)

=
∫D1,D2(XD1 ×XD2) · Y(D1 ⊗D2)

In other words, Day’s tensor is determined, as announced.

It is shown in [19] that the (2-) adjunction between categories and cocom-

plete categories specialises to an adjunction between monoidal categories

and cocomplete monoidal categories, and that SetC
op

, equipped with Day’s

tensor product, is the free such one. We content ourselves here with the key

verification, namely that when F : C → D is monoidal, then so is its

unique cocontinuous extension F̃ = LanYF . We first compute F̃X1 ⊗ F̃X2

and F̃ (X1 ⊗X2):

F̃X1 ⊗ F̃X2 =
∫ C1,C2(X1C1 ×X2C2) · (FC1 ⊗ FC2) (by cocontinuity)

F̃ (X1 ⊗X2) =
∫ C ∫ C1,C2 X1C1 ×X2C2 ×C[C,C1 ⊗ C2] · FC

=
∫ C1,C2 X1C1 ×X2C2 · F (C1 ⊗ C2)

From this, it follows that the maps FC1 ⊗ FC2 → F (C1 ⊗ C2) induce a

map F̃X1 ⊗ F̃X2 → F̃ (X1 ⊗X2).

As a consequence Psh lifts to (pseudo-) !-algebras, i.e. to monoidal cat-

egories. Given two monads T, S, a lifting of S to the category of T -algebras

consists of a monad S′ on the category of T -algebras such that S, S′ com-

mute with the forgetful functor, and such that the unit and the multi-

plication of S′ are mapped by the forgetful functor to the unit and the

multiplication of S. Here, we take S = Psh and T =!. The lifting S′ maps a

monoidal structure ⊗ on C to the corresponding Day’s monoidal structure

on Psh(C).

We turn back to the general situation. A lifting of S to T -algebras is

equivalent to giving a distributive law λ : TS → ST (cf. Footnote §). One
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defines λ from the data of the lifting as follows:

λC = S′(µC) ◦ TSηC (µ, η relative to T )

(recall that µC is a T -algebra – the free one). This allows us to derive the

distributive law from Day’s tensor product. First, for S = Psh and T =!,

S′(µC) is the Day’s tensor product (G1, . . . , Gn) 7→ G1⊗. . .⊗Gn associated

with the (flattening) tensor product on !C:

(G1 ⊗ . . .⊗Gn)~C =

∫ ~A1,..., ~An

G1
~A1 × . . .×Gn ~An×!C[~C, (A1

1, . . . , A
in
n )]

Then λ is obtained by replacing Gi by Psh(η)(Fi):

∫ ~A1,..., ~An

z1 × . . .× zn×!C[~C, (A1
1, . . . , A

in
n )]

with z1 =
∫ D1 !F1D1×!C[ ~A1, (D1)], . . . , zn =

∫Dn FnDn×!C[ ~An, (Dn)].

This simplifies to the formula given in Section 9.

11. The (bi)category Prof?

We next consider the coKleisli bicategory Prof? = (CatPsh )?. From the

previous sections we know that the monad ! on Cat extends to a (pseudo-)

monad ! on Prof, which under the self-duality of Prof gives a (pseudo-)

comonad ? on Prof. Just as a monad gives rise to a Kleisli category, a

comonad gives rise to a coKleisli category. Here, Prof ? has categories as

objects, while its (1-)morphisms are defined by

Prof?[C,C
′] = Prof [?C,C′]

For X = {σ}, this is the category generalised species of structures of Fiore,

Gambino, Hyland, and Winskel [14] . Also with X = {σ}, the endomor-

phisms in Prof [?C,C] are the C-profiles of Baez and Dolan [1] . ¶ We are

now in a position to round the circle and to show (cf. Theorem 4.1 of [14] for

the case X = {σ}) that the composition in this category coincides with the

substitution operation as defined in Section 4. We decompose all the steps

of the construction.

¶ Baez and Dolan use a variation to synthesise the composition of C-signatures: they
note that Set?C is a free symmetric monoidal cocomplete construction (where the tensor

preserves the colimits in each argument, cf. Section 10), which allows them to identify
C-profiles with the endofunctors on Set

?C that preserve tensor and colimits, and hence
to inherit composition from usual composition of functors.
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(1) Let Φ : C + //C′. Then !Φ : !C + // !C′ is (using λ):

!Φ((C1, . . . , Cn), ~C′) =

∫ D′
1,...,D

′
n

ΦC1D
′
1 × . . .× ΦCnD

′
n×!C′[ ~C′, ~D′]

(1)op We can then define ?Φ = (!Φop)op :

?Φ(~C, (C′
1, . . . , C

′
p) =

∫ D1,...,Dp

ΦD1C
′
1 × . . .× ΦDpC

′
p×?C[ ~D, ~C]

(2) The multiplication of ! viewed as a monad on Prof at C is

(((C1
1 , . . . , C

i1
1 ), . . . , (C1

n, . . . , C
in
n )), ~D) 7→ !C[ ~D, (C1

1 , . . . , C
in
n )] : !!C + // !C)

(2)op Hence the comultiplication δ : ?C + //??C of ? = (C 7→ (!(Cop)op) is

((~C, ((D1
1 , . . . , D

i1
1 ), . . . , (D1

n, . . . , D
in
n ))) 7→?C[(D1

1, . . . , D
in
n ), ~C])

(3) Let Φ :?C + //C′. Then Φ♭ = (?Φ)◦δ :?C + //?C′ is given by the following

explicit formula (on ~C, (C′
1, . . . , C

′
p):

∫ ~A1,..., ~Am

?C[(A1
1, . . . , A

jm
m ), ~C]×(

∫ ~D1,..., ~Dp

Φ ~D1C
′
1×· · ·×Φ ~DpC

′
p×??C[

~~D,
~~A])

=

∫ ~D1,..., ~Dp

Φ ~D1C
′
1 × · · · × Φ ~DpC

′
p×?C[(D1

1 , . . . , D
ip
p ), ~C]

The simplification comes from the functoriality of the multiplication of the

monad ! on Cat (we have µCop :!!Cop →!Cop , which we can view as a

functor from ??C = (!!Cop)op to ?C = (!Cop)op).

Finally, we can compose Φ :?C + //C′ and Ψ :?C′ + //C′′: Ψ • Φ = Ψ ◦ Φ♭.
Explicitly, (Ψ • Φ)(~C,C′′) is given by the following formula:

∫ C′
1,...,C

′
p

Ψ( ~C′, C′′)×
∫ ~D1,..., ~Dp

Φ ~D1C
′
1 × · · · × Φ ~DpC

′
p×?C[(D1

1, . . . , D
ip
p ), ~C]

As promised, we recover Kelly’s (Section 4) and Joyal’s (Section 5)

settings as instances:

(1) When C = C′ = C′′ = 1, then Ψ and Φ are presheaves Y,X , and the

definition boils down to Y •X .

(2) When C = 0 (the initial category) and C′ = C′′ = 1, then Ψ is a

presheaf X , Φ is a set z, and the definition boils down to Lan⊆Xz.
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It is also easily checked that the identity I as defined in Section 4 is indeed

the identity of Prof ?.

We end the section by giving a formula for Ψ • Φ when ! is now an

arbitrary monad (!, η!, µ!) over Cat given together with a distributive law:

λ : ! ◦ Psh → Psh ◦ !. This could open the way for handling variations

on the shapes of operations (the third kind of variation considered in the

introduction) in a profunctor setting.

Recall (Section 6) that given Φ : C + //C′ we write Φ′ for its presentation
as a functor from C′op to SetC. Then we can give abstract versions of the

steps (1)op , (2)op and (3) above, as follows: (we still write ?C = (!Cop)op):

(1)op Given Φ : C + //C′, we can define ?Φ :?C + //?C′ by the equation:

(?Φ)′ = λ◦!(Φ′)

where on the right hand side we apply ! as a functor on Cat.

(2)op The comultiplication δ :?C + //??C is defined by the formula

δ′ = ηPsh ◦ (µ!)Cop

(3) The composition in Prof of Φ′ : C′op → SetC and Ψ′ : C′′op → SetC
′

is defined as Φ′# ◦ Ψ′. Hence, given Φ :?C + //C′, we obtain the following

formula for Φ♭ :?C + //?C′:

Φ♭
′
= (ηPsh ◦ (µ!)Cop )# ◦ λ ◦ (!Φ′) = Psh((µ!)Cop ) ◦ λ ◦ (!Φ′)

Finally, expanding the definition of Psh, we get the following formula for

the composition Ψ • Φ = Ψ ◦ Φ♭ in Prof ?:

(Ψ • Φ)(γ, C′′) =

∫ γ′

Ψ(γ′, C′′)×
∫ δ

λ((!Φ′)γ′)δ×?C[µ!δ, γ]

Following the style of [26] , one may also hide the distributive law and

write

(Ψ • Φ)(γ, C′′) =

∫ γ′

Ψ(γ′, C′′)× γ′(Φ′)γ

where γ′(Φ′)γ = Φ̂(γ, γ′) can be described abstractly as follows. For each

(pseudo-)!-algebra (D, α :!D → D), for each category C, and each object

C of !C, C induces a functor C = DC → D defined as (F 7→ α(!FC)).
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The above formula is obtained by instantiating C, C, D, and α as C′op , γ′,
Set!(C

op), and Psh(µ!) ◦ λ, respectively. That this is a (pseudo)-!-algebra

structure is established using the equalities satisfied by λ.

This leads us to a generalised definition of operad.

Definition 11.1. Given a monad ! on Cat and a distributive law λ :

! ◦ Psh → Psh ◦ !, a C-coloured !-operad is a monoid in Prof?[C,C],

that is, a functor X : ?C × Cop → Set given together with two natural

transformations e : id → X and m : X • X → X satisfying the monoid

laws. A 1-coloured !-operad is called a !-operad.

Hence the non-symmetric operads (resp. symmetric operads, clones) are

the 1-coloured !∅-operads (resp. !{σ}-operads, !{σ,δ,ǫ}-operads), and the non-

symmetric coloured operads (resp. symmetric coloured operads) are the

coloured !∅-operads (resp. coloured !{σ}-operads). Indeed, coloured operads

were defined in this way by Dolan and Baez [1] (though they do not explicate

the underlying distributive law or lifting, cf. Footnote ¶).

12. Cooperads and properads

So far, we have addressed the variation on the “first axis” that goes from

non-symmetric operads to clones. In this section, we address the variation

on the second axis (cooperations, bioperations).

Cooperations are dual to operations. Sets of cooperations are organised

into cooperads, the notion dual to that of operad. One works now in the

Kleisli category Prof !, i.e., a cooperad is a profunctor X : 1 + // !1 with a

monoid structure in Prof !,, and we can vary on the first axis as we did for

operads.

For bioperations, the natural idea is to consider profunctors from ?1

to !1. Such profunctors can compose provided there is a distribitutive law

(another one!) λ : ?X !X → !X?X : given Φ,Ψ :?1 + // !1, we define Ψ • Φ by

composing the comultiplication of ?, ?Φ, λ, !Ψ, and the multiplication of !.

The identity is the composition ot the counit of ? and of the unit of !.

This idea has been carried out in detail by Garner, in the case of X =

{σ} [17] . We set

λ((m1, . . . ,mp), (n1, . . . , nq)) 6= ∅ iff m1 + . . .+mp = n1 + . . .+ nq

and when the equality holds, λ((m1, . . . ,mp), (n1, . . . , nq)) is the set of

permutations s from m1 + . . .+mp to n1 + . . .+ nq such that the graph
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• whose set of vertices is the disjoint union of

{1, . . . , p}, {1, . . .m1 + . . .+mp}, {1, . . . , n1 + . . .+ nq}, and {1, . . . , q}
• and whose set of edges is the union

– of the edges between 1 and 1, . . .m1, between 2 andm1+1, . . . ,m2,

. . . , and between p and mp−1 + 1, . . . ,mp,

– of the edges between i and s(i) (i ≤ m1 + . . .+mp), and

– of the edges between 1, . . . n1 and 1, . . . , and between nq−1 +

1, . . . , nq and q.

is connected. This formalises the idea that when composing two sets of bi-

operations, we are interested primarily in the compositions that preserve

connectedness. More precisely, composition of properations has both a ver-

tical aspect and a horizontal aspect. The distributive law takes care of the

vertical aspect. Disjoint connected compositions can be placed in parallel

and composed horizontally. Thus, a full categorical account requires a dou-

ble category setting, that takes care of these two aspects. We refer to [17] for

details.

Monoids for this composition operation provide an analogue of operads

for bioperations, and forX = {σ} and λ as described above, what we obtain

(replacing Set by Vect) is exactly the notion of properad introduced by

Vallette in his Thèse de Doctorat [27,28] .

Acknowledgements. I collected the material presented here for an in-

vited talk at the conference Operads 2006. When preparing this talk, I

benefited a lot from discussions with Marcelo Fiore and Martin Hyland. The

string diagrams have been drawn with strid, a tool due to Samuel Mim-

ram and Nicolas Tabareau (http://strid.sourceforge.net/). I also wish

to thank the anonymous referee for his helpful remarks. He in particular

pointed out an alternative way to address the size issue, namely to restrict

attention to presheaves that are limits of small diagrams of representables.

References

1. J. Baez and J. Dolan, Higher-dimensional algebra III: n-categories and the
algebra of opetopes, Advances in Mathematics 135, 145206 (1998).

2. M. Barr and C. Wells, Toposes, triples and theories, Springer-Verlag (1985).
3. J. Beck, Distributive laws, Lecture Notes in Mathematics 80, 119-140 (1969).
4. J. Bénabou, Introduction to bicategories, Lecture Notes in Mathematics 40,

1-77 (1967).
5. J. Bénabou, Les distributeurs, Université Catholique de Louvain, Institut de
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1. Introduction

In Ref. 16, J.-L. Loday introduces a non-antisymmetric version of Lie al-

gebras, whose bracket satisfies the Leibniz relation and therefore is called

Leibniz algebra. The Leibniz relation, combined with antisymmetry, is a

variation of the Jacobi identity, hence Lie algebras are anti-symmetric Leib-

niz algebras. In Ref. 17, Loday also introduces an associative version of

Leibniz algebras, called associative dialgebras, equipped with two binary

operations, ⊢ and ⊣, which satisfy the five relations (see the axiom (Ass)

in Section 2). These identities are all variations of the associative law, so

associative algebras are dialgebras for which the two products coincide. The

peculiar point is that the bracket [a, b] =: a ⊢ b− b ⊣ a defines a (left) Leib-

niz algebra which is not antisymmetric, unless the left and right products
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coincide. Hence dialgebras yield a commutative diagram of categories and

functors

Dias
−→ Leib

↓ ↓
As

−→ Lie

Recently associative super dialgebras and Leibniz superalgebras were

studied in Refs. 1,10,14, etc.. The structure of Lie algebras, Lie superal-

gebras and Leibniz algebras graded by finite root systems was studied in

several papers (Refs. 2–9,13, etc.). In this paper we determine the structure

of Leibniz superalgebras graded by the root systems of the basic classical

simple Lie superalgebras.

The paper is organized as follows. In Section 2, we recall some notions

of Leibniz superalgebras and superdialgebras. In Section 3, we give the

definition and some properties of Leibniz superalgebras graded by finite

root systems. In Section 4 and Section 5, we mainly determine the structure

of Leibniz superalgebras graded by the root systems of types A(m,n) and

C(n), D(m,n), D(2, 1;α), F (4), G(2). Throughout this paper, K denotes

a field of characteristic 0.

2. Associative super dialgebras and leibniz superalgebras

We recall some notions of associative super dialgebras and Leibniz super-

algebras and their (co)homology as defined in Refs. 10 and 14.

2.1. Associative super dialgebras

Definition 2.1.17 An associative dialgebra D over K is a K-vector space

with two operations ⊣,⊢: D ⊗ D → D, called left and right products,

satisfying the following five axioms:

(Ass)





a ⊣ (b ⊣ c) = (a ⊣ b) ⊣ c = a ⊣ (b ⊢ c),
(a ⊢ b) ⊣ c = a ⊢ (b ⊣ c),
(a ⊢ b) ⊢ c = a ⊢ (b ⊢ c) = (a ⊣ b) ⊢ c.

Obviously an associative dialgebra is an associative algebra if and only

if a ⊣ b = a ⊢ b = ab.

An associative super dialgebra over K is a Z2-graded K-vector space D

with two operations ⊣,⊢: D ⊗D → D, satisfying the axiom (Ass) and

Dσ ⊣ Dσ′ , Dσ ⊢ Dσ′ ⊂ Dσ+σ′ , ∀σ, σ′ ∈ Z2.
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An associative super dialgebra is called supercommutative if a ⊢ b =

(−1)|a||b|b ⊣ a for all a, b ∈ D. A associative super dialgebra is called unital

if it is given a specified bar-unit: an element 1 ∈ D which is a unit for the left

and right products only on the bar-side, that is 1 ⊢ a = a = a ⊣ 1, for any

a ∈ D. Denote by SDias, SAs the categories of associative super dialgebras

or associative superalgebras over K respectively. Then the category SAs is

a full subcategory of SDias.

Examples. 1. Obviously, an associative super dialgebra is an associative

superalgebra if a ⊣ b = a ⊢ b = ab. An associative dialgebra is a trivial

associative super dialgebra.

2. Super differential dialgebra. Let (A = A0̄ ⊕ A1̄, d) be a differential

associative super algebra(|d| = 0̄). So by hypothesis, d(ab) = (da)b+adb and

d2 = 0. Define left and right products on A by the formulas x ⊣ y = xdy and

x ⊢ y = (dx)y. Then A equipped with these two products is an associative

super dialgebra.

3. Tensor product. If D and D′ are two associative super dialgebras,

then the tensor product D ⊗D′ is also a super dialgebra with

(a⊗ a′) ⋆ (b⊗ b′) = (−1)|a
′||b|(a ⋆ b)⊗ (a′ ⋆ b′) (2.1)

for ⋆ =⊣,⊢ .
For instance,Mm+n(D) :=Mm+n(K)⊗D is an associative super dialge-

bra if D is an associative super dialgebra andMm+n(K) is the superalgebra

of all (m+ n)× (m+ n)-matrices over K.

4. The free associative super dialgebra (see Ref. 14 in details) on a

Z2-graded vector space V is the dialgebra Dias(V ) = T (V ) ⊗ V ⊗ T (V )

equipped with the induced Z2-gradation.

2.2. Leibniz superalgebra

Definition 2.2.10 A Leibniz superalgebra is a Z2-graded vector space L =

L0̄ ⊕L1̄ over a field K equipped with a K-bilinear map [−,−] : L×L→ L

satisfying

[Lσ, Lσ′ ] ⊂ Lσ+σ′ , ∀σ, σ′ ∈ Z2

and the Leibniz superidentity

[[a, b], c] = [a, [b, c]]− (−1)|a||b|[b, [a, c]], ∀ a, b, c ∈ L. (2.2)
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Obviously, L0̄ is a Leibniz algebra. Moreover any Lie superalgebra is a

Leibniz superalgebra and any Leibniz algebra is a trivial Leibniz superal-

gebra. A Leibniz superalgebra is a Lie superalgebra if and only if

[ a, b ] + (−1)|a||b|[b, a] = 0, ∀ a, b ∈ L. (2.3)

Examples. 1. Let g be a Lie superalgebra,D be a unital supercommutative

associative super dialgebra, then g ⊗ D with Leibniz bracket [x ⊗ a, y ⊗
b] = (−1)|a||y|[x, y] ⊗ (a ⊢ b) is a Leibniz superalgebra. Let g be a basic

classical simple Lie superalgebra which is not of type A(n, n), n ≥ 1, then

g̃ = g⊗D ⊕ Ω1
D with the bracket

[x⊗a, y⊗b] = (−1)|a||y|
(
[x, y]⊗(a ⊢ b)+(x, y)b ⊣ da

)
, ∀a, b ∈ D, x, y ∈ g,

(2.4)

[Ω1
D, g̃] = 0 (2.5)

is also a Leibniz superalgebra, where (−,−) is an even invariant bilinear

form of g, Ω1
D is defined in Ref. 12 (also see Ref. 14). In fact it is the

universal central extension of g⊗D (see Ref. 14 in details).

2. Tensor product. Let g be a Lie superalgebra, then the bracket

[x⊗ y, a⊗ b] = [[x, y], a]⊗ b+ (−1)|a||b|a⊗ [[x, y], b] (2.6)

defines a Leibniz superalgebra structure on the vector space g ⊗ g (see

Ref. 11 for that in Leibniz algebras case).

3. The general linear Leibniz superalgebra gl(m,n,D) is generated by all

n×n matrices with coefficients from a dialgebraD, and m,n ≥ 0, n+m ≥ 2

with the bracket

[Eij(a), Ekl(b)] = δjkEil(a ⊢ b)− (−1)τijτklδilEkj(b ⊣ a), (2.7)

for all a, b ∈ D.

Clearly, gl(m,n,D) is a Leibniz superalgebra. If D is an associative

superalgebra, then gl(m,n,D) becomes a Lie superalgebra.

By definition, the special linear Leibniz superalgebra with coefficients in

D is

sl (m,n,D) := [ gl(m,n,D), gl(m,n,D) ].

Notice that if n 6= m the Leibniz superalgebra sl (m,n,D) is simple.

The special linear Leibniz superalgebra sl (m,n,D) has generators

Eij(a), 1 ≤ i 6= j ≤ m+ n, a ∈ D, which satisfy the following relations:

[Eij(a), Ekl(b)] = 0 if i 6= l and j 6= k;

[Eij(a), Ekl(b)] = Eil(a ⊢ b) if i 6= l and j = k;

[Eij(a), Ekl(b)] = −(−1)τijτklEkj(b ⊣ a) if i = l and j 6= k,
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4. The Steinberg Leibniz superalgebra stl (m,n,D) (Ref. 12) is a Leibniz

superalgebra generated by symbols uij(a), 1 ≤ i 6= j ≤ n, a ∈ D, subject

to the relations

vij(k1a+ k2b) = k1vij(a) + k2vij(b), for a, b ∈ D, k1, k2 ∈ K;

[vij(a), vkl(b)] = 0, if i 6= l and j 6= k;

[vij(a), vkl(b)] = vil(a ⊢ b) if i 6= l and j = k;

[vij(a), vkl(b)] = −(−1)τijτklvkj(b ⊣ a) if i = l and j 6= k,

where 1 ≤ i 6= j ≤ m + n, a ∈ D. It is clear that the last two relations

make sense only if m + n ≥ 3. See Refs. 12 and 15 for more details about

the Steinberg Leibniz superalgebra.

We also denote by SLeib, SLie the categories of Leibniz superalgebras

and Lie superalgebras over K respectively.

For any associative super dialgebra D, if we define

[x, y] = x ⊢ y − (−1)|x||y|y ⊣ x, (2.8)

then D equipped with this bracket is a Leibniz superalgebra. We denoted

it by DL. The canonical morphism D → DL induces a functor (−) :

SDias→SLeib.

Remark. For an associative super dialgebra D, if we define

[x, y] = x ⊣ y − (−1)|x||y|y ⊢ x, (2.9)

then (D, [, ]) is a right Leibniz superalgebra in the sense of Ref. 18.

For a Leibniz superalgebra L, let LLS be the quotient of L by the ideal

generated by elements [x, y] + (−1)|x||y|[y, x], for all x, y ∈ L. It is clear

that LLS is a Lie superalgebra. The canonical epimorphism : L → LLS is

universal among the maps from L to Lie superalgebras. In other words the

functor (−)LS : SLeib→SLie is left adjoint to inc : SLie→SLeib.

Moreover we have the following commutative diagram of categories and

functors

SDias
−→ SLeib

↓ ↓
SAs

−→ SLie

As in the Leibniz algebra case, the universal enveloping super associative

dialgebra (Ref. 14) of a Leibniz superalgebra L is

Ud(L) := (T (L)⊗ L⊗ T (L))/{[x, y]− x ⊢ y + (−1)|x||y|y ⊣ x|x, y ∈ L}.
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Proposition 2.1.14 The functor Ud : SLeib → SDias is left adjoint to

the functor − : SDias → SLeib.

Let L be a Leibniz superalgebra. We call a Z2-graded space M =M0̄ ⊕
M1̄ a left L-module if there is a bilinear map:

[−,−] : L×M →M

satisfying the following axiom

[[x, y],m] = [x, [y,m]]− (−1)|x||y|[y, [x,m]],

for any m ∈ M and x, y ∈ L. In this case we also say ϕ : L →
EndKM, ϕ(x)(m) = [x,m] is a left representation of L.

Clearly, if L is a Lie superalgebra, then M is just the left L-module in

the Lie superalgebra case.

Suppose that L is a Leibniz superalgebra over K. For any z ∈ L, we

define ad z ∈ EndkL by

ad z(x) = [z, x], ∀x ∈ L. (2.10)

It follows from (2.2) that

ad z([x, y]) = [ad z(x), y] + (−1)|z||x|[x, ad z(y)] (2.11)

for all x, y ∈ L. This says that ad z is a super derivation of degree |z| of L.
We also call it the inner derivation of L.

For a Lie superalgebra L, HL1(L,M) = H1(L,M), where H1(L,M)

(resp. HL1(L,M)) denotes the first cohomology groups of L in the category

of Lie (resp. Leibniz) superalgebras (see Ref. 16).

2.3. Leibniz algebras graded by finite root systems

Now we recall some notions of Leibniz algebras graded by finite root systems

defined as in Ref. 13.

Definition 2.3.13 A Leibniz algebra L over a field K of characteristic 0 is

graded by the (reduced) root system ∆ or is ∆-graded if

(1) L contains as a subalgebra a finite-dimensional simple Lie algebra

ġ = H ⊕⊕α∈∆ ġα whose root system is ∆ relative to a split Cartan sub-

algebra H = ġ0;

(2) L =
⊕

α∈∆∪{0} Lα, where Lα = {x ∈ L | adh(x) = [h, x] =

α(h)x, ∀h ∈ H} for α ∈ ∆ ∪ {0}; and
(3) L0 =

∑
α∈∆[Lα, L−α].
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Remarks.

1. The conditions for being a ∆-graded Leibniz algebra imply that L is

a direct sum of finite-dimensional irreducible Leibniz representations of ġ

whose highest weights are roots, hence are either the highest long root or

high short root or are 0.

2. If L is ∆-graded then L is perfect (i.e. [L,L] = L). Indeed the result

follows from Lα = [Lα, H ] for all α ∈ ∆ and (3) above.

In Ref. 13, the structure of Leibniz algebras graded by the root systems

of types A,D,E was determined by using the methods in Ref. 9. In fact we

have

Theorem 2.1.13 Let L be a Leibniz algebra over K graded by the root

system ∆ of type Xl (l ≥ 2) (Xl = Al, Dl, El) .

(1) If Xl = Al, l ≥ 3, then there exists a unital associative K-dialgebra

R such that L is centrally isogenous with sl (l + 1, R), .

(2) If Xl = Al, l = 2, then there exists a unital alternative K-dialgebra R

such that L is centrally isogenous with the Steinberg Leibniz algebra stl (l+

1, R), where stl (l+1, R) defined in Ref. 12 (also see the example 4 in Section

2.2).

(3) If Xl = Dl (l ≥ 4), El (l = 6, 7, 8), then there exists a unital associa-

tive commutative K-dialgebra A such that L is centrally isogenous with the

Leibniz algebra ġ⊗R.

Remark. Two perfect Lie algebras L1 and L2 are called centrally isogenous

if they have the same universal central extension (up to isomorphism).

3. Leibniz superalgebras graded by finite root systems

In this section, we shall study the structure of Leibniz superalgebras graded

by finite root systems.

Motivated the definitions of Lie superalgebras and Leibniz algebras

graded by finite root systems defined in Refs. 4–6 and 13, we give the

following definition.

Definition 3.1. A Leibniz superalgebra L over a field K of characteristic

0 is graded by the (reduced) root system ∆ or is ∆-graded if

(1) L contains as a subsuperalgebra a finite-dimensional split simple

basic Lie superalgebra g = H ⊕⊕α∈∆ gα whose root system ∆ is relative

to a split Cartan subalgebra H = g0;

(2) L =
⊕

α∈∆∪{0} Lα, where Lα = {x ∈ L | adh(x) = [h, x] =

α(h)x, ∀h ∈ H} for α ∈ ∆ ∪ {0}; and
(3) L0 =

∑
α∈∆[Lα, L−α].
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Remarks.

1. If L is ∆-graded then L is perfect. Indeed the result follows from

Lα = [H,Lα] for all α ∈ ∆ and (3) above.

2. The Steinberg Leibniz superalgebra stl (m,n,D) (m 6= n) is graded

by the root system of type Am−1,n−1.

We would like to view L as a left g-module in order to determine the

structure of L. The following result plays a key role in examining ∆-graded

Leibniz superalgebras. It follows from the Lemma 2.2 in Ref. 6.

Lemma 3.1. Let L be a ∆-graded Leibniz superalgebra, and let g be its

associated split simple basic Lie superalgebra. Then L is locally finite as a

module for g.

As a consequence, each element of a ∆-graded Leibniz superalgebra L, in

particular each weight vector of L relative to the Cartan subalgebra H of g,

generates a finite-dimensional g-module. Such a finite-dimensional module

has a g-composition series whose irreducible factors have weight which are

roots of g or 0. Next we determine which finite-dimensional irreducible g-

modules have nonzero weights that are roots of g.

Throughout this paper we will identify the split simple Lie superalgebras

g of type A(m,n), m > n ≥ 0, with the special linear Lie superalgebra

sl (m + 1, n + 1). For simplicity of notation, set p = m + 1, q = n + 1, so

g = sl (p, q), p > q ≥ 1.

Proposition 3.1.4,5 Let g be a split simple Lie superalgebra of type

A(m,n), with m ≥ n ≥ 0,m + n ≥ 1, or C(n), D(m,n), D(2, 1;α) (α 6∈
{0,−1}), F (4), G(2). The only finite-dimensional irreducible left g-modules

whose weights relative the Cartan subalgebra of diagonal matrices (modulo

the center if necessary) are either roots or 0 are exactly the adjoint and the

trivial modules (possibly with the parity changed).

Proposition 3.2.4,5 Let g be a split simple Lie superalgebra of type

A(m,n) (m > n ≥ 0) or C(n), D(m,n), D(2, 1;α) (α 6∈ {0,−1}), F (4),
G(2), with split Cartan subalgebra H. Assume V is a locally finite left g-

module satisfying

(i) H acts semisimply on V ;

(ii) any composition factor of any finite-dimensional right submodule of

V is isomorphic to the adjoint representation g or to a trivial representa-

tion.

Then V is completely reducible.
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Proposition 3.3.4 Let g be a split simple Lie superalgebra of type A(m,n),

with m > n ≥ 0. Then Hom g(g⊗ g, g) is two-dimensional and spanned by

the Lie (super) bracket and by the map given by (x, y) 7→ x ∗ y = xy +

(−1)|x||y|yx− 2
m−nstr(xy)I, for any x, y ∈ g = sl (m+ 1, n+ 1).

4. The structure of the A(m,n)-graded Leibniz

superalgebras (m > n)

The results of Section 2 show that any A(m,n)-graded Leibniz superalge-

bra L with m > n ≥ 0 is the direct sum of adjoint and trivial modules

(possibly with a change of parity) for the grading subalgebra g. After col-

lecting isomorphic summands, we may suppose that there are superspaces

A = A0̄⊕A1̄ and D = D0̄⊕D1̄ so that L = (g⊗A)⊕D, and a distinguished

element 1 ∈ A0̄ which allows us to identify the grading subalgebras g with

g⊗ 1. Observe first that D is a subsuperalgebra of L since it is the (super)

centralizer of g.

To determine the multiplication on L, we may apply the same type of

arguments as in Ref. 5. Indeed, fix homogeneous basis elements {ai}i∈I of

A and choose ai, aj , ak with i, j, k ∈ I, we see that the projection of the

product [g⊗ai, g⊗aj] onto g⊗ak determines an element of Hom g(g⊗g, g),

which is spanned by the Leibniz supercommutator. Then there exist scalars

ξki,j and θki,j so that

[x⊗ai, y⊗aj]|g⊗A = (−1)|ai||y|
(
[x, y]⊗ (

∑

k∈I
ξki,jak) + x ∗ y ⊗ (

∑

k∈I
θki,jak)

)

Define ◦ : A × A → A by ai ◦ aj = 2
∑
k∈I ξ

k
i,jak, and [, ] : A × A → A

by [ai, aj ] = 2
∑
k∈I θ

k
i,jak and extending them bilinearly, we obtain two

products “◦” and “[ , ]” on A.

Taking into account that Hom g(g⊗ g, K) is spanned by the supertrace,

we see that there exists a bilinear form 〈, 〉 : A×A→ D and an even bilinear

map D × A → A : (d, a) → da with d1 = 0 such that the multiplication in

L is given by

[f ⊗ a, g ⊗ b] = (−1)|a||g|
(
[f, g]⊗ 1

2
a ◦ b + f ∗ g ⊗ 1

2
[a, b] + str(fg)〈a, b〉

)
,

(4.1)

[d, f ⊗ a] = (−1)|d||f |f ⊗ da, (4.2)

for homogeneous elements f, g ∈ g, a, b ∈ A, d ∈ D. Additionally, 1◦a = 2a

and [1, a] = 0 for all a ∈ A.
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There are two unital multiplications ⊣ and ⊢ on A such that

a ◦ b = a ⊢ b+ (−1)|a||b|b ⊣ a, (4.3)

[a, b] = a ⊢ b − (−1)|a||b|b ⊣ a, (4.4)

for any homogeneous elements a, b ∈ A. Moreover by setting a = 1, we have

1 ⊢ b = b ⊣ 1 = b, so the dialgebra A is unital.

Now the Jacobi superidentity [[z1, z2], z3] = [z1, [z2, z3]] − (−1)|z1||z2|

[z2, [z1, z3]], when specialized with homogeneous elements d1, d2 ∈ D and

f ⊗ a ∈ g ⊗ A, shows that φ : D → EndK(A) : φ(d)(a) = da, is a left

representation of the Leibniz superalgebra D. When it is specialized with

homogeneous elements d ∈ D and f ⊗ a, g ⊗ b ∈ g⊗A, we obtain

[d, [f ⊗ a, g ⊗ b]] = [[d, f ⊗ a], g ⊗ b] + (−1)|d|(|f |+|a|)[f ⊗ a, [d, g ⊗ b]],

and using (4.1) and (4.2), we see that this is same as:

(−1)|d|(|f |+|g|)(−1)|a||g|
(
[f, g]⊗

1

2
d(a ◦ b) + f ∗ g ⊗

1

2
d([a, b]) + str(fg)[d, 〈a, b〉]

)

= (−1)|d||f |(−1)|d|+|a||g|

(
[f, g]⊗

1

2
da ◦ b) + f ∗ g ⊗

1

2
[da, b] + str(fg)〈da, b〉

)

+ (−1)|d|(|f |+|g|+|a|)(−1)|a||g|
(
[f, g]⊗

1

2
a ◦ db+ f ∗ g ⊗

1

2
[a, db] + str(fg)〈a, db〉

)
.

When f = E1,2 and g = E2,1, the elements [f, g] and f ∗ g are linearly

independent and str(fg) = 1. Hence we have

(i) d(a ◦ b) = (da) ◦ b+ (−1)|d||a|a ◦ (db),
(ii) d([a, b]) = [da, b] + (−1)|d||a|[a, db],
(iii) [d, 〈a, b〉] = 〈da, b〉+ (−1)|d||a|〈a, db〉,
for any homogeneous d ∈ D and a, b ∈ A.

Items (i) and (ii) can be combined to give that

φ is a left representation as superderivations : φ : D → DerK(A). (4.5)

While (iii) says that

〈 , 〉 is invariant under the action of D. (4.6)

For f ⊗ a, g ⊗ b, h⊗ c ∈ g⊗A, the Jacobi superidentity is equivalent to

the following two relations (g⊗A and D components):

(⋆)
(
str([f, g]h)〈1

2
a ◦ b, c〉+ str((f ∗ g)h)〈1

2
[a, b], c〉

)

−
(
str(f [g, h])〈a, 1

2
b ◦ c〉+ str(f(g ∗ h))〈a, 1

2
[b, c]〉

)
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+ (−1)(|f ||g|+|a||b|)
(
str(g[f, h])〈b, 1

2
a ◦ c〉+ str(g(f ∗ h))〈b, 1

2
[a, c]〉

)

= 0.

and

(⋆⋆)
(
[[f, g], h]⊗ 1

4
(a ◦ b) ◦ c+ [f, g] ∗ h⊗ 1

4
[a ◦ b, c]

+[f ∗ g, h]⊗ 1

4
[a, b] ◦ c+ (f ∗ g) ∗ h⊗ 1

4
[[a, b], c] + str(fg)h⊗ 〈a, b〉c

)

−
(
[f, [g, h]]⊗ 1

4
a ◦ (b ◦ c) + f ∗ [g, h]⊗ 1

4
[a, b ◦ c]

+[f, g ∗ h]⊗ 1

4
a ◦ [b, c] + f ∗ (g ∗ h)⊗ 1

4
[a, [b, c]]

+(−1)|a|(|g|+|h|)str(gh)[f ⊗ a, 〈b, c〉]
)

+ (−1)|f ||g|+|a||b|
(
[g, [f, h]]⊗ 1

4
b ◦ (a ◦ c) + g ∗ [f, h]⊗ 1

4
[b, a ◦ c]

+[g, f ∗ h]⊗ 1

4
b ◦ [a, c] + g ∗ (f ∗ h)⊗ 1

4
[b, [a, c]]

+(−1)|b|(|f |+|h|)str(fh)[g ⊗ b, 〈a, c〉]
)

= 0.

The formula (⋆) can be written as

str(fgh)
(
〈a ⊢ b, c〉 − 〈a, b ⊢ c〉 − (−1)|a|(|b|+|c|)〈b, c ⊣ a〉

)

− (−1)|g||h|+|a||b|str(fhg)
(
〈b ⊣ a, c〉 − 〈b, a ⊢ c〉 − (−1)|b|(|a|+|c|)〈a, c ⊣ b〉

)

= 0.

Then we have

〈a ⊢ b, c〉 = 〈a, b ⊢ c〉+ (−1)|a|(|b|+|c|)〈b, c ⊣ a〉, (4.7)

〈a ⊢ b, c〉 = 〈a ⊣ b, c〉. (4.8)

The formula (⋆⋆) can be written as:

(⋆ ⋆ ⋆) fgh⊗
(
(a ⊢ b) ⊢ c− a ⊢ (b ⊢ c)

)

− (−1)|f ||g|+|a||b|gfh⊗
(
(b ⊣ a) ⊢ c− b ⊢ (a ⊢ c)

)

+ (−1)(|f |+|g|)|h|+(|a|+|b|)|c|hfg ⊗
(
(c ⊣ a) ⊣ b− c ⊣ (a ⊢ b)

)

+ (−1)(|h|+|g|)|f |+(|c|+|b|)|a|ghf ⊗
(
(b ⊢ c) ⊣ a− b ⊢ (c ⊣ a)

)

+ (−1)|h||g|+|c||b|fhg

⊗
(
(a ⊢ c) ⊢ b− a ⊢ (c ⊣ b)

)
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− (−1)(|h||g|+|f ||g|+|f ||h|+|c||b|+|a||b|+|a||c|hgf

⊗
(
(c ⊣ b) ⊣ a− c ⊣ (b ⊣ a)

)

− str(fg)

(
1

m− n
h⊗ [[a, b], c]− h⊗ 〈a, b〉c

)

+ str(gh)

(
1

m− n
f ⊗ [a, [b, c]]− (−1)|a|(|g|+|h|)[f ⊗ a, 〈b, c〉]

)

− (−1)|f ||g|+|a||b|str(fh)(
1

m− n
g ⊗ [b, [a, c]]− (−1)|b|(|f |+|h|)[g ⊗ b, 〈a, c〉]

)

− 1

m− n
str(fgh)I ⊗

(
[a ⊢ b, c]− [a, b ⊢ c]− (−1)|a|(|b|+|c|)[b, c ⊣ a]

)

+ (−1)|f ||g|+|a||b| 1

m− n
str(gfh)I

⊗
(
[b ⊣ a, c]− (−1)|b|(|a|+|c|)[a, c ⊣ b]− [b, a ⊢ c]

)

= 0.

Set f = E12, g = E23, h = E31 in (⋆ ⋆ ⋆), if m ≥ 2 then by |f | = |g| =
|h| = 0̄ and the independent of E11, E22, E33, I, we have:

(a ⊢ b) ⊢ c = a ⊢ (b ⊢ c), (4.9)

(b ⊢ c) ⊣ a = b ⊢ (c ⊣ a), (4.10)

(c ⊣ a) ⊣ b = c ⊣ (a ⊢ b). (4.11)

Similarly by setting f = E31, g = E23, h = E12, we can obtain

(c ⊣ b) ⊣ a = c ⊣ (b ⊣ a), (4.12)

(b ⊣ a) ⊢ c = b ⊢ (a ⊢ c), (4.13)

so A is an associative super dialgebra.

If m = 1, then |f | = 0̄ and |g| = |h| = 0̄. The expression in (⋆ ⋆ ⋆)

is a linear combination of E11, E22, E33 with coefficients in A. By direct

calculation we also obtain that A is associative.

Then (⋆ ⋆ ⋆) becomes

− str(fg)

(
1

m− n
h⊗ [[a, b], c]− h⊗ 〈a, b〉c

)

+ str(gh)

(
1

m− n
f ⊗ [a, [b, c]]− (−1)|a|(|g|+|h|)[f ⊗ a, 〈b, c〉]

)
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− (−1)|f ||g|+|a||b|str(fh)(
1

m− n
g ⊗ [b, [a, c]]− (−1)|b|(|f |+|h|)[g ⊗ b, 〈a, c〉]

)

= 0.

Then

〈a, b〉c = 1

m− n
[[a, b], c] (4.14)

and

[f ⊗ a, 〈b, c〉] = 1

m− n
f ⊗ [a, [b, c]] (4.15)

since |g|+ |h| = 0̄ if str(gh) 6= 0.

In this way, we have arrived at our main Theorem. The last sentence in

it is a consequence of condition (3) in Definition 3.1.

Theorem 4.1. Assume L = g ⊗ A ⊕ D is a superalgebra over a field

K of characteristic 0 where g = sl (m + 1, n + 1),m > n ≥ 0, A is a

unital associative super dialgebra, and D is a Leibniz superalgebra, and

with multiplication as in (4.1) and (4.2). Then L is a Leibniz superalgebra

if and only if

(1) A is an associative super dialgebra,

(2) D is a Leibniz subsuperalgebra of L and φ : D → DerK(A)(φ(d)a =

da) is a left representation of D as superderivations on the dialgebra A,

(3) [d, 〈a, b〉] = 〈da, b〉+ (−1)|d||a|〈a, db〉,
(4) (4.7), (4.8) and (4.14), (4.15) hold,

for any homogeneous elements d ∈ D and a, b, c ∈ A.

Moreover, the A(m,n)-graded Leibniz superalgebras (for m > n ≥ 0)

are exactly these superalgebras with the added constraint that

D = 〈A,A〉.

Remark. Let A be any unital associative super dialgebra. Then ad [A,A]

is a subsuperalgebra of DerK(A) (it is a Lie superalgebra). Consider the

Leibniz superalgebra

L(A) := (g⊗A)⊕ ad [A,A],

with g = sl (m + 1, n+ 1)(m > n ≥ 0), with multiplication given by (4.1)

and (4.2) in place of D and with 〈a, b〉 = 1
m−nad [a,b] for any a, b ∈ A. Then

Theorem 4.1 shows that L(A) is an A(m,n)-graded Leibniz superalgebra.

Moreover for any A(m,n)-graded Leibniz superalgebra L with coordinate
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associative super dialgebra A, Theorem 4.1 implies that L/Z(L) ∼= L(A).

Thus L is a cover of L(A).

Corollary 4.1. The A(m,n)-graded Leibniz superalgebras (for m > n ≥ 0)

are precisely the Leibniz superalgebras which are centrally isogeneous to

the Leibniz superalgebra sl (m + 1, n + 1, A) for a unital associative super

dialgebra A.

Remarks. 1. The situation when m = n in A(m,n) is much more involved

than the case of m 6= n, due to the fact that the complete reducibility

in Proposition 3.4 no longer valid in this case. However, using the similar

consideration as above and that in Ref. 7, we can also obtain the following

result.

Theorem 4.2. Let L be a Leibniz superalgebra graded by g, which is a split

simple classical Lie superalgebra of type A(n, n)(n > 1). Then there exists

a unital associative super dialgebra D such that it is centrally isogenous to

sl(n+ 1, D) = [gl(n+ 1)⊗D, gl(n+ 1)⊗D].

2. For a unital associative dialgebra A, the universal central extension

of the Leibniz superalgebra sl (m,n,A) with m 6= n and m + n ≥ 3 has

been shown to be the Steinberg Leibniz supergebra stl (m,n,A) in Ref. 12.

5. The structure of ∆-graded Leibniz superalgebras of

other types

It follows from Proposition 3.4 that every Leibniz superalgebra graded by

the root system C(n), D(m,n), D(2, 1;α) (α 6∈ {0,−1}), F (4), or G(2)
decomposes as a g-module into a direct sum of adjoint modules and trivial

modules. The next general result describes the structure of Leibniz super-

algebras L having such decompositions, which is essentially same as the

Lemma 4.1 in Ref. 5.

Lemma 5.1. Let L be a Leibniz superalgebra over K with a subsuperalgebra

g, and assume that under the adjoint action of g, L is a direct sum of

(1) copies of the adjoint module g,

(2) copies of the trivial module K.

Assume that

(3) dimHom g(g⊗g, g) = 1 so that Hom g(g⊗g, g) is spanned by x⊗y →
[x, y].

(4) Hom g(g⊗ g, K) = Kκ, where κ is even, non-degenerate and super-

symmetric, and the following conditions hold:
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(5) There exist f, g ∈ g0̄ such that [f, g] 6= 0 and κ(f, g) 6= 0,

(6) There exist f, g, h ∈ g0̄ such that [f, h] = [g, h] = 0 and κ(f, h) =

κ(g, h) = 0 6= κ(f, g),

(7) There exist f, g, h ∈ g0̄ such that [[f, g], h] = 0 6= [[g, h], f ].

Then there exist superspaces A and D such that L ∼= (g⊗A)⊕D and

(a) A is a unital supercommutative associative super dialgebra;

(b) D is a trivial g-module and is a Leibniz superalgebra;

(c) Multiplication in L is given by

[f ⊗ a, g ⊗ b] = (−1)|a||g|
(
[f, g]⊗ (a ⊢ b) + κ(f, g)〈a, b〉

)
, (5.1)

[d, f ⊗ a] = (−1)|d||f |f ⊗ da, (5.2)

for homogeneous elements f, g ∈ g, a, b ∈ A, d ∈ D, where

(i) D is a Leibniz subsuperalgebra of L and φ : D → DerK(A)(φ(d)a =

da) is a left representation of D as superderivations on the dialgebra A with

〈A,A〉 ⊂ Kerφ,

(ii) [d, 〈a, b〉] = 〈da, b〉+(−1)|d||a|〈a, db〉, in particular, 〈A,A〉 is an ideal

of D,

(iii) 〈a ⊢ b, c〉 = 〈a, b ⊢ c〉+ (−1)|a|(|b|+|c|)〈b, c ⊣ a〉 and 〈a ⊢ b, c〉 = 〈a ⊣
b, c〉.

Conversely, the conditions above are sufficient to guarantee that a su-

perspace L = g⊗A⊕D satisfied (a)–(c) is a Leibniz superalgebra.

Proof. When a Leibniz superalgebra L is a direct sum of copies of ad-

joint modules and trivial module for g, then after collecting isomorphic

summands, we may assume that there are superspaces A = A0̄ ⊕ A1̄ and

D = D0̄ ⊕D1̄ so that L = g⊗A⊕D. Suppose that such a superalgebra L

satisfies conditions (1)—(4). Note that D is a super subalgebra of L.

Fixing homogeneous basis {ai}i∈I ofA and choose ai, aj, ak with i, j, k ∈
I, we see that the projection of the product [g ⊗ ai, g ⊗ aj] onto g ⊗ ak
determines an elements of Hom g(g⊗ g, g), which is spanned by the Leibniz

supercommutator. Then there exist scalars ξki,j and θki,j so that

[x⊗ ai, y ⊗ aj ]|g⊗A = (−1)|ai||y|[x, y]⊗ (
∑

k∈I
ξki,jak).

Defining ⊣,⊢: A × A → A by ai ⊢ aj =
∑

k∈I ξ
k
i,jak = (−1)|ai||aj|aj⊢ai

and extending it bilinearly, we have a supercommutative dialgebra structure

on A.
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By similar arguments, there exist bilinear maps A × A → D, (a, b) 7→
〈a, b〉 ∈ D, and D × A → A, (d, a) 7→ da ∈ A, such that the multiplication

in L is as in (c).

First the Jacobi superidentity, when specialized with homogeneous el-

ements d1, d2 ∈ D and f ⊗ a ∈ g ⊗ A, and then with d ∈ D and

f ⊗ a, g ⊗ b ∈ g⊗ A will show that φ(d)a = da is a representation of D as

superderivations of A. We assume next that f, g are taken to satisfy (5).

Then for homogeneous elements d ∈ D, a, b ∈ A, the Jacobi superidentity

gives the condition [d, 〈a, b〉] = 〈da, b〉+ (−1)|d||a|〈a, db〉.
The Jacobi superidentity, when specialized with homogeneous elements

f ⊗ a, g ⊗ b, h⊗ c ∈ g⊗ A and f, g, h as condition (7), gives that 〈A,A〉 is
contained in the kernel of φ.

Finally the Jacobi superidentity, when specialized with homogeneous

elements f ⊗ a, g ⊗ b, h ⊗ c ∈ g ⊗ A and f, g, h as condition (8), gives the

(iii) and associativity of dialgebra A (see Section 4 or Ref. 4).

The converse is a simple computation.

From Ref. 4, we see that g satisfies the above condition if g is a split

simple classical Lie superalgebra of type C(n)(≥ 3),D(m,n)(m ≥ 2, n ≥ 1),

D(2, 1;α), α ∈ K,α 6= 0, 1, F (4) or G(2). Then we have the following

structure theorem for Leibniz superalgebras graded by the root system of

type g (compare Theorem 5.2 in Ref. 4).

Theorem 5.1. Let g be a split simple classical Lie superalgebra of type

C(n) (≥ 3), D(m,n) (m ≥ 2, n ≥ 1), D(2, 1;α), α ∈ K, α 6= 0, 1, F (4) or

G(2), then by Ref. 4 we have dimHom g(g⊗g, g) = dimHom g(g⊗g, K) = 1.

Let L be a ∆-graded Leibniz superalgebra of type g, then there exists a unital

supercommutative associative super dialgebra A and a K-superspace D such

that L ∼= (g⊗A)⊕D. Multiplication in L is given by

[f ⊗ a, g ⊗ b] = (−1)|a||g|
(
[f, g]⊗ (a ⊢ b) + κ(f, g)〈a, b〉

)
, (5.3)

[d, L] = 0, (5.4)

for homogeneous elements f, g ∈ g, a, b ∈ A, d ∈ D, where κ(, ) is a fix

even nondegenerate supersymmetric invariant bilinear form on g and 〈, 〉 :
A⊗A→ D is a K-bilinear and satisfies the following conditions:

(1) [d, 〈a, b〉] = 〈da, b〉+ (−1)|d||a|〈a, db〉,
(2) 〈a ⊢ b, c〉 = 〈a, b ⊢ c〉 + (−1)|a|(|b|+|c|)〈b, c ⊣ a〉, 〈a ⊢ b, c〉 = 〈a ⊣

b, c〉,
and D is a Leibniz subsuperalgebra of L and φ : D → DerK(A)(φ(d)a =

da) is a left representation of D as superderivations on the dialgebra A.
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Proof. The only point left is the proof of the centrality of D. Condition

(3) of Definition 3.1 forces D = 〈A,A〉, which by Lemma 5.1 is contained

in Kerφ. Therefore D = 〈A,A〉 is abelian and centralizes g⊗A, hence it is

central.

As the similar arguments in Ref. 4, we also have

Corollary 5.1. Let g be a split simple classical Lie superalgebra of type

C(n)(≥ 3), D(m,n) (m ≥ 2, n ≥ 1), D(2, 1;α), α ∈ K, α 6= 0, 1, F (4) or

G(2) and L be a ∆-graded Leibniz superalgebra of type g, then there exists

a unital supercommutative associative super dialgebra A such that L is a

covering of the Leibniz superalgebra g⊗A.

Let g be a split simple classical Lie superalgebra of type C(n)(≥ 3),

D(m,n) (m ≥ 2, n ≥ 1), D(2, 1;α), α ∈ K, α 6= 0, 1, F (4) or G(2), A a

unital associative commutative dialgebra, the universal central extension of

the Leibniz superalgebra g⊗A has been studied in Ref. 14.

Remark. Such researches for the cases of B(m,n) and A(1, 1) are more

complicated (see Refs. 6,7), which depends on the results of (non)associative

dialgebras.
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We define a tridendriform bialgebra structure on the vector space spanned by
non-empty ordered partitions of finite sets. This construction, in term of par-
titions instead of maps between finite sets, permits us to define a Rota-Baxter
structure on the vector space spanned by all ordered partitions of finite sets,
whose associated tridendriform structure, restricted to non-empty partitions,
coincides with the first one. The tridendriform structure on all ordered par-
titions induces a tridendriform structure on the space spanned by all maps
f : {1, . . . , n} → N, for all n ≥ 1.
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Introduction

Let K be a field. For any λ ∈ K, a λ-Rota-Baxter algebra (also called a

Baxter algebra, see3 or16) is an associative algebra over K, equipped with

a linear map R : A −→ A satisying the following equation:

P (a) · P (b) = P (P (a) · b+ a · P (b)) + λ P (a · b),

for any pair of elements a and b of A.

Several works deal with the construction of free Rota-Baxter algebras.

Free objects for commutative Rota-Baxter algebras were described in16
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and.5 In,8 L. Guo and W. Keigher constructed the free commutative Rota-

Baxter algebra over a commutative unital algebra A, in terms of shuffles.

On the other hand, in,10 J.-L. Loday introduced dendriform algebras,

which are a particular case of associative algebras whose product is the

sum of two binary operations. For this type of algebra, free objects are

described in terms of planar binary trees and some decomposition of the

shuffle product. This notion was generalized in,11 where dendriform alge-

bras are considered as a particular case of tridendriform algebras. This last

notion can be easily extended to get λ-tridendriform algebras, for any λ

in the base field, as is shown in.4 The free tridendriform algebra on one

generator is described in,11 and the result is easily extended to obtain the

free tridendriform algebra over any vector space. Moreover, any free triden-

driform algebra has a natural structure of bialgebra.

M. Aguiar (see1) found out that any Rota-Baxter algebra of weight 0

gives rise to a dendriform algebra. His result was at the origin of many

works relating λ-Rota-Baxter algebras and λ-tridendriform algebras, as,76

and.2

Aguiar’s construction extends naturally to a functor from the category

of λ-Rota-Baxter algebras to the category of λ-tridendriform algebras, but

it is not clear how to construct its left adjoint functor.

In,1213 and,15 many examples of tridendriform bialgebras are studied.

These bialgebras are defined on vector spaces spanned by certain types of

maps between finite sets, such as the bialgebra of surjective maps and the

bialgebra of parking functions, and their tridendriform structures are not

obtained from a Rota-Baxter algebra.

The main idea for our work comes from the description in terms of

ordered partitions of the Hopf algebra of M permutations introduced in.9

In4 we proved that this bialgebra is in fact a 1-tridendriform bialgebra.

Based on this result, we describe in the second Section of the present

work a λ-tridendriform bialgebra structure on the space spanned by the set

of all non-empty ordered partitions of finite sets of type {1, . . . , n}. In the

next section, we define a λ-Rota-Baxter bialgebra structure on the space

spanned by all ordered partitions, that is when we admit empty blocks in the

partition. This Rota-Baxter structure induces the tridendriform bialgebra

structure on the space of non-empty ordered partitions define in Section 2,

and it also permits to define a tridendriform structure on the space spanned

by all maps f : {1, . . . , n} −→ N as pointed out in the last section.

In,14 J.-C. Novelli, J.-Y. Thibon y L. Williams describe deformations

of combinatorial Hopf algebras on spaces spanned by words on an ordered
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alphabet. Even if the underlying bialgebra of the tridendriform bialgebra

Part(1) is isomorphic to the Hopf algebra of packed words WQSym, the

result is not true for λ 6= 1.

Acknowledgements: Our joint work was supported by the Dipuv-Reg

22/2008 of the Universidad de Valparáıso and by the project MathAmSud

10-math-01 OPECSHA. The attendance of the second author to the In-
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1. Preliminaries

All the vector spaces considered in the present work are over K, where K is

a field. For any set X , we denote by K[X ] the vector space spanned by X .

Finite sets and partitions

Let n be a positive integer, we denote by [n] the set {1, . . . , n}. If J =

{j1, . . . , jk} ⊆ [n] and r ≥ 1, we denote by J + r the set {j1+ r, . . . , jk+ r}.

Let Fn be the set of maps from [n] to the set N of natural numbers. We

identify a function f : [n] −→ N, with its image (f(1), . . . , f(n)).

Given a map f : [n] −→ N and a subset J = {i1 < · · · < ik} ⊆ [n], the

restriction of f to J is the map f |J := (f(i1), . . . , f(ik)). Similarly, for a sub-

set K of N, the co-restriction of f to K is the map f |K := (f(j1), . . . , f(jl)),

where {j1 < · · · < jl} := {i ∈ [n]/f(i) ∈ K}.

Definition 1.1. For any set J , a non-empty ordered partition of J is a

family of non-empty subsets B = {B1, . . . , Br} of J such that Bi ∩Bj = ∅,
for i 6= j, and J =

⋃r
j=1 Bj . The subsets Bi are called the blocks of the

partition B.

Notation 1.1. We denote by PartJ the set of all non-empty ordered par-

titions of J .

The set of ordered partitions of J is partially ordered by the relation:

B ≤ D if D may be obtained from B by joining consecutive blocks.

For instance, the partition B = {(1, 3), (4, 5), (2), (6, 7)} of [7], is smaller

than D = {(1, 3, 4, 5), (2, 6, 7)}.
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Note that to any ordered partition B = {B1, . . . , Br} of J we may

associate a surjective map fB : J −→ [r] given by fB(j) = i if, and only if,

j ∈ Bi. The map B 7→ fB is bijective from the set of ordered non-empty

partitions of J to the set of surjective maps from J to some interval of

integers [r], for 1 ≤ r ≤ |J |.
LetB = {B1, . . . , Br} be an ordered partition of J andK ⊆ J , then B|K

is the partition ofK obtained by making the intersections {B1∩K, . . . , Br∩
K} and taking off the empty sets.

To any ordered partition B = {B1, . . . , Br} of a finite set J ⊆ N it

is possible to associate a partition std(B) = {B1, . . . , Br} of [n], where

|J | = n, in the following way:

i ∈ Bs, if, and only if ji ∈ Bs,

where J = {j1 < · · · < jl}. For instance, if B = {(1, 4), (2, 7), (9, 11, 16)},
then std(B) = {(1, 3), (2, 4), (5, 6, 7)}.

Notation 1.2. Given a finite subset J ⊆ N and any positive integer n,

for any non-empty ordered partition B = (B1, . . . , Bk) of J we denote by

B + n the partition of J + n obtained by replacing the block Bi by Bi + n,

for all 1 ≤ i ≤ k.

Shuffles

Recall that the symmetric group of permutations of n elements is de-

noted by Sn. Given a composition n = (n1, . . . , nr) of n, a n-shuffle is a per-

mutation σ ∈ Sn such that σ−1(n1+· · ·+ni+1) < · · · < σ−1(n1+· · ·+ni+1),

for 0 ≤ i ≤ r − 1. We denote by Sh(n1, . . . , nr) the set of all n-shuffles.

The following results about shuffles are well-known, for their proof see

for instance.17

Given compositions n = (n1, . . . , nr) of n and m = (m1, . . . ,ms) of m,

the following formula is known as the associativity of the shuffle:

(Sh(n1, . . . , nr)×Sh(m1, . . . ,ms)) ·Sh(n,m) = Sh(n1, . . . , nr,m1,ms), (∗)
where · denotes the product in the group algebra K[Sn+m] and × : Sn ×
Sn →֒ Sn+m is the concatenation of permutations, given by:

σ × τ := (σ(1), . . . , σ(n), τ(1) + n, . . . , τ(m) + n).

Moreover, for any permutation σ ∈ Sn and any integer 1 ≤ i ≤ n there

exist unique permutations σ(1) ∈ Si, σ(2) ∈ Sn−i and δ ∈ Sh(i, n− i) such

that σ = δ−1 · (σ(1) × σ(2)).
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2. Rota-Baxter algebras and tridendriform bialgebras

This section is devoted to recall basic results on Rota-Baxter algebras

(see,168 and7) and tridendriform algebras (see11). In the rest of the paper,

λ is any element of the base field K.

Definition 2.1. A λ-Rota-Baxter algebra is an associative algebra (A, ·)
equipped with a linear map P : A −→ A satisfying that:

P (x) · P (y) = P (P (x) · y + x · P (y)) + λ P (x · y).

Definition 2.2. Let λ ∈ K be an element of the base field. A λ-

tridendriform algebra is a vector space A over K, equipped with three

binary operations ≺: A ⊗ A → A, · : A ⊗ A → A and ≻: A ⊗ A → A,

satisfying the following relations:

(1) (a ≺ b) ≺ c = a ≺ (b ≺ c+ b ≻ c+ λ b · c),
(2) (a ≻ b) ≺ c = a ≻ (b ≺ c),

(3) (a ≺ b+ a ≻ b+ λ a · b) ≻ c = a ≻ (b ≻ c),

(4) (a · b) · c = a · (b · c),
(5) (a ≻ b) · c = a ≻ (b · c),
(6) (a ≺ b) · c = a · (b ≻ c),

(7) (a · b) ≺ c = a · (b ≺ c).

For the main examples of Rota-Baxter algebras we refer to8 and,7 while

free tridendriform algebras are described in.11

Note that the operation ∗ :=≺ +λ ·+ ≻ is associative. Moreover, given

a λ-tridendriform algebra (A,≺, ·,≻), the space A equipped with the binary

operations ≺ and ≻ := λ ·+ ≻ is a dendriform algebra, as defined by J.-L.

Loday in.10 Moreover, a dendriform algebra may be defined simply as a

λ-tridendriform algebra such that the associative product · is trivial.

On the other hand, any λ-Rota-Baxter algebra (A, ·, P ) gives rise to a

λ-tridendriform structure on A by keeping the associative product · and
setting:

(1) a ≻ b := P (a) · b,
(2) a ≺ b := a · P (b),

for a, b ∈ A.

Note that, if (A, ◦) is an associative algebra and (B,≺, ·,≻) is a λ-

tridendriform algebra, then the space A ⊗ B is equipped with a natural
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structure of λ-tridendriform algebra, given by:

(a⊗ b) ≺A⊗B (a′ ⊗ b′) := (a ◦ a′)⊗ (b ≺ b′),

(a⊗ b) ·A⊗B (a′ ⊗ b′) := (a ◦ a′)⊗ (b · b′),
(a⊗ b) ≻A⊗B (a′ ⊗ b′) := (a ◦ a′)⊗ (b ≻ b′).

In particular given a λ-tridendriform algebra (A,≺, ·,≻), we may con-

sider A as an associative algebra with the product ∗ =≺ +λ ·+ ≻, so A⊗A
has a natural structure of λ-tridendrifrom algebra.

For any λ-tridendriform algebraA, we extend partially the tridendriform

structure to A+ := K
⊕
A as follows:

a ≻ 1K := 0 =: 1K ≺ a,

a · 1K := 0 =: 1K · a,
a ≺ 1K := a =: 1K ≻ a,

for all a ∈ A. However, it is not possible to extend the operations ≻, ·
and ≺ to the whole A+ in such a way that it becomes a λ-tridendriform

algebra, due essentially to the fact that it is impossible to define 1K ≻ 1K
and 1K ≺ 1K in a compatible way with the relation 1K ∗ a = a = a ∗ 1K, for
all a ∈ A+. However, we may define a tridendriform algebra structure on

A+⊗A ⊕
A⊗A+, which coincides with the usual tridendriform structure

on A⊗A, just adding the following relations:

(a⊗ 1K) ≻ (b⊗ 1K) := (a ≻ b)⊗ 1K,

(a⊗ 1K) · (b⊗ 1K) := (a · b)⊗ 1K,

(a⊗ 1K) ≺ (b⊗ 1K) := (a ≺ b)⊗ 1K,

for all a, b ∈ A.

With the previous definitions, we are able to introduce the notion of

λ-tridendriform bialgebra.

Definition 2.3. A λ-tridendriform bialgebra is a λ-tridendriform algebra

A equipped with a coassociative counital coproduct ∆ : A+ −→ A+ ⊗ A+

which is a tridendriform algebra homomorphism on A+ ⊗A
⊕

A⊗A+.

Remark 2.1. It is immediate to check that if (A,≻, ·,≺,∆, ǫ) is a λ-

tridendriform bialgebra, then (A+, ∗,∆) is a bialgebra in the usual sense.

The proof of the following lemma is straightforward.
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Lemma 2.1. Let (A, ·, P ) be a λ Rota-Baxter algebra which admits a coas-

sociative coproduct ∆ : A −→ A⊗A satisfying that:

(1) ∆(a · b) =∑(a(1) ∗ b(1))⊗ (a(2) · b(2)),
(2) ∆(P (a)) =

∑
a(1) ⊗ P (a(2)),

where ∆(a) =
∑
a(1)⊗a(2) for a ∈ A and a∗ b = P (a) · b+a ·P (b)+λ a · b.

The associated λ-tridendriform algebra (A,≻, ·,≺) equipped with ∆ is a λ-

tridendriform bialgebra, where P and · are extended to A+ in an obvious

way.

3. Tridendriform structure on the space of partitions

Given non-empty ordered partitions B ∈ Part[n], D ∈ Part[m] and K ∈
Part[n+m] such that K|[n] = B and K|[m]+n = D + n, the integer ∩KB,D is

the number of blocks Kj such that Kj ∩ [n] 6= ∅ and Kj ∩ [m] + n 6= ∅.
Consider the graded vector space

⊕
n≥1 K[Part[n]], spanned by all the

non-empty ordered partitions of natural numbers. We may extend the con-

structions of4 in order to define a λ-tridendriform algebra structure on it,

as follows:

B ≻ D :=
∑

Kr∩[n]=∅
λ∩

K
B,DK,

B ·D :=
∑

Kr∩[n]6=emptyset

Kr∩[m]+n6=∅

λ∩
K
B,D−1K,

B ≺ D :=
∑

Kr∩[m]+n=∅
λ∩

K
B,DK,

for B ∈ Part[n] and D ∈ Part[m], where the sum is taken over all partitions

K = (K1, . . . , Kr) ∈ Part[n+m] such that K|[n] = B and K|[m]+n = D + n.

Example 3.1. For example, let B = {(1, 3), (4), (2, 5)} and D =

{(1, 3), (2)}. Then
B ≻ D = {(1, 3), (4), (2, 5), (6, 8), (7)}+ λ{(1, 3), (4), (2, 5, 6, 8), (7)}
+{(1, 3), (4), (6, 8), (2, 5), (7)}+ λ{(1, 3), (4, 6, 8), (2, 5), (7)}
+{(1, 3), (6, 8), (4), (2, 5), (7)}+ λ{(1, 3, 6, 8), (4), (2, 5), (7)}
+{(6, 8), (1, 3), (4), (2, 5), (7)},
B ·D = {(1, 3), (4), (6, 8), (2, 5, 7)}+ λ{(1, 3), (4, 6, 8), (2, 5, 7)}
+{(1, 3), (6, 8), (4), (2, 5, 7)}+ λ{(1, 3, 6, 8), (4), (2, 5, 7)}
+{(6, 8), (1, 3), (4), (2, 5, 7)},
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B ≺ D = {(6, 8), (7), (1, 3), (4), (2, 5)}+ λ{(6, 8), (1, 3, 7), (4), (2, 5)}
+{(6, 8), (1, 3), (7), (4), (2, 5)}+ λ{(6, 8), (1, 3), (4, 7), (2, 5)}
+{(6, 8), (1, 3), (4), (7), (2, 5)}+ λ{(1, 3, 6, 8), (7), (4), (2, 5)}
+λ2{(1, 3, 6, 8), (4, 7), (2, 5)}+ λ{(1, 3, 6, 8), (4), (7), (2, 5)}
+{(1, 3), (6, 8), (7), (4), (2, 5)}+ λ{(1, 3), (6, 8), (4, 7), (2, 5)}
+{(1, 3), (6, 8), (4), (7), (2, 5)}+ λ{(1, 3), (4, 6, 8), (7), (2, 5)}
+{(1, 3), (4), (6, 8), (7), (2, 5)}.

Theorem 3.1. The space
⊕

n≥1 K[Part[n]], equipped with the products ≻,

· and ≺ defined above is a λ-tridendriform algebra.

Proof. Note first that, given partitions B ∈ Part[n], D ∈ Part[m] and

E ∈ Part[p], the sets

S1 := {(K,L) ∈ Part[n+m] × Part[n+m+p]| K|[n] = B,

K|[m]+n = D + n, L|[n+m] = K and L|[p]+n+m = E + (n+m)}, and
S2 := {(K,L) ∈ Part[m+p] × Part[n+m+p]| K|[m] = D,

K|[p]+m = E +m, L|[n] = B and L|[m+p]+n = K + n},
are both equal to

S := {L ∈ Part[n+m+p]| L|
[n] = B, L|[m]+n = D+n, and L|[p]+n+m = E+n+m}.

Consider the bijection L 7→ (L|[n+m], L) from S to S1. Suppose that

L = (L1, . . . , Ls) and L|[n+m] = (K1, . . . , Kr), with Ki = Lji ∩ [n+m]. We

have that:

∩LK,E = |{i ∈ [s]| Li ∩ [p] + n+m 6= ∅ and Li ∩ [n+m] 6= ∅}| =
|{i ∈ [s]| Li ∩ [n] 6= ∅ and Li ∩ [p] + n+m 6= ∅}|+
|{i ∈ [s]| Li ∩ [m] + n 6= ∅ and Li ∩ [p] + n+m 6= ∅}|−
|{i ∈ [s]| Li ∩ [n] 6= ∅, Li ∩ [m] + n 6= ∅ and Li ∩ [p] + n+m 6= ∅}|.

and ∩KB,D = |{i ∈ [s]| Li ∩ [n] 6= ∅ and Li ∩ [m] 6= ∅}|.
So, ∩KB,D + ∩LK,E =

|{i ∈ [s]| Li ∩ [n] 6= ∅ and Li ∩ [m] + n 6= ∅}|+
|{i ∈ [s]| Li ∩ [n] 6= ∅ and Li ∩ [p] + n+m 6= ∅}|+
|{i ∈ [s]| Li ∩ [m] + n 6= ∅ and Li ∩ [p] + n+m 6= ∅}|−

|{i ∈ [s]| Li ∩ [n] 6= ∅ , Li ∩ [m] + n 6= ∅ and Li ∩ [p] + n+m 6= ∅}|.
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In the same way we may show that, if H = L|[m+p]+n − n, then

∩HD,E + ∩LB,H = |{i ∈ [s]| Li ∩ [n] 6= ∅ and Li ∩ [m] + n 6= ∅}|+
|{i ∈ [s]| Li ∩ [n] 6= ∅ and Li ∩ [p] + n+m 6= ∅}|+
|{i ∈ [s]| Li ∩ [m] + n 6= ∅ and Li ∩ [p] + n+m 6= ∅}|−

|{i ∈ [s]| Li ∩ [n] 6= ∅ , Li ∩ [m] + n 6= ∅ and Li ∩ [p] + n+m 6= ∅}|.

Denote by ∩LB,D,E the number ∩KB,D + ∩LK,E = ∩HD,E + ∩LB,H .

We show that the conditions 1), 2), 5) and 6) of Definition 2.2 are

verified; the other conditions may be easily checked in an analogous way.

In the rest of the proof we assume that L = (L1, . . . , Ls) ∈ Part[n+m+p]

is such that L|[n] = B, L|[m]+n = D+n and L|[p]+n+m = E+n+m. We de-

note the restrictions K = (K1, . . . , Kt) = L|[n+m] and H = (H1, . . . , Hr) =

L|[m+p]+n − n.

Condition 1) We have that B ≻ (D ≻ E) =
∑

L∈S λ
∩L

B,D,EL, where

the sum is taken over all L such that Hr ∩ [m] = ∅ and Ls ∩ [n] = ∅. But
Hr∩ [m] = ∅ and Ls∩ [n] = ∅ mean that Ls ⊆ [p]+n+m. We may conclude

that:

B ≻ (D ≻ E) =
∑

Ls⊆[p]+n+m

λ∩
L
B,D,EL,

with no conditions on H . So, B ≻ (D ≻ E) = (B ∗D) ≻ E.

Condition 2) Note that B ≻ (D ≺ E) =
∑

L∈S λ
∩L

B,D,EL, where the

sum is taken over all L such that Hr ∩ [p] +m = ∅ and Ls ∩ [n] = ∅. But
Hr ∩ [p]+m = ∅ implies that Ls ∩ [p]+m+n = ∅, and Ls ∩ [n] = ∅ implies

that Ls ⊆ [m]. So,

B ≻ (D ≺ E) =
∑

Ls⊆[m]+n

λ∩
L
B,D,EL = (B ≻ D) ≺ E.

Condition 5) Computing B ≻ (D · E), we get B ≻ (D · E) =∑
L∈S λ

∩L
B,D,E−1L, where the sum is taken over all L such that Ls∩ [n] = ∅

and Hr ∩ [m] + n 6= ∅ 6= Hr ∩ [p] + m. Since Ls ∩ [n] = ∅, we have that

Hr = Ls. So, Kt = Ls ∩ [m] + n, which implies that:

B ≻ (D · E) =
∑

Ls∩[n]=∅
Ls∩[m]+n6=∅6=Ls∩[p]+n+m

λ∩
L
B,D,E−1L = (B ≻ D) ·E.
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Condition 6) We have that B · (D ≻ E) =
∑

L∈S λ
∩L

B,D,E−1L, where

the sum is taken over all L such that Ls ∩ [n] 6= ∅ 6= Ls ∩ [m+ p] + n and

Hr = Ls ∩ [m+ p] + n ⊆ [p] + n+m. Since Ls ∩ [n] 6= ∅ 6= Ls ∩ [m+ p] + n

and Ls ∩ [m+ p] + n ⊆ [p] + n+m, we may conclude that Kt = Ls ∩ [n],

Kt ∩ [m] + n = ∅ and Ls ∩ ([n+m] 6= ∅ 6= Ls ∩ [p] + n+m. So,

B · (D ≻ E) =
∑

Kt∩[m]+n=∅
Ls∩[n+m]6=∅6=Ls∩[p]+n+m

λ∩
L
B,D,E−1L = (B ≺ D) ·E.

We denote by Part(λ) the λ-tridendriform algebra defined on the space⊕
n≥1 K[Part[n]].

Let us point out that the associative product ∗ =≻ +λ ·+ ≺ associated

to the tridendriform structure of Part(λ) does not coincide with the one

defined in14 for λ 6= 1. Clearly, we may identify an ordered partition B =

(B1, . . . , Br) ∈ Part[n] with the surjective map f : {1 < · · · < n} −→
{1, . . . , r} such that Bi = f−1(i) for 1 ≤ i ≤ r, so the underlying vector

space of Part(λ) is isomorphic to the underlying vector space of WQSym.

However, the associative product induced by the λ-tridendriform structure

of Part(λ) via the isomorphisms gives a formula:

f ∗ g =
∑

h∈H(f,g)

λr+s−l(h)h,

for some functions h : {1 < · · · < n+m} −→ {1, . . . , l(h)}, where f : {1 <
· · · < n} −→ {1, . . . , r} and g : {1 < · · · < m} −→ {1, . . . , s}; while the

product defined in14 gives:

f ∗λ g =
∑

h∈H(f,g)

λ|sinv(h)|h,

where sinv(h) := {(i < j) ∈ {1, . . . , n + m}2 | h(i) > h(j)} is the set of

inversions of h.

The coproduct ∆ on Part(λ)
+
is given by:

∆(B) =

r∑

i=0

std(B1, . . . , Bi)⊗ std(Bi+1, . . . , Br),

for B = (B1, . . . , Br).
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Example 3.2. Let B = {(3, 4, 7), (2, 5), (1), (6)}, we have that:

∆(B) = {(3, 4, 7), (2, 5), (1), (6)} ⊗ 1K + {(3, 4, 6), (2, 5), (1)} ⊗ {(1)}
+{(2, 3, 5), (1, 4)}⊗ {(1), (2)}+ {(1, 2, 3)} ⊗ {(2, 3), (1), (4)}
+1K ⊗ {(3, 4, 7), (2, 5), (1), (6)}.

Proposition 3.1. The algebra Part(λ), equipped with ∆ is a λ-

tridendriform bialgebra.

Proof. Let ∆ be the reduced coproduct on Part(λ), that is

∆(B) := ∆(B)− (B ⊗ 1K + 1K ⊗B).

Let us denote ∆(B) =
∑
B(1) ⊗B(2), for any non-empty ordered partition

B.

For B = (B1, . . . , Bp) ∈ Part[n] and D = (D1, . . . , Ds) ∈ Part[m], we

prove that ∆(B ≻ D) =
∑

(B(1) ∗ D(1)) ⊗ (B(2) ≻ D(2)) + B ⊗ D, which

implies that

∆(B ≻ D) = (∗⊗ ≻) ◦ (id⊗ τ ⊗ id)(∆(B)⊗∆(D)),

for all partitions B and D, where τ(H ⊗ K) = K ⊗ H . The proof that

∆◦· = (∗⊗·)◦(id⊗τ⊗id)◦(∆⊗∆) and ∆◦ ≺= (∗⊗ ≺)◦(id⊗τ⊗id)◦(∆⊗∆)

may be obtained applying similar arguments.

Let K = (K1, . . . , Kr) be a partition of [n +m] such that K|[n] = B,

K|[m]+n = D + n and Kr ⊆ [m] + n. We have the following possibilities:

(1) There exist integers 1 ≤ k ≤ p and 0 ≤ h ≤ q − 1,

such that (K1, . . . , Ki)|[n] = (B1, . . . , Bk) and (K1, . . . , Ki)|[m]+n =

(D1, . . . , Dh)+n. SinceKr ⊆ [m]+n, the last block of std(Ki+1, . . . , Kr)

is the last block of std(Dh+1, . . . , Ds).

For 1 ≤ i ≤ r − 1, consider the partitions std(K1, . . . , Ki) and

std(Ki+1, . . . , Kr). Note that, as K|[n] = B and K|[m]+n = D + n,

we may assert that :

std(K1, . . . , Ki)|[n] = std(B1, . . . , Bk),

std(Ki+1, . . . , Kr−1)|[n] = std(Bk+1, . . . , Bp),

std(K1, . . . , Ki)|[m]+n = std(D1, . . . , Dh) + n,

std(Ki+1, . . . , Kr)|[m]+n = std(Dh+1, . . . , Ds) + n.

(2) There exists 1 ≤ h ≤ s − 1 (h 6= s because Kr ⊆ [m] + n) such that

(K1, . . . , Ki) = (D1, . . . , Dh) + n and (K1, . . . , Ki)|[n] = 0.
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So, we get that

std(K1, . . . , Ki) = std(D1, . . . , Dh) + n,

std(Ki+1, . . . , Kr−1)|[n] = B,

std(Ki+1, . . . , Kr)|[m]+n = std(Dh+1, . . . , Ds) + n.

Conversely, for any pair of integers 0 ≤ i ≤ p and 0 ≤ j ≤ s − 1, let

std(B1, . . . , Bi) ∈ Part[k] and std(D1, . . . , Dj) ∈ Part[h].

Suppose that K ∈ Part[k+h] and H ∈ Part[n+m−k−h] are partitions

such that K|[k] = std(B1, . . . , Bi), K|[h]+k = std(D1, . . . , Dj), H |[n−k] =
std(Bi+1, . . . , Bp), H |[m−h]+n−k = std(Dj+1, . . . , Ds) and the last block of

H is contained in [m− h] + n− k.

It is easy to see that, in this case, there exists a unique partition L =

(L1, . . . , Lr) ∈ Part[n+m] and a unique 1 ≤ j ≤ r − 1 satisfying that:

(1) L|[n] = B and L|[m]+n = D + n,

(2) std(L1, . . . , Lj) = K and std(Lj+1, . . . , Lr) = H .

Moreover, as the last block of H is contained in [m − h] + n − k, we get

that Lr ⊆ [m] + n, which ends the proof.

Clearly, the tridendriform algebra Part(λ) does not come from a λ-

Rota-Baxter structure. We are going to consider a largest class of ordered

partitions.

Definition 3.1. For any set X , an ordered partition of X is a finite family

of subsets B = {B1, . . . , Bp} of X such that Bi ∩ Bj = ∅, for i 6= j, and

X =
⋃p
j=1 Bj . The number of blocks p of an ordered partition B is called

the length of the partition and is denote le(B)

Let OPart(X) denote the set of all ordered partitions of X , and

let OPart denote the vector space spanned by all ordered partitions⋃
n≥0 OPart[n] (where (∅) is the unique element of OPart[0]). We want

to define a λ-Rota-Baxter algebra structure on OPart.

Definition 3.2. For any pair of non-empty disjoint sets X and Y , let

B ∈ OPart(X) and D ∈ OPart(Y ), we define the shuffle of B and D as

the collection SH(B,D) of partitions of the disjoint union X
⋃
Y obtained

recursively as follows:

(1) If B = (B1) and D = (D1), then

SH(B,D) := {(B1, D1); (D1, B1); (B1 ∪D1)},
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(2) If B = (B1) and D = (D1, . . . , Dr), with r ≥ 2, then

SH(B,D) := {(E,Dr) | with E ∈ SH(B, (D1, . . . , Dr−1))}
⋃

{(D1, . . . , Dr−1, B1 ∪Dr); (D,B1)},

(3) If B = (B1, . . . , Bp) and D = (D1), with p ≥ 2, then

SH(B,D) := {(B1, E) | with E ∈ SH((B2, . . . , Bp), D1)}
⋃

{(B1 ∪D1, B2, . . . , Bp); (D1, B1, . . . , Bp)},

(4) If B = (B1, . . . , Bp) and D = (D1, . . . , Dr), with p ≥ 2 and r ≥ 2, then

SH(B,D) := {(B1, E) | with E ∈ SH((B2, . . . , Bp), (D1, . . . , Dr))}
⋃

{(B1 ∪D1, E) | with E ∈ SH((B2, . . . , Bp), (D2, . . . , Dr))}
⋃

{(D1, E) | with E ∈ SH(B, (D2, . . . , Dr))},

where for any partition E = (E1, . . . , El) and any subset F1 such

that F1

⋂
(
⋃l
i=1Ei) = ∅, we denote (F1, E) := (F1, E1, . . . , El) and

(E,F1) := (E1, . . . , El, F1).

Remark 3.1. Let B = (B1, . . . , Bp) and B
′ = (Bp+1, . . . , Bp+r). For any

σ ∈ Sh(p, r) we say that a partition H ∈ SH(B,B′) belongs to σ(B,B′) if
it satisfies one of the following conditions:

(1) H = (Bσ(1), . . . , Bσ(p+r),

(2) H is obtained from (Bσ(1), . . . , Bσ(p+r) by joining adjacent blocks

Bσ(i) ∪Bσ(i+1), for 1 ≤ σ(i) ≤ p and p+ 1 ≤ σ(i + 1) ≤ p+ r.

We have that SH(B,B′) is the disjoint union
⋃
σ∈Sh(p,r) σ(B,B

′).

Define the product ·O and the operator PO on OPart as follows:

(1) For B = (B1, . . . , Bp) ∈ OPart[n] and D = (D1, . . . , Dr) ∈ OPart[m],

B ·O D :=
∑

H∈SH(B,D+n)

λp+r−2−le(H)(H,Bp ∪ (Dr + n)),

where B = (B1, . . . , Bp−1), D = (D1, . . . , Dr−1).

(2) For any B ∈ OPart[n], PO(B) := (B, ∅).
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Example 3.3. Consider the ordered partitions B = {(2, 4), (1), (3)} and

D = {(1, 2), ∅}, we have that:

B ·O D = {(2, 4), (1), (5, 6), (3)}+ λ{(2, 4), (1, 5, 6), (3)}+
{(2, 4), (5, 6), (1), (3)}+ λ{(2, 4, 5, 6), (1), (3)}+ {(5, 6), (2, 4), (1), (3)}.

Proposition 3.2. The space OPart with the product ·O and the operator

PO is a λ-Rota-Baxter algebra.

Proof. The associativity of ·O is a straightforward consequence of the as-

sociativity of the shuffle ( see formula (∗)) and Remark 3.1. We have just

to verify the relationship between ·O and PO.

Let B = (B1, . . . , Bp) ∈ OPart[n] and D = (D1, . . . , Dr) ∈ OPart[m],

then

PO(B) ·O PO(D) =
∑

H∈SH(B,D+n)

λp+r−le(H)(H, ∅) =

PO(
∑

H∈SH(B,D+n)

λp+r−le(H)H).

So, we need only to compute
∑

H∈SH(B,D+n) λ
p+r−le(H)H .

But, for any H ∈ SH(B,D+n), there exist σH ∈ Sh(p, r) and a family

of integers 1 ≤ j1 < · · · < jl ≤ p + r − 1, with 1 ≤ σH(jk) ≤ p and

p+ 1 ≤ σH(jk + 1) ≤ p+ r, such that H = (H1, . . . , Hp+r−k) with

Hs =











BσH (i), for σH(i) ≤ p and i /∈ {j1, . . . , jl},

DσH (i)−p + n, for σH(i) > p and i /∈ {j1 + 1, . . . , jl + 1},

BσH (i) ∪ (DσH (i+1)−p + n), for i ∈ {j1, . . . , jl}.

Moreover, any partition H = (H1, . . . , Hp+r−k) ∈ SH(B,D + n) fulfills

exactly one of the three conditions:

(1) Hp+r−k = Bp and σH(p+ r) = p,

(2) Hp+r−k = Dr and σH(p+ r) = p+ r and jl < p+ r − 1,

(3) Hp+r−k = Bp∪Dr, σH(p+r) = p+r, σH(p+r−1) = p and jl = p+r−1.

Note that:

• H satisfies the first condition if, and only if, H = (H ′, Bp) with H ′ ∈
SH(B,D + n). Moreover, p+r− le(H) = p+r− le(H ′). So, we get that

B ·O PO(D) =
∑

H satisfying 1)

λp+r−le(H)H.
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• H satisfies the second condition if, and only if, H = (H ′, Dr + n) with

H ′ ∈ SH(B,D + n). Moreover, p+ r − le(H) = p + r − le(H ′). So, we
get that

PO(B) ·O D =
∑

H satisfying 2)

λp+r−le(H)H.

• H satisfies the second condition if, and only if, H = (H ′, Bp ∪Dr + n)

with H ′ ∈ SH(B,D + n). Moreover, p+ r− le(H) = p+ r− le(H ′)− 1.

So, we get that

λB ·O D =
∑

H satisfying 3)

λp+r−le(H)H.

We may conclude that

PO(B) ·O PO(D) = PO(B ·O PO(D) + PO(B) ·O D) + λP (B ·O D),

which ends the proof.

It is easily seen that the map std which associates to any non-empty

ordered partition of a subset J ⊆ N a non-empty ordered partition of [|J |],
extends trivially to a map from the sets of ordered partitions of J to the

set of ordered partitions of [|J |].
For instance, std((4, 7), ∅, (5), (1, 8), ∅)) = ((2, 4), ∅, (3), (1, 5), ∅).

The coproduct ∆O on OPart+ is given by:

∆O(B) :=

p∑

i=0

std(B1, . . . , Bi)⊗ std(Bi+1, . . . , Bp),

for B = (B1, . . . , Bp). It is immediate to verify that ∆O is coassociative.

Note that ∆O(∅) = ∅⊗ 1K+1K⊗∅ and ∆O(1K = 1K⊗ 1K, so (∅) cannot
be identified with 1K. The point is that (∅) is the identity element for ·O,
while 1K is the identity for ∗O.

We denote by ∗O the associative product on OPart obtained from the

λ-tridendriform structure:

B ∗O D = PO(B) ·O D +B ·O PO(D)) + λ P (B ·O D).
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Proposition 3.3. The coproduct ∆O satisfies the following conditions:

(1) ∆O(B ·O D) =
∑

(B(1) ∗O D(1))⊗ (B(2) ·O D(2)),

(2) ∆O(PO(B)) =
∑
B(1) ⊗ P (B(2)),

where ∆O(B) =
∑
B(1) ⊗B(2).

Proof. Note first that

B ·O D = (B ∗O D,Bp ∪Dr),

for B = (B1, . . . , Bp) and D = (D1, . . .Dr).

Let H ∈ SH(B,D + n). Recall that H is determined by a permutation

σ ∈ Sh(p− 1, r − 1) and integers 1 ≤ j1 < · · · < jk ≤ p − 1 such that

σ(ji) ≤ p− 1, σ(ji + 1) ≥ p, and

H = (Hσ(1), . . . , Hσ(ji) ∪Hσ(ji+1), . . . , Hσ(p+r−2)),

where Hi = Bi, for 1 ≤ i ≤ p−1, and Hi = Di−p−1+n, for p ≤ i ≤ p+r−2.

For 1 ≤ l ≤ p+ r − 2− k, there exist 0 ≤ l1 ≤ p− 1 and 0 ≤ l2 ≤ r − 1

such that

l⋃

i=1

Hi = (

l1⋃

i=1

Bi) ∪ (

l2⋃

i=1

Di + n),

and 0 ≤ t ≤ k such that it ≤ l1 < it + 1.

Moreover (see Section 1), we have that there exist unique

σ(1) ∈ Sh(l1, l2), σ(2) ∈ Sh(p− 1− l1, r − 1− l2) and δ ∈
Sh(l1 + l2, p+ r − 2− l1 − l2) such that:

σ = δ−1 · (σ(1) × σ(2)).

It is easy to verify that:

• (H1, . . . , Hl) ∈ σ(1)((B1, . . . , Bl1), (D1, . . . , Dl2)+n) is obtained by ap-

plying σ(1) and joining the blocks Hji = Bσ(1)(ji) ∪ (Dσ(1)(ji−p) +n, for

0 ≤ i ≤ t.

• (Hl+1, . . . , Hp+r−2−k) ∈ σ(2)((Bl1+1, . . . , Bp−1), (Dl2+1, . . . , Dr−1)+n)

is obtained by applying σ(2) and joining the blocks Hji = Bσ(2)(ji) ∪
(Dσ(2)(ji−p) + n, for t+ 1 ≤ i ≤ k.
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Conversely, for any pair of integers 0 ≤ l1 ≤ p − 1 and 0 ≤
l2 ≤ r − 1, and any pair of permutations σ(1) ∈ Sh(l1, l2) and σ(2) ∈
Sh(p− 1− l1, r − 1− l2), let

δ−1(i) =





i, for 1 ≤ i ≤ l1

p− 1 + i− l1, for l1 + 1 ≤ i ≤ l1 + l2 or p+ l2 ≤ i ≤ p+ r − 2

i− l2, for l1 + l2 + 1 ≤ i ≤ p+ l2 − 1.

Let σ = δ−1 · (σ(1))× σ(2) ∈ Sh(p− 1, q − 1) and l = l1 + l2. If

• H1 ∈ SH((B1, . . . , Bl1), (D1, . . . , Dl2)) is determined by σ(1) and inte-

gers 1 ≤ i1 < · · · < it ≤ l,

• H2 ∈ SH((Bl1+1, . . . , Bp−1), (Dl2+1, . . . , Dr−1)) is determined by σ(2)
and integers 1 ≤ j1 < · · · < js ≤ p+ r − 2− l,

then H = (H1, H2) ∈ SH(B,D) is the unique element determined by the

permutation σ and the integers i1, . . . , it, j1 + l1, . . . , js + l1.

So,

∆O(B ·O D) =
∑

(B(1) ∗O D(1))⊗ (B(2) ∗O D(2), Bp ∪Dr) =
∑

(B(1) ∗O D(1))⊗ (B(2) ·O D(2)),

which proves the first condition.

The second condition is evident.

By Lemma 2.1, we get that, for any λ ∈ K, OPart has a natural struc-

ture of λ-tridendriform bialgebra, which we denote by OPart(λ).

Remark 3.2. It is easy to verify that Part(λ) is a sub-λ-tridendriform

bialgebra of OPart(λ), for all λ ∈ K. However, the Rota-Baxter structure

of OPart(λ) does not restrict to Part(λ).

4. Tridendriform algebra structure on the maps between

finite sets

Let K[F ] be the vector space spanned by
⋃
n≥1 Fn.

To any ordered partition B = (B1, . . . , Bp) ∈ OPart[n] we may associate

a map fB ∈ Fn by setting fB(i) := j whenever i ∈ Bj .

This application defined a surjective linear homomorphism ϑ :

OPart −→ K[F ]. Note that for any ordered partition B = (B1, . . . , Bp),

the image under ϑ of any partition of the form (B, ∅, . . . , ∅) is always fB.
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The map f 7→ Bf := (f−1(1), . . . , f−1(r)), for f : [n] −→ [r] and

f−1(r) 6= ∅ is a section of ϑ. So, we may consider K[F ] as a subspace of

OPart.

The following result is immediate to check.

Lemma 4.1. Let f ∈ Fn and g ∈ Fm be two maps, then the elements

PO(Bf ) ·O Bg, Bf ·O Bg and Bf ·O PO(Bg) belong to the image of K[F ] in

OPart.

Note that for any f ∈ Fn, the image in K[F ] of PO(ϕ(f)) coincides

with f . So, the restriction of the Rota-Baxter operator PO to K[F ] is the

identity homomorphism. However, Lemma 4.1 implies that K[F ] is a sub-λ-

tridendriform algebra of OPart(λ), denoted K[F ](λ). So, we get inclusions

of λ-tridendriform algebras:

Part(λ) →֒ K[F ](λ) →֒ OPart(λ).

In fact, the λ-tridendriform bialgebra Part(λ) coincides with the one de-

fined in terms of surjective maps in.15

Note that the coproduct ∆O does not restrict to K[F ].
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1. Introduction

Let A be a nonempty set called an alphabet whose elements are called letters.

Finite sequences of elements of A are called words over A. Let A∗ be the

set of all words, which is a monoid under the concatenation operation of

two words and the empty sequence is the neutral element called the empty

word and denoted by 1. The monoid A∗ is called the free monoid on A. Let

A+ = A∗ \ {1}. If w = a1a2 · · · an is a word with ai ∈ A, then n is called

the length of w and denoted by lg(w).

x ∈ A∗ is called a prefix (resp. suffix) of y ∈ A∗, if there exists a u ∈ A∗

such that y = xu (resp. y = ux). x ∈ A∗ is called an infix (or a factor) of

y ∈ A∗ if there exist u, v ∈ A∗ such that y = uxv. A prefix (resp. suffix,

infix) x of y is called proper, if x 6= y.

Usually, subsets of A∗ are called languages over A. Remark that such

concept are defined on free monoids A∗. We can also define languages on

the free objects of some other algebraic systems. Usually, subsets of free

monoids are called ∗-languages whereas subsets of free semigroups are called

+-languages. Generally speaking, ∗-languages and +-languages have par-

allel theories. But in some occasion, such as dealing with varieties of lan-

guages, distinguishing between ∗-languages and +-languages is necessary.
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In this paper, unless otherwise stated, all languages we mentioned are ∗-
languages. The corresponding results for +-languages can be similarly ob-

tained.

Let C be a nonempty language over A. C is called a code over A if any

word w ∈ A∗ has at most one C-factorization. That is

x1x2 · · ·xm = y1y2 · · · yn, xi, yj ∈ C, i = 1, 2, . . . ,m, j = 1, 2, . . . , n

implies m = n and xi = yi, i = 1, 2, . . . , n.

Some important classes of codes are listed as follows. Let C be a

nonempty langauge over A. C is called

(1) a prefix code if x, xy ∈ C implies y = 1;

(2) a suffix code if x, yx ∈ C implies y = 1;

(3) a bifix code if it is both prefix and suffix;

(4) an infix code if y, xyz ∈ C implies x = z = 1;

(5) an outfix code if xz, xyz ∈ C implies y = 1;

(6) a p-infix code if y, xyz ∈ C implies z = 1;

(7) a s-infix code if y, xyz ∈ C implies x = 1.

It can be easily shown that all prefix (resp. suffix, bifix, infix, outfix,

p-infix, s-infix) codes other than {1} is a code. So for convenience, we treat

the singleton {1} as a code in this paper.

Let L be a language over A. The submonoid (resp. subsemigroup) gen-

erated by L is denoted by L∗ (resp. L+).

A language L ⊆ A∗ is called dense if any word w ∈ A∗ is a factor of

some word in L (or equivalently L intersects with all ideals of A∗).
For a language L over A, the congruence PL defined by

PL = {(x, y) ∈ A∗ ×A∗ | for all u, v ∈ A∗, uxv ∈ L if and only if uyv ∈ L}

is called the syntactic congruence of L. And the natural homomorphism P ♮L
is call the syntactic homomorphism of L and denoted by ϕL. The quotient

monoid A∗/PL is called the syntactic monoid of L and denoted by M(L).

For any word u, we often use [u]L to denote the PL-class containing u.

Let L be a language over A. Then L is said to be regular if the syntac-

tic monoid of L is finite (that is, there is only finitely many PL-classes).

It is well known that regular languages play a critical role in theoretical

computer science and studied by many authors in literature, which have

many equivalent definitions and hence have many different names such as

recognizable languages, rational languages, etc. Regular languages have re-

markable algebraic and combinatorial properties and various applications.

For theoretical and applied requirements, many kinds of generalizations of



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

Generalized Disjunctive Languages and Universal Algebra 91

regular languages and some relevant non-regular languages are also studied

in literature including disjunctive languages and their generalizations.

A language L over A is said to be disjunctive if each PL-class contains

exactly one element. Disjunctive languages have been investigated by many

authors in literature.4,5,9–11,16,18–21,23,24

There are many kinds of generalizations of disjunctive languages. A

langauge L over A is said to be

(1) f-disjunctive,6 if each PL-class is finite;

(2) nd-disjunctive,15 if each PL-class is not dense;

(3) ni-disjunctive,15 if each PL-class is not an ideal;

(4) regular disjunctive, if each PL-class is regular;

(5) (prefix, suffix, bifix, infix, outfix, p-infix, s-infix, etc)code disjunctive,

if each PL-class is a (prefix, suffix, bifix, infix, outfix, p-infix, s-infix, etc)

code;

(6) relatively f-disjunctive7 (resp. relatively disjunctive7) if there ex-

ists a dense language D such that for all u ∈ A∗, |[u]L ∩D| < ∞ (resp.

|[u]L ∩D| ≤ 1).

In this paper, we mainly study the algebraic properties of these classes

of generalized disjunctive languages including syntactic monoids character-

izations in Section 2 and the relations and hierarchy of these classes of

languages in Section 3.

In the following discussion, N (resp. N0) stands for the set of all positive

(resp. nonnegative) integers. And P(S) represents the power set of a set S.

2. K-Disjunctive languages and universal algebra

In this section, we characterize the syntactic monoids of some classes of

generalized disjunctive languages mentioned in the previous section by using

universal algebra.

Let A be a given class of alphabets. We call

L = {(A,L(A∗)) | A ∈ A }

a language class (over A ), where L(A∗) is a family of languages over A,

that is L(A∗) ⊆ P(A∗). Elements of L(A∗) are called L languages over A.

L can also been treated as a mapping from A to
⋃
A∈A

P(P(A∗)), called
a language map in some literatures. We also denote

⋃
A∈A

L(A∗) by L and

call its elements L languages if no ambiguity arises.

We usually denote by D (resp. Df , Dr, Drf , Dnd, Dni, DR, DC, DP,

DS, DB, DI, DO, DPI, DSI) the class of all (resp. f-, r-, rf-, nd-, ni-, R-,
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C-, P-, S-, B-, I-, O-, PI-, SI-) disjunctive languages. In fact, most of them

can be defined by the following more general manner.

Definition 2.1. Let K be a language class. A congruence ρ on A∗ is said to

be K-disjunctive, if every ρ-class is a K language. A language is said to be

K-disjunctive language, if the syntactic congruence PL is a K-disjunctive

congruence. Denote byDK the language class of allK-disjunctive languages

(that is DK(A∗) contains all K-disjunctive languages of A∗). Notice that

if K(A∗) contains all singleton of A∗, then the class of K-disjunctive lan-

guage contains all disjunctive languages and can be treat as a generalized

disjunctive language.

All classes of the generalized disjunctive languages mentioned above

except Dr and Drf can be defined by this manner.

Syntactic monoids of f-, r-, rf-, nd-, ni-disjunctive, have been character-

ized by many authors.7,14,15,17 Here we list some results as follows which

will be used later:

Proposition 2.1 (cf. 15). Let L ⊆ A∗. Then L is nd-disjunctive if and

only if its syntactic monoid contains no minimal ideal.

Proposition 2.2 (cf. 15). Let L ⊆ A∗. Then the following statements are

equivalent:

(1) L is an ni-disjunctive language;

(2) Both L and its complement Lc are dense;

(3) M(L) contains no zero element;

(4) A∗ contains either no dense PL-class, or at least two such classes.

Proposition 2.3 (cf. 7). Let L be a language over A. Then the following

properties are equivalent:

(1) L ∈ Drf ;

(2) M(L) contains no finite ideal;

(3) If A∗ contains dense PL-classes then it contains infinitely many such

classes;

(4) L ∈ Dr.

We now study the syntactic monoids of the above mentioned generalized

disjunctive languages which has not been discussed in literature.

For prefix, suffix, bifix, infix, outfix, p-infix and s-infix disjunctive lan-

guages, we can characterize their syntactic monoids by using the following

general manner coming from universal algebra.
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Let Σ be a special alphabet, elements in which are called vari-

ables and words over which are called expressions. A homomorphism

from Σ∗ to a monoid M is said to be an evaluation mapping. Usu-

ally, we use α(x1, x2, . . . , xn) to represent an expression α, where α ⊆
{x1, x2, . . . , xn}∗, x1, x2, . . . , xn ∈ Σ. Use α(ϕ(x1), ϕ(x2), . . . , ϕ(xn)) to

represent ϕ(α(x1, x2, . . . , xn)), where ϕ is an evaluation mapping. Let

α = α(x1, x2, . . . , xn), β = β(x1, x2, . . . , xn), γ = γ(x1, x2, . . . , xn), δ =

δ(x1, x2, . . . , xn) be expressions over Σ, Λ /∈ Σ∗ be a symbol called a lan-

guage variable (which stands for a language in the following implications).

A language L ⊆ A∗ is said to satisfy the following implication

α, β ∈ Λ ⇒ γ = δ,

if

(∀w1, w2, . . . , wn ∈ A∗) α(w1, w2, . . . , wn), β(w1, w2, . . . , wn) ∈ L

implies

γ(w1, w2, . . . , wn) = δ(w1, w2, . . . , wn)

A language class L is said to be defined by the following set

Γ = {αi, βi ∈ Λ ⇒ γi = δi}i∈I
of implications, denoted by

L = [Γ] = [{αi, βi ∈ Λ ⇒ γi = δi}i∈I ],
if L is an L language if and only if L satisfies all implications in Γ.

A monoid M is said to satisfy the following implication

α = β ⇒ γ = δ,

if

(∀w1, w2, . . . , wn ∈M) α(w1, w2, . . . , wn) = β(w1, w2, . . . , wn)

implies

γ(w1, w2, . . . , wn) = δ(w1, w2, . . . , wn).

A class of monoids M is said to be defined by the following set

Γ = {αi = βi ⇒ γi = δi}i∈I
of implications, denoted by

M = [Γ] = [{αi = βi ⇒ γi = δi}i∈I ],
if M ∈ M if and only if M satisfies all implications in Γ.
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A congruence ρ on a monoid M is called an 1-free congruence, if 1ρ =

{1}. A language L ⊆ A∗ is called a 1-free language, if [1]L = {1}. Denote

by 1F the language class of all 1-free languages.

Following our convention, we usually discuss ∗-languages. While the ∗-
languages involved in the following theorem are similar to +-languages.

We call a language class L a +-like language class, if for any alphabet A,

{{1}} ⊆ L(A∗) ⊆ P(A+) ∪ {{1}}. For instance, the class of [prefix, suffix,

bifix, infix, outfix, p-infix, s-infix] codes are all +-like language classes.

Let M be a class of monoids. Define

L(M) = {(A,M(A∗)) | A ∈ A ,M(A∗) = {L ⊆ A∗ | M(L) ∈ M}} .

Theorem 2.1. Let K = [{αi, βi ∈ Λ ⇒ γi = 1}i∈I ] be a +-like language

class. Then a congruence ρ on A∗ is a K-disjunctive congruence if and only

if 1ρ = {1} and

A∗/ρ ∈ [{αi = βi ⇒ γi = 1}i∈I ].
In particular, L ⊆ A∗ is a K-disjunctive language if and only if [1]L = {1}
and

M(L) ∈ [{αi = βi ⇒ γi = 1}i∈I ].
Therefore,

DK = L[{αi = βi ⇒ γi = 1}i∈I ] ∩ 1F.

Proof. Let M = A∗/ρ, αi = αi(x1, x2, . . . , xni
), βi = βi(x1, x2, . . . , xni

),

γi = γi(x1, x2, . . . , xni
).

Necessity. Since K is a +-like language class, the only K language con-

taining 1 is the singleton set {1}. Thus 1ρ = {1}.
Next we prove M satisfies the implications αi = βi ⇒ γi = 1, i ∈ I.

Suppose that

αi(m1,m2, . . . ,mni
) = βi(m1,m2, . . . ,mni

),

where m1,m2, . . . ,mni
∈ M . Let wj ∈ A∗ satisfying ρ♮(wj) = mj , j =

1, 2, . . . , ni. Then we have

ρ♮(αi(w1, w2, . . . , wni
)) = αi(ρ

♮(w1), ρ
♮(w2), . . . , ρ

♮(wni
))

= αi(m1,m2, . . . ,mni
)

= βi(m1,m2, . . . ,mni
)

= βi(ρ
♮(w1), ρ

♮(w2), . . . , ρ
♮(wni

))

= ρ♮(βi(w1, w2, . . . , wni
)).
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Hence αi(w1, w2, . . . , wni
) and βi(w1, w2, . . . , wni

) are in the same ρ-class.

Then by the fact that every ρ-class is a K language, and K satisfies αi, βi ∈
Λ ⇒ γi = 1, we know that γi(w1, w2, . . . , wni

) = 1. Hence

γi(m1,m2, . . . ,mni
) = ρ♮(γi(w1, w2, . . . , wni

)) = 1.

That is M satisfies the implications αi = βi ⇒ γi = 1, i ∈ I. Thus,

M ∈ [{αi = βi ⇒ γi = 1}i∈I ].

Sufficiency. Let C be a ρ-class. Suppose that

αi(w1, w2, . . . , wni
), βi(w1, w2, . . . , wni

) ∈ C,

where w1, w2, . . . , wni
∈ A∗. Let mj = ρ♮(wj), j = 1, 2, . . . , ni. Then we

have

αi(m1,m2, . . . ,mni
) = αi(ρ

♮(w1), ρ
♮(w2), . . . , ρ

♮(wni
))

= ρ♮(αi(w1, w2, . . . , wni
))

= ρ♮(βi(w1, w2, . . . , wni
))

= βi(ρ
♮(w1), ρ

♮(w2), . . . , ρ
♮(wni

))

= βi(m1,m2, . . . ,mni
).

Then by the fact that M satisfies αi = βi ⇒ γi = 1, we know that

γi(m1,m2, . . . ,mni
) = 1.

Notice that 1ρ = {1}, we have γi(w1, w2, . . . , wni
) = 1. That is C satisfies

implications αi, βi ∈ Λ ⇒ γi = 1, i ∈ I. Thus C is a K language, which

implies that ρ is a K-disjunctive congruence.

Many K-disjunctive language classes can be characterized by the above

theorem. For instance, we have

Corollary 2.1. In the following table, we list the syntactic characteriza-

tions of some generalized disjunctive languages defined by given classes of

codes.

K DK

prefix code P = [x, xy ∈ Λ ⇒ y = 1] DP = L[x = xy ⇒ y = 1] ∩ 1F

suffix code S = [x, yx ∈ Λ ⇒ y = 1] DS = L[x = yx ⇒ y = 1] ∩ 1F

bifix code B = P ∩ S DB = DP ∩DS

infix code I = [y, xyz ∈ Λ ⇒ x = z = 1] DI = L[y = xyz ⇒ x = z = 1] ∩ 1F

outfix code O = [xz, xyz ∈ Λ ⇒ y = 1] DO = L[xz = xyz ⇒ y = 1] ∩ 1F

p-infix code PI = [y, xyz ∈ Λ ⇒ z = 1] DPI = L[y = xyz ⇒ z = 1] ∩ 1F

s-infix code SI = [y, xyz ∈ Λ ⇒ x = 1] DSI = L[y = xyz ⇒ x = 1] ∩ 1F
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Similar results can also be given for some other classes of codes such as

the so-called shuffle codes including n-prefix codes Pn, n-suffix codes Sn,

n-infix codes In, n-outfix codes On and hypercodes H. While all kinds of

intercodes including comma-free codes can not be used to construct gen-

eralized disjunctive languages in this manner. Since such codes contain

primitive words only, but for any congruence, it is impossible that every

congruence class contains only primitive words.

A class of monoids closed under the three operations: homomorphism,

submonoid and direct product are called variety, which is equivalent to

say that this class of monoids can be defined by identities by a well-known

Birkhoff Theorem in universal algebra (cf. 1 or 2). The langauge class L(M)

defined by a variety M has good algebraic closure properties (which is

closed under boolean operation, inverse homomorphism, left and right quo-

tients by Eilenberg’s Correspondence Theorem3).

The class of monoids defined by implications is called a quasivariety. It

can be easily checked that any quasivariety is closed under isomorphism,

submonoid and direct product but not necessary closed under homomor-

phism, which cause the language class L(M) defined by a quasivariety M
possibly has less algebraic closure properties. In fact, it is easy to check that

the language class DP, DS, DB, DI, DO, DPI, DSI is a anti-AFL. That is

it is not closed under the operations of union, concatenation, “+”, 1-free ho-

momorphism, inverse homomorphism, intersection with regular languages.

Up to now, we do not know that a class of monoids M being closed un-

der submonoid and direct product can bring L(M) what kinds of closure

properties. So, unlike varieties, we do not know language classes defined by

quasivarieties have what kinds of common properties.

For syntactic monoids of regular disjunctive languages, we have the

following characterization.

A monoid M is said to be residually finite,12 if any pair of distinct

elements of M can be separated by a finite-indexed congruence onM , that

is to say, for any x, y ∈ M , x 6= y, there exists a congruence ρ on M

with finite index such that (x, y) /∈ ρ. It is easy to show that, a monoid

is residually finite if and only if it is isomorphic to a subdirect product of

some finite monoids.

Let M be a monoid. x ∈ M is said to be uniformly residually finite, if

there is a congruence ρ on M with finite index such that for any y ∈ M ,

x 6= y, (x, y) /∈ ρ (That is xρ = {x}). M is said to be uniformly residually

finite, if every element of M is uniformly residually finite.

A monoid M1 is said to divide a monoid M2, denoted by M1

∣∣ M2, if

M1 is a homomorphic image of some submonoid of M2.
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Lemma 2.1 (cf. 12). Let L be a language over A, M a monoid. Then

M(L)
∣∣ M if and only if there exist a homomorphism ϕ from A∗ to M and

P ⊆M such that L = ϕ−1(P ).

Lemma 2.2. Let M be a finitely generated monoid, A a finite alphabet,

ϕ : A∗ → M a surjective homomorphism. Then for any x ∈ M , ϕ−1(x) is

regular if and only if x is uniformly residually finite.

Proof. Let L = ϕ−1(x). Then there is a surjective homomorphism ψ from

M to M(L) such that ϕL = ψ ◦ ϕ (cf. 12, Chapter 6, Lemma 5.1). Hence

ψ−1ψ(x) = ψ−1ψ(ϕ(L))

= ψ−1ϕL(L)

= ϕϕ−1ψ−1ϕL(L)

= ϕϕ−1
L ϕL(L)

= ϕ(L)

= {x} .

Let ρ = Kerψ. Then we have xρ = {x}. If L is regular, then M(L) is finite,

which implies the index of ρ is finite. Therefore, x is uniformly residually

finite.

Conversely, if x is uniformly residually finite, then there is a congruence

ρ on M with finite index such that xρ = {x}. Let ψ = ρ♮, then we have

ψ−1ψ(x) = {x}. Hence ϕ−1ψ−1ψϕ(L) = L. Then by Proposition 2.1, M(L)

is a homomorphic image of M/ρ. Therefore, M(L) is finite, that is L is

regular.

By the definition of uniformly residual finiteness and Lemma 2.2, we

have:

Theorem 2.2. Let M be a finitely generated monoid. Then the following

statements are equivalent.

(1) M is uniformly residually finite;

(2) For any finite alphabet A and any surjective homomorphism ϕ from

A∗ to M , Kerϕ is a regular disjunctive congruence on A∗;
(3) There exist a finite alphabet A and a surjective homomorphism ϕ

from A∗ to M , such that Kerϕ is a regular disjunctive congruence on A∗;
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(4) S is isomorphic to a subdirect product of a family {Si}i∈I of finite

monoids satisfying the following condition: for any x ∈ S, there exists i ∈ I

such that π−1
i πi(x) = {x}.

Corollary 2.2. L ⊆ A∗ is a regular disjunctive language if and only if

M(L) is uniformly residually finite.

Remark 2.1. Clearly, every uniformly residually finite monoid is residually

finite. While the converse is not necessarily true. For instance, let A =

{a, b}, L = {w ∈ A∗ | wa = wb}. Direct computations show that L is not a

regular disjunctive language. Hence M(L) ≃ Z is not uniformly residually

finite. On the other hand, since for any m,n ∈ Z, m > n, we have (m,n) /∈
ρk, where k = m − n + 1 and ρk = {(x, y) ∈ Z× Z | x ≡ y (mod k)} is a

congruence with finite index. Therefore, Z is a residually finite monoid.

Remark 2.2. It is easy to show that the class of all residually finite

monoids is a so-called semivariety, that is, it is closed under isomorphism,

submonoid and direct product. While the class of all uniformly residually fi-

nite monoids is not a semivariety, it is closed under isomorphism, submonoid

and finite direct product but not closed under arbitrary direct product.

Regular disjunctive languages can be treat as a common generalization

of regular languages and disjunctive languages. Characterizing their syn-

tactic monoids may be a valuable work.

3. Generalized disjunctive hierarchy

We now discuss the relationship among some classes of generalized dis-

junctive languages mentioned in the previous section. The main result is

Theorem 3.1. For this purpose, we will make some preparations first.

For any L ⊆ A∗, let

P (L) = {u ∈ A+ | L ∩ uA+ 6= ∅} ;
S(L) = {u ∈ A+ | L ∩ A+u 6= ∅} ;
I(L) = {u ∈ A∗ | L ∩ A∗uA∗ 6= ∅} .

A language L over A is said to be overlap-free if P (u) ∩ S(v) = ∅ for

any u, v ∈ L.

Definition 3.1 (cf. 22). For a nonempty language L ⊆ A+ and any w ∈
A∗, a factorization of w on A∗

w = x1y1x2y2 · · ·xnynxn+1
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such that yi ∈ L and I(xj)∩L = ∅, i = 1, 2, . . . , n, j = 1, 2, . . . , n+1, n ≥ 0,

is called an L-representation of w, and (x1, x2, . . . , xn+1) is called the coeffi-

cients of the representation. If every word w has a unique L-representation,

then we call L a solid code.

Proposition 3.1 (cf. 8,22). Let L ⊆ A+ and L 6= ∅. Then L is a solid

code if and only if L is an overlap-free infix code.

Definition 3.2 (cf. 13). Let S be a solid code and w a word over A. Then

w has a unique S-representation w = t1s1t2s2 · · · tlsltl+1. We call the above

l the S-length of w and denote it by lS(w). The number max(lg(t1), lg(t2),

. . . , lg(tl+1)) associated to the representation is called the S-height of w

and denoted by hS(w). If lS(w) ≥ 2, the number max(lg(t2), . . . , lg(tl)) is

called the inner S-height of w and denoted by h∗S(w), if lS(w) < 2, then let

h∗S(w) = 0. We also denote t1 and tl+1 by pS(w) and sS(w) respectively. Let

mS(w) = max(r(lS(w)), r(hS(w))) = r(max(lS(w), hS(w))) and m∗
S(w) =

max(r(lS(w)), r(h
∗
S(w))) = r(max(lS(w), h

∗
S(w))), where

r(n) =

{
2⌈log2 n⌉ if n > 0;

0 if n = 0.

That is, r(n) is the least number in
{
0, 20, 21, . . .

}
which is not less than

n. For the sake of simplicity, we use l(w), h(w), h∗(w), m(w), m∗(w),
p(w) and s(w) to represent lS(w), hS(w) , h∗S(w), mS(w), m

∗
S(w), pS(w)

and sS(w) respectively if the solid code S is known in the context. Now, by

means of the solid code S, we are ready to construct the following language

L = L(S) which will be used in the proof of the main result of this section.

For any p, s ∈ A∗, l ∈ {0, 1, . . .}, m,m∗ ∈ M =
{
0, 20, 21, . . .

}
, m,m∗ ≥

r(l), let

U(l,m) = {w ∈ A∗ | l(w) = l and m(w) = m} ;
V (l,m,m∗, p, s) = {w ∈ U(l,m) | p(w) = p, s(w) = s and m∗(w) = m∗} ;
L = L(S) =

⋃
m∈M

U(m,m) = {1} ∪
∞⋃
l=0

U(2l, 2l).

For the sake of simplicity, for any word w, we also denote U(l(w),m(w))

and V (l(w),m(w),m∗(w), p(w), s(w)) by U(w) and V (w) respectively.

Then we have:

Proposition 3.2 (cf. 13). Let S be a solid code, L = L(S). Then for any

w ∈ A∗ we have

(1) V (w) ⊆ [w]L ⊆ U(w).
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(2) [w]L is an infix code.

(3) If p(w) = s(w) = 1, then [w]L = V (w). In particular, S is a PL-

class.

Proposition 3.3 (cf. 13). Let S be a solid code over A, L = L(S). Then

S is finite if and only if L is f-disjunctive.

Proposition 3.4. Let S be a solid code over A, L = L(S). Then S is

regular if and only if L is regular disjunctive.

Proof. By Proposition 3.2(3), S is a PL-class. Therefore, if L is regular

disjunctive, then S must be regular.

Conversely, suppose that S is regular. Since S is a PL-class, for any

n ∈ N0, xi ∈ A∗, i = 1, 2, . . . , n + 1, x1Sx2S · · ·xnSxn+1 must be con-

tained in a PL-class. Moreover, by the regularity of S, we know that

x1Sx2S · · ·xnSxn+1 is regular. For any n ∈ N0, let A≤n denote the set of

all words with length ≤ n. By Proposition 3.2(1), we have [w]L ⊆ U(w) ⊆
(A≤mS)lA≤m for any w ∈ A∗, lS(w) = l, mS(w) = m. Then [w]L is a

finite union of the form x1Sx2S · · ·xlSxl+1, where xi ∈ A≤m. Thus [w]L is

regular, which implies L is regular disjunctive.

Definition 3.3. Let L be a nonempty language in A+, w ∈ A∗. An L-

representation

w = x1y1x2y2 · · ·xnynxn+1

of w is said to be maximal, if any infix of w properly containing yi does not

belong to L.

Proposition 3.5. If O is an overlap-free language over A, then every word

over A has a unique maximal O-representation.

Proof. Suppose that the proposition is not true. Let w ∈ A∗ be a word

with minimal length among the words with at least two maximal O-

representations. Let

w = x1y1x2y2 · · ·xnynxn+1,

w = x′1y
′
1x

′
2y

′
2 · · ·x′n′y′n′x′n′+1

be two distinct maximal O-representations of w.

By the minimality of lg(w), we have x1 6= x′1. Suppose, without loss of
generality, that lg(x1) < lg(x′1). Then by y1, y

′
1 ∈ O and O is overlap-free,
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we know that y′1 is a proper infix of y1, which contradicts the maximality

of the representation

w = x′1y
′
1x

′
2y

′
2 · · ·x′n′y′n′x′n′+1.

Therefore, every word has a unique maximal O-representation.

Remark 3.1. The converse of the above proposition is not necessarily true.

For example, let O = A∗. Then every word w over A has a unique maximal

O-representation, i.e. w = w. Clearly, O is not overlap-free. So, it is quite

different from the corresponding property of solid codes (cf. Proposition

3.1).

By Proposition 3.5, we have the following definition.

Definition 3.4. Let O be an overlap-free language over A. Then the l in

the unique maximal O-representation

w = x1y1x2y2 · · ·xlylxl+1

is called the O-length of w, denoted by lO(w).

Proposition 3.6. Let O be an overlap-free prefix code or suffix code over

A,

UO(n) = {w ∈ A∗ | lO(w) = n} , n ∈ N0,

L = LO =
∞⋃

n=0

UO(2
n).

Then

(1) For any w ∈ A∗, lO(w) = l, we have [w]L ⊆ UO(l);

(2) L is an nd-disjunctive language over A.

Proof. We need only prove the case of that O is a prefix code.

(1) Let w = x1y1x2y2 · · ·xlylxl+1 be the maximal O-representation of

w. For any w′ ∈ [w]L, let lO(w
′) = l′. Suppose that l > l′. Let r be a

positive integer satisfying l− l′ < 2r−1 and u an arbitrary word in O. Then

by the fact that O is an overlap-free prefix code, we obtain that

u2
r−lw =

2r−l u︷ ︸︸ ︷
1u1u1 · · ·1ux1y1x2y2 · · ·xlylxl+1

is the maximal O-representation of u2
r−lw. Hence lO(u2

r−lw) = 2r, which

implies that u2
r−lw ∈ L. Similarly, lO(u

2r−lw′) = 2r−(l− l′). Since 2r−1 <
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2r− (l− l′) < 2r, we have u2
r−lw′ /∈ L, This contradicts (w,w′) ∈ PL. Thus

l ≤ l′. Symmetrically, one can prove that l′ ≤ l. Thus l = l′, that is

w′ ∈ UO(l).

(2) is a direct consequence of (1).

Lemma 3.1. Let ρ be a congruence on A∗, w ∈ A∗. If wρ is finite, then

wρ is an infix code.

Proof. Suppose that x, uxv ∈ wρ, where u, v, x ∈ A∗. Then for any n ∈ N,

unxvn ∈ wρ. If uv 6= 1, then wρ is infinite. Thus, if wρ is finite, then

u = v = 1. That is wρ is an infix code.

Lemma 3.2. Every infix code is not dense.

Proof. Let L be an infix code overA, w ∈ L, a ∈ A. Then for any u, v ∈ A∗,
uwav /∈ L. Thus, L is not dense.

Lemma 3.3 (cf. 18). If |A| = 1, then a language over A is disjunctive if

and only if it is not regular.

Theorem 3.1. (1) If |A| = 1, then

D(A∗) = Df (A
∗) = DI(A

∗) = Dnd(A
∗) = Drf (A

∗) = Dni(A
∗) \R(A∗).

(2) If |A| ≥ 2, then

D(A∗) ( Df (A
∗) ( DI(A

∗) ( Dnd(A
∗) ( Drf (A

∗) ( Dni(A
∗) \R(A∗).

For regular disjunctive languages, we have

(3) Df ∪R ⊆ DR.

(4) If |A| = 1, then every language over A is regular disjunctive.

(5) If |A| ≥ 2, DR(A∗) is not comparable with DI(A
∗), Dnd(A

∗),
Drf (A

∗), Dni(A
∗) under set inclusion. (The relationship among these lan-

guage classes is shown in Figure 1)

Proof. By the definitions of these classes of generalized disjunctive lan-

guages and Proposition 2.1, 2.2, 2.3, Lemma 3.1 and 3.2 we have

D(A∗) ⊆ Df (A
∗) ⊆ DI(A

∗) ⊆ Dnd(A
∗) ⊆ Drf (A

∗) ⊆ Dni(A
∗) \R(A∗),

(1) By Lemma 3.3, when the alphabet A contains only one letter, a

language over A is either regular or disjunctive. Hence, Dni(A
∗) \R(A∗) ⊆

D(A∗). Thus we have

D(A∗) = Df (A
∗) = Dnd(A

∗) = Drf (A
∗) = Dni(A

∗) \R(A∗).
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(2) It can be easily shown that L0 =
⋃∞
n=0 A

2n ∈ Df (A
∗) \ D(A∗),

which shows the inclusion D(A∗) ⊆ Df (A
∗) is proper. By the proof of (5)

below, we know that all other inclusions of (2) is also proper.

(3) Since finite language is trivially regular, we have Df ⊆ DR. The

inclusion R ⊆ DR is a consequence of Corollary 2.2.

(4) is a consequence of (3) and Lemma 3.3.

(5) Let a, b ∈ A, D = {anbn | n ∈ N}, E =
{
a2

n | n ∈ N0
}
,

L1 = L(S), where S is an infinite regular solid code, the operator L

follows Definition 3.2,

L2 = L(S′), where S′ is a non-regular solid code, operator L has the

same meaning as the above statement,

L3 =
{
w ∈ A∗ | wa = 2n, n ∈ N0

}
,

L4 = LD =
{
w ∈ A∗ | lD(w) = 2n, n ∈ N0

}
,

L5 = EbA∗,
L6 = {w ∈ A∗ | wa = wb},
L7 = E ∪ A(A2)∗,
L8 = D ∪ A(A2)∗,
L9 = (A2)∗,
L10 = E,

L11 = {a},
L12 = D.

(i) By Proposition 3.2(2), 3.3 and 3.4, we have L1 ∈ (DI(A
∗)∩DR(A∗))\

Df (A
∗), L2 ∈ DI(A

∗) \DR(A∗).
(ii) Direct computation shows that

M(L3) =
{
Cn | n ∈ N0

}
,

where Cn = {w ∈ A∗ | wa = n}. Clearly, Cn is non-dense regular language,

but not an infix code, n ∈ N0. Thus L3 ∈ (Dnd(A
∗) ∩DR(A∗)) \DI(A

∗).
(iii) Notice that D is an overlap-free bifix code, then by Proposition

3.6(2), L4 is an nd-disjunctive language over A.

Next we show that D is a PL4-class. For any u, v ∈ A∗, x ∈ D, we have

lD(uxv) = lD(u) + lD(v) + 1. Hence for any x, y ∈ D, uxv ∈ L4 if and only

if uyv ∈ L4. That is D is contained in a PL4 -class.

Let w ∈ D, w′ ∈ A∗, (w,w′) ∈ PL4 . Then by Proposition 3.6(1),

lD(w
′) = lD(w) = 1. Let w′ = uxv be the maximal L4-representation of

w′, x ∈ D, u, v ∈ A∗. Then we have uv ∈ b∗a∗ and (x,w′) ∈ PL4 . If u /∈ a∗,
then u = biaj for some i ≥ 1, j ≥ 0. Then lD(aba

iw′) = lD(aba
ibiajxv) = 3

and lD(aba
ix) = 2. Hence abaiw′ /∈ L4 while abaix ∈ L4, which contradicts
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(x,w′) ∈ PL4 . Thus u ∈ a∗. Similarly, v ∈ b∗. Therefore, uv ∈ a∗b∗, which
together with uv ∈ b∗a∗ implies u = v = 1, and hence w′ = x ∈ D.

Now we have proved that D is a PL4 -class. Since D is neither a regular

language nor an infix code over A, we have L4 ∈ Dnd(A
∗) \ (DR(A∗) ∪

DI(A
∗)).

(iv) It is easy to show that

M(L5) =
{
anbA∗ | n ∈ N0

}
∪
{
{an} | n ∈ N0

}
.

Hence L5 is regular disjunctive. Since there exist infinitely many dense PL5 -

class anbA∗, n ∈ N, by Theorem 2.3 and the definition of nd-disjunctive

languages, L5 is an rf-disjunctive language but not an nd-disjunctive lan-

guage. Thus L5 ∈ (Drf (A
∗) ∩DR(A∗)) \Dnd(A

∗).
(v) M(L6) = {Cn | n ∈ Z}, where Cn = {w ∈ A∗ | wa = wb + n}. It is

easy to check that Cn is a dense non-regular language. Hence L6 is neither

nd-disjunctive nor regular disjunctive. While by Theorem 2.3, L6 is rf-

disjunctive. Thus L6 ∈ Drf (A
∗) \ (DR(A∗) ∪Dnd(A

∗)).
(vi) M(L7) = {C1, C2}∪

{
{an} | n ∈ N0

}
, where C1 = (A∗ \a∗)∩(A2)∗,

C2 = (A∗ \ a∗)∩A(A2)∗. Clearly, L7 is regular disjunctive but not regular.

By Proposition 2.2 and 2.3, L7 ∈ Dni(A
∗)\Drf (A

∗). Thus L7 ∈ (Dni(A
∗)∩

DR(A∗)) \ (R(A∗) ∪Drf (A
∗)).

(vii) M(L8) = {C1, C2}∪{Dn | n ∈ Z}, where C1 = (A∗ \a∗b∗)∩ (A2)∗,
C2 = (A∗ \ a∗b∗)∩A(A2)∗, Dn =

{
aibj | i, j ∈ N0, i− j = n

}
. Clearly, both

C1 and C2 are dense regular language. And it is easy to check that Dn is

neither regular nor dense. Thus L8 ∈ Dni(A
∗) \ (DR(A∗) ∪Drf (A

∗)).
(viii) L9 is obviously a regular language. Moreover, both L9 and its

complement are dense. Thus L9 ∈ R(A∗) ∩Dni(A
∗).

(ix) By M(L10) = {A∗ \ a∗} ∪
{
{an} | n ∈ N0

}
, we have L10 is regular

disjunctive but not regular. Moreover, since there is only one dense PL10 -

class, L10 /∈ Dni. Thus L10 ∈ DR(A∗) \ (Dni(A
∗) ∪R(A∗)).

(x) Since L11 is regular but not dense, we have L11 ∈ R(A∗) \Dni(A
∗).

(xi) M(L12) = {A∗ \ a∗b∗} ∪ {Dn | n ∈ Z}, where Dn ={
aibj | i, j ∈ N0, i− j = n

}
. Since there is only one dense PL12 -class, L12 /∈

Dni. Since Dn is not regular, n ∈ Z, we have L12 /∈ DR. Thus L12 /∈
Dni(A

∗) ∪DR(A∗).
(i)–(xi) not only proves that all inclusions Df (A

∗) ⊆ DI(A
∗) ⊆

Dnd(A
∗) ⊆ Drf (A

∗) ⊆ Dni(A
∗) \ R(A∗) are proper, but also shows that

DR(A∗) is not comparable with DI(A
∗), Dnd(A

∗), Drf (A
∗) and Dni(A

∗)
under set inclusion (cf. Figure 1).
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Fig. 1. Generalized disjunctive hierarchy
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In this paper, we study a category of trees TI and prove that it is a Koszul
category. Consequences are the interpretation of the reduced bar construction
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Introduction

The bar construction is an old machinery that applies to different objects,

such as algebras, monads14 or categories.16 Ginzburg and Kapranov11 built

a bar construction BGK for operads, as an analogue of the bar construction

for algebras. Except that, stricto sensu, this bar construction is not the

exact analogue of the bar construction for algebras. C. Rezk,19 S. Shnider

and D. Von Osdol,21 and B. Fresse7 considered another bar construction

for operads, denoted by B◦, the one viewing an operad P as a monoid

in the monoidal (non-symmetric) category of symmetric sequences, with

the plethysm as monoidal structure. B. Fresse proved that the associated

complexes of the two bar constructions are related by an explicit quasi-

isomorphism, improving the result by S. Shnider and D. Von Osdol who

proved that the two complexes have isomorphic homology. This explicit

morphism enables also B. Fresse to work over any commutative ring.

The purpose of this paper is first to give an interpretation of the original

bar construction BGK of Ginzburg and Kapranov. In this process, we view
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an operad as a left module over the category of trees TI as in11 and build the

bar construction B of this category. Note that the idea of using categories

of trees for operads, or PROPS, goes back to Boardman and Vogt.3 The

crucial point is that the category TI is Koszul and it is immediate to see

that the original bar construction of Ginzburg and Kapranov is precisely

the 2-sided Koszul complex of the category with coefficients in the left-

module P and the unit right module. The bar construction of the category

of trees is the same as the bar construction of the monad (or triple) arising

from the adjunction

Operads ⇄ Symmetric Sequences,

where the left adjoint to the augmentation ideal functor is the free operad

functor. Symmetric sequences are also known as species, terminology used

in the present paper, or S-modules.

We prove that the inclusion BGK → B factors through the quasi-

isomorphism described by Fresse BGK → B◦, where B◦ denotes the bar

construction with respect to the monoidal structure. We describe explicitly

the quasi-isomorphism B◦ → B.

Note that S. Shnider and D. Von Osdol21 interpret the bar construction

B◦ as a bar construction of a category, which is not the same as our category

of trees. The one used by the authors is the usual category associated to

an operad or a PROP (see e.g.15).

The advantage of proving that the category TI is Koszul is that we can

provide a smaller resolution of the category TI than the usual cobar-bar

resolution, inspired by the work of B. Fresse.8 We prove that this resolution

yields the definition of operads up to homotopy recovering the original

definition given by P. Van der Laan in his PhD thesis.23

The plan of the paper is the following one. In Section 1, we study the

category of trees TI , define the two-sided bar construction B, the Koszul

complex K and prove that the category is Koszul (Theorem 1.8). In Section

2, we compare the three bar constructions B, BGK and B◦ and prove the

main Theorem 2.6: the factorization of BGK → B through the levelization

morphism of B. Fresse. Section 3 is devoted to operads up to homotopy.

Notation. We work over a field k of any characteristic.

• The category of differential graded k-vector spaces is denoted by dgvs.

An object in this category is often called a complex.

• The symmetric group acting on n elements is denoted by Sn.
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• Let F,G be subsets of a set E. The notation F ⊔ G = E means that

{F,G} forms a partition of E, that is, F ∪G = E and F ∩G = ∅.
• To any set E, one associates the vector space k[E] spanned by E.

1. The tree category is Koszul

1.1. The tree category TI

Definition 1.1. A tree is a non-empty connected oriented graph t with no

loops, with the property that at each vertex v, there is at least one incoming

edge and exactly one outgoing edge. The target of the incoming edges at

v is v and the source of the outgoing edge of v is v. We allow some edges

to have no sources and these edges are called the leaves of the tree t. The

other ones are called the internal edges of t and we denote by Et the set

of internal edges of t. We denote by Vt the set of vertices of t and by In(v)

the set of incoming edges (leaves or internal edges) at the vertex v. A tree

is reduced if for every v ∈ Vt one has |In(v)| > 1.

Let I be a finite set. An I-tree is a tree such that there is a bijection

between the set of its leaves and I. The objects of the category TI are the

isomorphism classes of reduced I-trees. One can find a detailed account on

this category in the book in progress of B. Fresse (see [6, AppendixA]).

Note that the set of objects of TI is finite. Let t be a tree in TI and E be a

set of internal edges which can be empty. The tree t/E is the tree obtained

by contracting the edges e ∈ E. For a given pair of trees (t, s) the set of

morphisms TI(t, s) is a point if there is E ⊂ Et such that s = t/E and

is empty if not. Note that if there is E ⊂ Et such that s = t/E then E

is unique. The category kTI is the k-linear category spanned by TI : it has
the same set of objects and has for morphisms kTI(t, s) = k[TI(t, s)]. When

s = t/E we denote again by E the basis of the one dimensional vector space

kTI(t, t/E).

Definition 1.2. A left TI -module is a covariant functor TI → dgvs and a

right TI -module is a contravariant functor TI → dgvs. To any left TI -module

L and right TI -module R, we associate the differential graded vector space

R⊗TI
L =

⊕

t∈TI

R(t)⊗ L(t)/ ∼

with f∗(x)⊗ y ∼ x⊗ f∗(y) whenever f ∈ TI(t, s), x ∈ R(s) and y ∈ L(t).

Recall that the Yoneda Lemma implies the functorial equivalences

kTI(−, s)⊗TI
L ∼= L(s) and R⊗TI

kTI(t,−) ∼= R(t).
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1.2. Bar construction for the category TI

1.2.1. Bar construction

The bar construction, or standard complex in the terminology of Mitchell,16

of the k-linear category kTI is a simplicial bifunctor T op
I ×TI → dgvs defined

by

Bn(TI , TI , TI)(t, s) =
⊕

s0,··· ,sn∈TI

kTI(s0, s)⊗ kTI(s1, s0)⊗ · · · ⊗ kTI(sn, sn−1)⊗ kTI(t, sn)

with the simplicial structure given by

for 0 ≤ i ≤ n,

di : Bn(TI , TI , TI)(t, s) → Bn−1(TI , TI , TI)(t, s)
a0 ⊗ · · · ⊗ an+1 7→ a0 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an+1,

for 0 ≤ j ≤ n,

sj : Bn(TI , TI , TI)(t, s) → Bn+1(TI , TI , TI)(t, s)
a0 ⊗ · · · ⊗ an+1 7→ a0 ⊗ · · · ⊗ aj ⊗ 1⊗ aj+1 ⊗ · · · ⊗ an+1,

To this simplicial bifunctor is associated the usual complex (Bn, d =∑n
i=0(−1)idi)n≥0. If s = t/E then the complex Bn simplifies as

Bn(TI , TI , TI)(t, t/E) =
⊕

E0⊔···⊔En+1=E

k(E0, · · · , En+1)

with

d(E0, · · · , En+1) =

n∑

i=0

(−1)i(E0, · · · , Ei ⊔ Ei+1, · · · , En+1).

This complex is augmented by letting B−1(TI , TI , TI)(t, s) = kTI(t, s).
From B. Mitchell16 this complex is acyclic and B∗(TI , TI , TI) → kTI is

a free resolution of bifunctors.

1.2.2. Resolution of left and right TI -modules and Tor functors

Let L be a left TI -module and R be a right TI -module. The left TI -module

B(TI , TI , TI) ⊗TI
L is denoted by B(TI , TI , L), the right TI -module R ⊗TI

B(TI , TI , TI) is denoted by B(R, TI , TI) and the differential graded vector

space R⊗TI
B(TI , TI , TI)⊗TI

L is denoted by B(R, TI , L).
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From B. Mitchell one gets that B(TI , TI , L) is a free resolution of L in

the category of left TI -modules and B(R, TI , TI) is a free resolution of R in

the category of right TI -modules. Consequently,

HnB(R, TI , L) = TorTI
n (R,L).

The Yoneda Lemma implies that the complex computing the Tor functor

has the following form:

Bn(R, TI , L) =
⊕

(t,E⊂Et)

⊕
E1⊔···⊔En=E

R(t/E)⊗ k(E1, · · · , En)⊗ L(t), n ≥ 1

B0(R, TI , L) =
⊕
t∈TI

R(t)⊗ L(t).

with the differential given by

d(x⊗ (E1, · · · , En)⊗ y) = (E1)
∗(x) ⊗ (E2, · · · , En)⊗ y

+

n−1∑

i=1

(−1)ix⊗ (E1, · · · , Ei ⊔ Ei+1 · · · , En)⊗ y

+(−1)nx⊗ (E1, · · · , En−1)⊗ (En)∗(y),

where (E1)
∗ = R(E1 : t/(E \ E1) → t/E) and (En)∗ = L(En : t→ t/En).

1.2.3. Normalized bar complex

Because B∗ is a simplicial bifunctor, one can mod out by the degeneracies

to get the normalized bar complex of the category

Nn(TI , TI , TI)(t, t/E) =
⊕

E0⊔···⊔En+1=E,

Ei 6=∅ for 1≤i≤n

k(E0, · · · , En+1),

as well as the normalized bar complexes with coefficients N∗(R, TI , TI),
N∗(TI , TI , L) and N∗(R, TI , L). Furthermore for any left TI -module L and

right TI -module R one has quasi-isomorphisms

B∗(TI , TI , L) → N∗(TI , TI , L) → L,

in the category of left TI -modules and quasi-isomorphisms

B∗(R, TI , TI) → N∗(R, TI , TI) → R,

in the category of right TI -modules and quasi-isomorphisms in dgvs

B(R, TI , L) → N(R, TI , L).
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Since N∗(R, TI , TI) is a free right TI -module and N∗(TI , TI , L) is a free

left TI -module one can either use the bar complex or the normalized bar

complex in the sequel, as free resolutions of R or L.

1.3. The Koszul complex of the category TI

1.3.1. The Koszul complex

Notation 1.3. For any tree t we denote by bt the left and right TI -module

which sends t to k and s 6= t to 0. If t is the corolla cI we use the notation

bI instead of bcI .

Let E = {e1, · · · , en} be a finite set with n elements. Let k[E] be the

n-dimensional vector space spanned by E. The vector space Λn(k[E]) is a

one dimensional vector space. Let e1 ∧ · · · ∧ en be a basis.

The Koszul complex of the category TI is a bifunctor

K(TI , TI , TI) : T op
I × TI → dgvs.

For any pair of trees (t, s), if there is no E such that s = t/E we let

K(TI , TI , TI)(t, s) = 0. If s = t/E we let

K(TI , TI , TI)(t, t/E) =
⊕

F⊔G⊂E
kTI(t/(F⊔G), t/E)⊗Λ|G|(k[G])⊗kTI (t, t/F )

For any F ⊔ (G = {e1, · · · , eg}) ⊔H = E we define

d(H⊗e1∧· · ·∧eg⊗F ) =
g∑

i=1

(−1)i−1H∪{ei}⊗e1∧· · ·∧ êi∧· · ·∧eg⊗F+

g∑

i=1

(−1)iH ⊗ e1 ∧ · · · ∧ êi ∧ · · · ∧ eg ⊗ F ∪ {ei}.

Lemma 1.4. The map d satisfies d2 = 0.

Proof. The map d splits into two parts dl + dr.

One has dldr + drdl = 0: if xi denotes the element e1 ∧ · · · ∧ êi ∧ · · · ∧ eg
and xi,j , i < j denotes the element e1 ∧ · · · ∧ êi ∧ · · · ∧ êj ∧ · · · ∧ eg then

(dldr + drdl)(H ⊗ e1 ∧ · · · ∧ eg ⊗ F )

= dl(

g∑

i=1

(−1)iH ⊗ xi ⊗ F ∪ {ei})

+dr(

g∑

j=1

(−1)j−1H ∪ {ej} ⊗ xj ⊗ F )



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

Koszul Duality of the Category of Trees and Bar Constructions for Operads 113

=
∑

j<i

(−1)i+j−1H ∪ {ej} ⊗ xj,i ⊗ F ∪ {ei}

+
∑

j>i

(−1)i+jH ∪ {ej} ⊗ xi,j ⊗ F ∪ {ei}

+
∑

i<j

(−1)i+j−1H ∪ {ej} ⊗ xi,j ⊗ F ∪ {ei}

+
∑

i>j

(−1)i+j−2H ∪ {ej} ⊗ xj,i ⊗ F ∪ {ei} = 0.

Let V be an n-dimentional vector space. Let V = {v1, · · · , vn} be a basis

of V with a given order v1 < · · · < vn. Recall that the Koszul complex

Λ(V )⊗ S(V ) has the following differential

d(x1 ∧ · · · ∧ xp ⊗ y1 · · · yq) =
p∑

i=1

(−1)ix1 ∧ · · · ∧ x̂i ∧ · · · ∧ xp ⊗ xiy1 · · · yq.

This complex splits into subcomplexes

(Λ(V )⊗ S(V ), d) =
⊕

∅6=W⊂V
(CW∗ (V ), dW )

where

CWp (V ) =
⊕

{x1<···<xp;y1≤···≤yq}=W
k[x1 ∧ · · · ∧ xp ⊗ y1 · · · yq].

For F ⊂ E we let VF be the vector space with basis VF = {ek, ek 6∈ F}.
The map dl corresponds to the differential dVF

of CVF∗ (VF ) and d2l = 0.

The same is true for dr, with VH .

Note that the Koszul complex is augmented by letting

K−1(TI , TI , TI)(t, s) = kTI(t, s).

1.3.2. The Koszul complex of the category TI with coefficients

Let L be a left TI -module and R be a right TI -module. The left TI -module

K(TI , TI , TI) ⊗TI
L is a free left TI -module denoted by K(TI , TI , L). The

right TI -module R ⊗TI
K(TI , TI , TI) is a free right TI -module denoted by

K(R, TI , TI). The differential graded vector space R⊗TI
K(TI , TI , TI)⊗TI

L

is denoted by K(R, TI , L).
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Let t be a tree in TI and s = t/E for a given E ⊂ Et. The right

TI -module K(bs, TI , TI) has the following form

K(bs, TI , TI)(t) =
⊕

G⊔F=E

Λ|G|(k[G]) ⊗ k[F ].

From the previous proof, one gets that it corresponds to a summand of

the Koszul complex Λ(k[E]) ⊗ S(k[E]). If E is non empty, this complex is

acyclic (see e.g.20) and if E is empty it is k in degree 0. As a consequence,

we have

Theorem 1.5. The augmentation ǫ : K(bs, TI , TI) → bs is a quasi-

isomorphism, thus K(bs, TI , TI) is a free resolution of bs in the category

of right TI-modules.

The augmentation ǫ : K(TI , TI , bt) → bt is a quasi-isomorphism, thus

K(TI , TI , bt) is a free resolution of bt in the category of left TI-modules.

1.4. The category TI is Koszul

The aim of this section is to prove that the homology of the complex

N(bs, TI , bt) is concentrated in top degree with value K(bs, TI , bt) which

amounts to say that the category TI is Koszul.

Lemma 1.6. The map κ : K(TI , TI , TI) → B(TI , TI , TI) defined by

κ(t, t/E)(H ⊗ e1 ∧ · · · ∧ en ⊗ F ) =
∑

σ∈Sn

ǫ(σ)H ⊗ (eσ(1), · · · , eσ(n))⊗ F

is a natural transformation of bifunctors. For any right TI-module R the

induced map R⊗TI
κ commutes with the augmentation maps K(R, TI , TI) →

R and B(R, TI , TI) → R.

For any left TI-module L the induced map κ ⊗TI
L commutes with the

augmentation maps.

Proof. The only thing we need to prove is that κ commutes with the

differentials. One has

dκ(H ⊗ e1 ∧ · · · ∧ en ⊗ F )

=
∑

σ∈Sn

ǫ(σ)(H ∪ eσ(1))⊗ (eσ(2), · · · , eσ(n))⊗ F

+

n−1∑

i=1

(−1)i
∑

σ∈Sn

ǫ(σ)H ⊗ (eσ(1), · · · , eσ(i) ∪ eσ(i+1), · · · , eσ(n))⊗ F

+(−1)n
∑

σ∈Sn

ǫ(σ)H ⊗ (eσ(1), · · · , eσ(n−1))⊗ F ∪ eσ(n).
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The middle term vanishes. For the first term, we split the sum over Sn into

sums over σ ∈ Sn such that σ(1) = i. Such a σ is a composite τρ with τ

having i as fixed point and with ρ being the cycle 1 → i → i − 1 → · · · →
2 → 1. Hence ǫ(σ) = ǫ(τ)(−1)i−1. Thus the first term writes

n∑

i=1

(−1)i−1
∑

τ∈Sn,τ(i)=i

ǫ(τ)H ∪ ei ⊗ (eτ(1), · · · , êi, · · · , eτ(n))⊗ F.

For the last term, we split the sum over Sn into sums over σ ∈ Sn such that

σ(n) = i. Such a σ is a composite τη with τ having i as fixed point and

with η being the cycle i→ i+1 → · · · → n→ i. Hence ǫ(σ) = ǫ(τ)(−1)n−i.
Thus the last term writes

n∑

i=1

(−1)i
∑

τ∈Sn,τ(i)=i

ǫ(τ)H ⊗ (eτ(1), · · · , êi, · · · eτ(n))⊗ F ∪ ei.

As a consequence dκ = κd.

Proposition 1.7. The morphisms of right TI-modules

K(bs, TI , TI)

ǫ

%%K
KK

KK
KK

KK
K

bs⊗TI
κ

// B(bs, TI , TI)

ǫ

yytt
tt
tt
tt
tt

bs

are quasi-isomorphisms.

Proof. This is a direct corollary of Theorem 1.5

Theorem 1.8. The category TI is Koszul.

Proof. Because we have quasi-isomorphisms of free left modules

K(bs, TI , TI) → B(bs, TI , TI) → N(bs, TI , TI),
we have quasi-isomorphisms of differential graded vector spaces

K(bs, TI , bt) → B(bs, TI , bt) → N(bs, TI , bt).
If s = t/E with E = {e1, · · · , en} then N(bs, TI , bt) is bounded with top

degree n. Namely

Nn(bs, TI , bt) =
⊕

σ∈Sn

k[(eσ(1), · · · , eσ(n))],
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whereas K(bs, TI , bt) is concentrated in degree n, of dimension one with

basis e1∧· · ·∧en. Since K(bs, TI , bt) → N(bs, TI , bt) is a quasi-isomorphism,

one gets that K is precisely the homology of N .

Corollary 1.9. For any right TI-module R and left TI-module L the mor-

phisms

κ : K(R, TI , L) → B(R, TI , L) and

κ : K(R, TI , L) → N(R, TI , L)
are quasi-isomorphisms and

TorTI

∗ (R,L) = H∗(K(R, TI , L)).

Proof. It is enough to prove that κ is a quasi-isomorphism. Let us consider

the filtration by the number of internal vertices

Fp(N) =
⊕

E:t→s,|E|≤p
E=E1⊔···⊔En

R(s)⊗ k(E1, · · · , En)⊗ L(t),

Fp(K) =
⊕
n≤p

Kn(R, TI , L),

which are subcomplexes of N(R, TI , L) and K(R, TI , L) respectively. One

has, as complexes,

Fp(N)/Fp−1(N) =
⊕

E:t→s,|E|=p,n≤p
R(s)⊗Nn(bs, TI , bt)⊗ L(t),

Fp(K)/Fp−1(K) =
⊕

E:t→s,|E|=p
R(s)⊗Kp(bs, TI , bt)⊗ L(t).

From Theorem 1.8, the map Fp(K)/Fp−1(K) → Fp(N)/Fp−1(N) is a quasi-

isomorphism. Since F0(K) = ⊕sR(s)⊗L(s) = F0(N), then for every p, the

map Fp(K) → Fp(N) is a quasi-isomorphism. This yields the result.

1.5. Bibliographical remarks

There are other ways to prove that the category TI is a Koszul category,

using different points of view. One point of view is to consider operads as

algebras over a coloured operad. This has been done by P. Van der Laan

in22 where he proved that this coloured operad is Koszul.

Another point of view is to use incidence algebras of a poset as con-

sidered by C. Cibils,4 for the category TI forms a poset. Saying that the

category is Koszul amounts to say that its incidence algebra is Koszul.
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Moreover, the Koszul complex we have described in Section 1.3 coincides

with the Koszul complex of the incidence algebra as presented by D. Wood-

cock.24 If the poset is Cohen-Macaulay (see e.g.18 or24), then its incidence

algebra is Koszul. In our case the poset is Cohen-Macaulay because every

interval is boolean: given a tree t and a tree s = t/E where E is a set of

edges of t, then the interval [s, t] is the product of |E| linear intervals of

length 1, each of them corresponding to a contraction along a specific edge

e ∈ E. I thank the anonymous referee for drawing this to my attention.

2. Comparison of three different types of bar constructions

for an operad

The aim of this section is to compare different kinds of bar construc-

tions for operads, depending on the way we consider operads, either as

left TI -modules, or algebras over the free operad monad, or monoids in the

monoidal category of species.

Section 2.1 is an attempt to generalize the bar construction in a frame-

work that applies to all the cases considered in the paper. Section 2.2 shows

that an operad P can be considered as a left TI -module, leading to the

bar construction B(R, TI ,P), for R = TI or R a right TI -module. Section

2.3 defines the free operad functor F , yielding to the Godemont/May bar

construction B(R,F ,P) for an F -functor R. We prove in Proposition 2.6

that to any right TI -module R is associated an F -functor πI(R) such that

B(πI(R),F ,P) = B(R, TI ,P). In Section 2.4, we recall the bar construc-

tion B◦(R,P , L) of an operad P with coefficients in a right P-module R

and left P-module L obtained by viewing an operad as a monoid in the

monoidal category of species. In Section 2.5, we recall the original reduced

bar construction BGK given by Ginzburg and Kapranov, which coincides

with the Koszul complex K(bI , TI ,P) introduced in Section 1. We recall the

levelization morphism defined by B. Fresse from BGK to B◦. The last Sec-

tion 2.6 is devoted to the factorization of κ̄ : K(bI , TI ,P) → N(bI , TI ,P),

introduced in Section 1.4, through the levelization morphism.

2.1. Principle of the bar construction with coefficients

Section 2.3 of the book of M. Markl, S. Shnider and J. Stasheff13 can serve

as our definition of two-sided bar construction. The idea is to work in a

“context” for which any object X admits the notions of left X-modules

and right X-modules, as

(a) A k-algebra X with its usual notions of left X-module and right X-

module;



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

118 M. Livernet

(b) a linear category X where left X-modules and right X-modules are

covariant and contravariant functors X → dgvs;

(c) A monoid X in a monoidal category (C,⊗, I) where left X-modules L

and rightX-modules R are objects in C together with maps X⊗L→ X

and R⊗X → X commuting with the monoid structure of X ;

(d) A monad X : T → T where left modules L and right modules R are

functors L : D → T and R : T → E together with natural transfor-

mations ρ : XL ⇒ L and λ : RX ⇒ R commuting with the monad

structure.

Note that the last example is very close to a monoid X in a monoidal

category except that L and R are not objects in the same category as X .

Certainly the right notion in order to unify all the examples enumerated

above is to start with a monoidal category C, left and right module cate-

gories L and R (see17 for the definition), and pick a monoid X in C and

left module L ∈ L and right module R ∈ R.

In this context, the above examples resume to

(a) The category C is the category of k-modules with the tensor product

as monoidal structure and L = C = R.

(b) The category C is the category of bifunctors Xop×X → dgvs with the

tensor product defined in Section 1. The category L is the category of

covariant functors X → dgvs and R the one of contravariant functors.

(c) The category C is the monoidal category (C,⊗, I) and L = C = R
(d) The category C is the category of endo-functors of the category T , with

composition as monoidal structure. The category L is the category of

functors from D to T and the category R is the category of functors

from T to E .

Definition 2.1. We say that a simplicial complex B∗(R,P , L) endowed

with an augmentation ǫ : B(R,P , L) → B−1(R,P , L) satisfies the principle
of the simplicial bar construction with coefficients, if

• ∀n, Bn(R,P ,P) is a free right P-module and ǫ : B(R,P ,P) →
B−1(R,P ,P) = R is a quasi-isomorphism.

• ∀n, Bn(P ,P , L) is a free left P-module and ǫ : B(P ,P , L) →
B−1(P ,P , L) = L is a quasi-isomorphism.

Since we are working in linear categories, the normalized complex

N∗(R,P , L) makes sense and we say that it satisfies the principle of the

bar construction with coefficients, if it satifies the properties analogous to

the ones stated above. More generally a complex K∗(R,P , L) satisfies the
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principle of the bar construction with coefficients, if it satisfies these prop-

erties.

The result of Section 1 can be summed up in the following proposition.

Proposition 2.2. The standard resolution B∗(R, TI , L) satisfies the

principal of the simplicial bar construction. The normalized complex

N∗(R, TI , L) satisfies the principle of the bar construction as does the Koszul

complex K∗(R, TI , L).

2.2. Operads as left TI-modules

In this section, we recall that operads can be considered as left TI -modules

as presented in [11, Section 1.2].

Definition 2.3. Let Bij be the category whose objects are finite sets, pos-

sibly empty, and morphisms are bijections. A vector species is a contravari-

ant functor M : Bij → dgvs. An operad is a vector species P together with

partial composition maps

◦i : P(I)⊗ P(J) → P(I \ {i} ⊔ J), ∀i ∈ I,

and unit k → P({x}) satisfying functoriality, associativity and unit axioms.

A connected operad is an operad P such that P(∅) = 0 and P({x}) = k.

We denote by Op the category of connected operads. Given a connected

operad P , the species
{
P(I) = 0, if |I| ≤ 1,

P(I) = P(I), if |I| > 1,

is called the augmentation ideal of the operad. A species M satisfying

M(I) = 0 for |I| ≤ 1 is called connected. We denote by Sp the cate-

gory of connected species. Hence, the augmentation ideal of a connected

operad forms a functor Op → Sp. A species M satisfying M(∅) = 0 and

M({x}) = k is called augmented. We denote by Sp+ the category of aug-

mented species. Given a connected species M one can build an augmented

species M+ by adding k in arity one. The induced functor Sp → Sp+ is

an equivalence of category, the inverse functor being M 7→ M. The com-

position of the functors Op → Sp → Sp+ is the forgetful functor.

Let t be a tree in TI and let M be a vector species. The graded vector

space M(t) is defined by

M(t) =
⊗

v∈Vt

M(In(v)).
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When P is an operad, this definition extends to morphisms in TI so that

one gets a functor P : TI → dgvs, as follows. Let e ∈ Et be an internal edge

of t going from w to v. By reordering the terms in the tensor product one

gets

P(t) = P(In(v))⊗ P(In(w)) ⊗⊗z∈Vt\{v,w}P(In(z))
︸ ︷︷ ︸

Xv,w

and P(t→ t/e) : P(t) → P(t/e) is defined as

◦e ⊗Xv,w : P(In(v))⊗ P(In(w)) ⊗Xv,w → P(In(v) \ {e} ⊔ In(w)) ⊗Xv,w.

Iterating the process, and because of the axioms of the operad, to any

E ⊂ Et, is associated a well defined map P(t → t/E) : P(t) → P(t/E).

Consequently P is a left TI -module. In the sequel we will use the notation

E∗ for the map P(t→ t/E).

In the sequel we will consider the two-sided bar construction B(TI , TI ,P)

and B(R, TI ,P) for P an operad considered as a left TI-module and R a

right TI-module.

2.3. Two-sided bar construction from the free operad

functor

In [14, chapter 9], P. May defines B∗(R,C,X) for any monad C, a C-

algebra X and a C-functor R to be RCnX in degree n with the obvious

faces and degeneracies corresponding to the C-structure, which satisfies

the principle of the simplicial bar construction. The idea generalizes the

Godement resolution associated to a triple and constructions used by J.

Beck. P. May applied this simplicial resolution to the operad Cn of little

n-cubes. C. Berger and I. Moerdijk2 compare this construction for operads

with the Boardman-Vogt W construction.

In this section, we use this construction and compare it to the bar

construction for the category TI , in the spirit of E. Getzler and M. Kapranov

in [10, 2.17].

Let C : C → C be a monad with structural maps µ : C2 → C and

η : idC → C. A C-functor R is a functor R : C → D together with a natural

transformation λ : RC ⇒ R satisfying the following identities

λ ◦Rη = id : R⇒ R

λ ◦Rµ = λ ◦ λC : RC2 ⇒ R



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

Koszul Duality of the Category of Trees and Bar Constructions for Operads 121

Definition 2.4. The augmentation ideal functor Op → Sp admits a left

adjoint functor, the free operad functor

Sp → Op

M 7→ FM : I 7→ ⊕
t∈TI

M(t)

The partial composition maps ◦i : F(M)(I) ⊗ F(M)(J) → F(M)(I \
{i}⊔J) correspond to the grafting of the root of a tree s ∈ TJ on the leave

i of a tree t ∈ TI . When |I| = 1 we let F(M)(I) = k.

An element in M(t) ⊂ F(M)(I) writes (t, Et,mt). There is an injection

of species M → F(M) where the map M(I) → F(M)(I) sends m to

(cI , ∅,m) ∈ M(cI), then identifying M(I) with M(cI).

The equivalence of categories between Sp and Sp+ implies that the

forgetful Op → Sp+ admits a left adjoint, namely M 7→ F(M) that we

will denote also by F in the sequel.

2.3.1. The two-sided bar construction

The above adjunction yields a monad on Sp+ denoted also by F . The

tripleability Theorem implies that F -algebras are exactly connected oper-

ads [9, Theorem 1.2]. We denote by F (n) the n-th iteration of F . An element

in F (n)(P)(I) writes (t;E1, · · · , En, pt) with t ∈ TI , E1 ⊔· · · ⊔En = Et and

pt ∈ P(t). The counit ǫ of the adjunction corresponds to the composition

in the left TI -module P , namely

ǫ : F(P) → P
(t, Et, pt) 7→ (Et)∗(pt)

where (Et)∗(pt) is in the component P(cI) of F(P)(I) that we identify

with P(I). The two-sided bar construction Bn(F ,F , P )(I) is the simplicial

differential graded vector space Fn+1(P)(I) with faces di : F (n+1)(P)(I) →
F (n)(P)(I) defined by

di(t;E0, · · · , En, pt) = (t;E0, · · · , Ei ∪ Ei+1, · · · , En, pt), 0 ≤ i ≤ n− 1,

dn(t;E0, · · · , En, pt) = (t/En;E0, · · · , En−1, (En)∗(pt)).

As a consequence, comparing with the construction in 1.2, we have

Proposition 2.5. The two-sided bar construction B(F ,F ,P)(I) coincides

with B(TI , TI ,P)(cI) = B(bI , TI ,P).



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

122 M. Livernet

2.3.2. Right TI-modules and F-functors

Let R : TI → dgvs be a right TI -module. The functor

πI(R) : Sp+ → dgvs

M 7→ ⊕
t∈TI

M(t)⊗R(t)

determines an F -functor. In order to define the structural map λ :

πI(R)F ⇒ πI(R) one needs to describe, for any M ∈ Sp+, the map

λM : πI(R)F(M) → πI(R)(M). The vector space πI(R)F(M) is the di-

rect summand of the vector spaces F(M)(t)⊗R(t), for t ∈ TI . An element

in F(M)(t) writes (t′, E1, E2,mt′) with t
′/E2 = t, E1⊔E2 = Et′ and mt′ ∈

M(t′). The map λM assigns the element mt′ ⊗ (E2)
∗(rt) ∈ M(t′) ⊗ R(t′)

to the element (t′, E1, E2,mt′)⊗ rt ∈ F(M)(t)⊗R(t).

As an example, the F -functor πI(bI), where bI has been defined in 1.3,

is the functor M 7→ M(I) with structural map

λM : F(M)(I) → M(I)

(t, Et,mt) 7→
{
0, if t 6= cI ⇔ Et 6= ∅,
mcI , if t = cI .

Comparing with the construction in Section 1.2, one gets easily

Proposition 2.6. Let R be a right TI -module and let P be an operad. The

two-sided bar construction B(πI(R),F ,P) coincides with B(R, TI ,P).

2.4. The bar construction with respect to the monoidal

structure ◦

As pointed out in the introduction, C. Rezk, S. Shnider, D. Von Osdol and

B. Fresse have considered a bar construction for operads related to the fact

that operads are monoids in the monoidal category of species, adapting the

usual bar construction for algebras. Though the category of species is not

monoidal symmetric and the monoidal structure is left distributive with

respect to the coproduct but not right distributive, one can still perform

the bar construction and then define cohomology theories. For the reader

interested by this aspect, we refer to the paper by H.-J. Baues, M. Jibladze

and A. Tonks.1
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The category of augmented species admits a monoidal structure given

by

(M◦N )(J) =
⊕

J1⊔···⊔Jr=J

M({1, · · · , r})⊗Sr
N (J1)⊗ · · ·N (Jr),

with unit

I(J) =
{
k, if |J | = 1,

0, if |J | 6= 1.

A connected operad as defined in definition 2.3 is exactly a monoid in the

monoidal category of augmented species (Sp+, ◦, I). Let P be a connected

operad. In the sequel we will use the notation P(n) for P({1, · · · , n}) and
u(v1, · · · , vk) for the image of the element u⊗v1⊗· · ·⊗vk ∈ P(k)⊗P(I1)⊗
· · · ⊗ P(Ik) under the structure map P ◦ P → P .

There exists a simplicial bar construction, a normalized bar construc-

tion, and construction with coefficients related to the monoidal structure.

Definition 2.7 (B. Fresse7). Let P be an operad, let R be a right P-

module, that is, a species together with a right action R ◦ P → R satisfying

the usual associativity and unit condition of a right module, and let L be a

left P-module. The bar construction with coefficients R and L is the sim-

plicial species

B◦
n(R,P , L) = R ◦ P ◦ · · · ◦ P︸ ︷︷ ︸

n terms

◦L

where faces di are induced either by the multiplication γP : P ◦ P → P or

by the left and right action and where degeneracies are induced by the unit

map I → P. Modding out by the degeneracies, one gets the normalized bar

complex N◦(R,P , L).

Theorem 2.8 (B. Fresse7). The simplicial complex B◦
∗(R,P , L) satisfies

the principle 2.1 of the simplicial bar construction with coefficients.

As pointed out by B. Fresse, N◦
∗ (R,P ,P) is a free resolution of the right

P-module R, but N◦
∗ (P ,P , L) is not. So N◦

∗ (R,P ,P) satisfies the “right”

principle of the bar construction only.

The species I is a right and left module for any connected operad P ,

using the augmentation map ǫ : P → I:

I ◦ P id◦ǫ // I ◦ I γI // I and P ◦ I ǫ◦id // I ◦ I γI // I.
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In the sequel we will be interested by the bar construction B◦
∗(I,P , I)

with coefficients in the P-module I and its normalized complexN◦
∗ (I,P , I).

An element in B◦
n(I,P , I) = P◦n is represented by a tree with n levels as

in [7, Section 4.3.1]. As an example the tree

t =

�� ##G
GG

GG
G

�� {{ww
ww
ww

��
==

==
=

����
��
�

2 765401231

��
==

==
=

76540123w

����
��
�

/.-,()*+z
��

1 /.-,()*+v

''O
OOO

OOO
OO

O 765401231

zzvv
vv
vv
v

0 /.-,()*+u

lives in P ◦ P ◦ P = B◦
3 (I,P , I) and has 3 levels. The differential of t is a

sum of trees with 2 levels in P ◦ P :

d(t) = −

�� ��
@@

@@
�� ��~~
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��
>>
>>

����
��

1 /.-,()*+1
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/.-,()*+w

��

/.-,()*+z
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%%L
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L

��
==
==

����
��
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p

��
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����
��

1 76540123β

$$J
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JJ
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/.-,()*+z

zztt
tt
tt
t

0 /.-,()*+u

with α = u(v, 1) ∈ P(3) and β = v(1, w) ∈ P(4).

Note that an element inN◦
n(I,P , I) is represented by a tree with n levels

with the condition that at each level there is at least one vertex labelled by

an element in P(r), r ≥ 2. For instance the tree with 3 levels

��
??

??
?

�� {{ww
ww
ww

��
==

==
=

����
��
�

2 76540123w
��

/.-,()*+z
��

1 765401231

��
??

??
?

765401231

zzvv
vv
vv
v

0 /.-,()*+u

is zero in N◦
3 (I,P , I).

2.5. The classical bar construction of operads, and the

levelization morphism

Ginzburg and Kapranov11 introduced the reduced bar construction, based

on partial compositions, as defined in definition 2.3. The classical bar con-

struction BGK(P) of an operad P is the cofree cooperad generated by ΣP̃
with unique coderivation extending the partial composition on P (see [9,
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Section 2]). It has a description in terms of trees and it is graded by the

number of vertices of the trees. Indeed, one has, for any finite set I

B̄GKn (P)(I) = Kn−1(bI , TI ,P).

B. Fresse in [7, Section 4.1] builds also a complex BGK(R,P , L) =

R ◦ B̄GK(P) ◦ L and proves that it satisfies the principal 2.1 of the bar

construction with coefficients. He builds the levelization morphism

Φ(R,P , L) : BGK(R,P , L) → N◦(R,P , L)

and proves that it is a quasi-isomorphism. In particular, for any finite set

I, the quasi-isomorphism

Φ(I,P , I)(I)n+1 : Kn(bI , TI ,P) = BGKn+1(I,P , I)(I) → N◦
n+1(I,P , I)(I)(1)

is described as follows.

Let t ∈ TI be a tree with n internal edges : e1, · · · , en. The source of

an internal edge is the adjacent vertex closest to the leaves of the tree and

its target is the adjacent vertex closest to the root of the tree. The set of

internal edges of a tree t is partially ordered: let e and f be internal edges,

e ≤ f if there is a path from a leaf of t to the root of t meeting f before e.

As an example the following figure

""E
EE

EE
EE

��~~
~~
~~

��
<<

<<
<<

��   
AA

AA
AA

A

��

/.-,()*+u
f
}}
}

~~}}
}

/.-,()*+v
g
@@
@

��
@@
@

76540123w
e}
}}

~~}}
}

/.-,()*+z

��

(2)

represents an element in P(t), where {e, f, g} is the set of internal edges of

t, with the partial order e ≤ f . The source of g, e and f are v, w and u

respectively. The target of g and e is z and the target of f is w.

Let e1∧· · ·∧en⊗pt be an element in k(e1∧· · ·∧en)⊗P(t) ⊂ Kn(bI , TI ,P).

The levelization morphism associates to this element a sum of trees with

(n+1)-levels. The set {e1, · · · , en} is partially ordered because it is the set

of internal edges of a tree t ∈ TI . The set {1, · · · , n} is totally ordered as a
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subset of N. To any order-preserving bijection σ : {e1, · · · , en} → {1, · · · , n}
one associates the level tree tσ where the source of ei is placed at level σ(ei),

and where we complete the tree by adding vertices labelled by 1 in P(1).

The resulting element in P◦(n+1) is denoted by σ(pt). The signature of

σ, denoted by ǫ(σ) is the signature of the permutation i 7→ σ(ei). The

levelization morphism is defined by the following formula

Φ(I,P , I)n+1(I)(e1 ∧ · · · ∧ en ⊗ pt) =
∑

σ:{e1,··· ,en}→{1,··· ,n}
order-preserving

ǫ(σ)σ(pt) (3)

Example 2.9. As an example we compute the levelization morphism asso-

ciated to the element e∧f∧g⊗pt of figure (2). The order-preserving maps in-

volved in the formula (3) are σ1 : (e, f, g) 7→ (1, 2, 3), σ2 : (e, f, g) 7→ (2, 3, 1)

and σ3 : (e, f, g) 7→ (1, 3, 2).

Φ(e ∧ f ∧ g ⊗ pt) =

σ1(pt) + σ2(pt)
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2.6. The factorization of κ : K(bI ,TI ,P) → N(bI ,TI ,P)

We have seen in corollary 1.9 that κ is a quasi-isomorphism and that

B(bI , TI ,P) is identified with B(πI(bI),F ,P) in Proposition 2.6.
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The aim of this section is to prove that there exists a map, which will

turn out to be a quasi-isomorphism:

ψ : N◦
∗ (I,P , I)(I) → N∗−1(bI , TI ,P) = N∗−1(πI(bI),F ,P),

such that ψΦ(I,P , I)(I) = κ, that is, the following diagram is commutative

K∗−1(bI , TI ,P)

Φ(I,P,I)(I)

vvlll
lll

lll
lll

l
κ

((RR
RRR

RRR
RRR

RR

N◦
∗ (I,P , I)(I)

ψ

// N∗−1(bI , TI ,P)

We start with the description of a map

ψ : B◦
n+1(I,P , I)(I) = P ◦ · · · ◦ P︸ ︷︷ ︸

n+1 terms

(I) → Bn(bI , TI ,P).

An element pt in B
◦
n+1(I,P , I)(I) is represented by a tree with n + 1-

levels, counted from 0 to n with vertices labelled by elements in P . Such a

level tree has subtrees of the form

l 76540123w
��

l− 1 765401231
��

· · · 765401231
��

p+ 1 765401231
��

p /.-,()*+z

with w ∈ P(x), x ≥ 2 and z ∈ P(y), y ≥ 2. We define the level-edge set

N(pt) as e ∈ N(pt) if and only if there is a sequence of consecutive edges in

pt, e = {e1 > · · · > ek} such that the source of e1 lives in P(x) with x ≥ 2,

the target of ek lives in P(y) with y ≥ 2 and all other sources and targets

lives in P(1). The source of e is the source of e1 and the target of e is the

target of ek. The levels of the source and target of e are denoted by s(e)

and t(e) respectively. The previous figure shows an element e in N(pt) such

that s(e) = l and t(e) = p. The idea underlying the definition of N(pt) is

that we don’t want to consider vertices labelled by 1 ∈ P(1). For 1 ≤ i ≤ n,

let

Ni(pt) = {e ∈ N(pt)|t(e) < i ≤ s(e)}.
One has N(pt) = ∪1≤i≤nNi(pt), for 0 ≤ t(e) < n and 1 ≤ s(e) ≤ n. Note

that this decomposition is not necessarily a partition of N(pt) as we will see
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in Example 2.10. Let t be a level tree and pt ∈ ⊗v∈Vt
P(In(v)). By forgetting

the units, we denote by r(t) the associated rooted tree and by r(pt) the

associated element in P(r(t)). In the sequel the level-edge set N(pt) is

written according to its decomposition N(pt) = (N1(pt), · · · , Nn(pt)).

Example 2.10. The associated reduced tree to any of the trees of Example

2.9 is the tree

  A
AA

A

����
��

��
==

==

�� ��
??

??

��

��������
����
��

��������
��
??

??
��������

����
��

��������
��

and the associated element r(pt) is the tree of figure (2). The set of level-

edges of

qt =

##F
FF

FF

{{xx
xx
x

�� �� �� ��
3 /.-,()*+v

g
��

/.-,()*+1

��

/.-,()*+1

��

/.-,()*+1

��

/.-,()*+1

����
��
�

2 /.-,()*+1

g
��

/.-,()*+1

��
@@

@@
@

/.-,()*+1

��

/.-,()*+u

f~~~~
~~
~

1 /.-,()*+1

g ��
??

??
?

/.-,()*+w
ewwoo

oo
oo
oo
o

0 /.-,()*+z

is N(qt) = {e, f, g} with N1(qt) = {e, g}, N2(qt) = {f, g} and N3(qt) = {g}.

Definition 2.11. Let pt be a level tree and N its associated level-edge set.

For σ ∈ Sn, we define Eσ1 = Nσ(1) and Eσi = Nσ(i) \ { ∪
1≤j≤i−1

Nσ(j)} =

Nσ(i) \ { ∪
1≤j≤i−1

Eσj }. The map ψ is defined as follows

ψ : B◦
n+1(I,P , I)(I) → Bn(bI , TI ,P)

pt 7→∑
σ∈Sn

ǫ(σ)(Eσ1 , · · · , Eσn)⊗ r(pt),

Example. The computation of ψ(qt) for the tree qt of Example 2.10 gives

ψ(qt) = (({e, g}, f, ∅)︸ ︷︷ ︸
σ=(123)

− ({f, g}, e, ∅)︸ ︷︷ ︸
σ=(213)

+ ({f, g}, ∅, e)︸ ︷︷ ︸
σ=(231)

− (g, f, e)︸ ︷︷ ︸
σ=(321)

+ (g, e, f)︸ ︷︷ ︸
σ=(312)

− ({e, g}, ∅, f)︸ ︷︷ ︸
σ=(132)

)⊗ r(pt).
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Lemma 2.12. The map ψ induces a well-defined map

ψ : N◦
n+1(I,P , I)(I) → Nn(bI , TI ,P),

which commutes with the differentials.

Proof. Assume pt = sj(q) with sj : B◦
n(I,P , I)(I) → B◦

n+1(I,P , I)(I)
being the degeneracy map sending I ◦ P◦n ◦ I to I ◦ P◦j ◦ I ◦ P◦n−j ◦ I. If
1 ≤ j ≤ n − 1, then the vertices of the tree t at level j are all labelled by

1. Consequently, Nj(pt) = Nj+1(pt) and using the transposition (j j + 1)

one gets that ψ(pt) = 0. If j = 0, then N1(pt) = ∅ and the composite of

ψ with the projection Bn(bI , TI ,P) → Nn(bI , TI ,P) is zero. If j = n then

Nn(pt) = ∅ and the composite of ψ with the projection Bn(bI , TI ,P) →
Nn(bI , TI ,P) is zero.

In order to prove that for every x in N◦
n+1(I,P , I)(I) one has ψ(dx) =

dψ(x), it is enough to prove the equality for a representative pt of x in

B◦
n(I,P , I)(I), such that Nj(pt) 6= ∅, ∀j. To keep track of the levels we

write such an element (N1, · · · , Nn, pt), where we consider pt ∈ P(r(t)),

forgetting the units. On the one hand the differential is given by

d(N1, · · · , Nn, pt) =
n∑

i=1

(−1)i
(
N1, · · · , N̂i, · · · , Nn, (Ni \ ∪j 6=iNj)∗(r(pt))

)
.

Identifying permutations in Sn−1 with permutations σ in Sn such that

σ(n) = i one gets

ψd(N1, · · · , Nn, r(pt))

=

n∑

i=1

(−1)n
∑

σ∈Sn|σ(n)=i
ǫ(σ)(Eσ1 , · · · , Eσn−1)⊗ (Ni \ ∪j 6=iNj)∗(pt).

On the other hand one has

dψ(N1, · · · , Nn, pt) =
n∑

i=1

(−1)idi(
∑

σ∈Sn

ǫ(σ)(Eσ1 , · · · , Eσn)⊗ pt)

= (−1)n
∑

σ∈Sn

ǫ(σ)(Eσ1 , · · · , Eσn−1)⊗ (Eσn)∗(pt),

for, regrouping permutations by pairs (σ, τ) such that σ(i) = k, σ(i+1) = l

and τ(i) = l, τ(i + 1) = k, one gets di(
∑

σ∈Sn
(Eσ1 , · · · , Eσn) ⊗ r(pt)) = 0

when 1 ≤ i < n.
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Furthermore Eσn = Nσ(n) \ ∪j 6=σ(n)Nj implies

dψ(N1, · · · , Nn, pt)

=
n∑

i=1

(−1)n
∑

σ∈Sn|σ(n)=i
ǫ(σ)(Eσ1 , · · · , Eσn−1)⊗ (Ni \ ∪j 6=iNj)∗(pt).

The two expressions coincide.

Theorem 2.13. The map κ : K(bI , TI ,P) → N(bI , TI ,P) factorizes

through N◦
∗ (I,P , I)(I), and the following diagram

K∗−1(bI , TI ,P)

Φ(I,P,I)(I)

vvlll
lll

lll
lll

l
κ

((RR
RRR

RRR
RRR

RR

N◦
∗ (I,P , I)(I)

ψ

// N∗−1(bI , TI ,P)

is commutative. Consequently ψ is a quasi-isomorphism.

Proof. The symbol [k] denotes the set {1, · · · , k}. Recall that

ψΦ(e1 ∧ · · · ∧ en ⊗ pt) = ψ(
∑

f:{e1,··· ,en}→{1,··· ,n}
order-preserving

ǫ(f)f(pt)).

We prove the Theorem by induction on n. If n = 1 it is obvious. Assume the

result is true for any tree with n− 1 internal edges. Let pt be a tree with n

internal edgesE = {e1, · · · , en}. One can re-order the internal edges so that,

there is a chain of consecutive edges from the root to a leaf a1 < · · · < ap
such that ap = en and if p > 1, then ap−1 = en−1. By convention, if p = 1,

we let a0 = ∅.
Let p̃t be the tree obtained from pt by removing the edge en. It has

exactly n− 1 internal edges Ẽ = {e1, · · · , en−1}. Let f : Ẽ → [n− 1] be an

order-preserving map. By convention f(∅) = 0. For f(ap−1) < i ≤ n, let us

define

f i : {e1, · · · , en} → [n]

ej , j < n 7→
{
f(ej) if f(ej) < i

f(ej) + 1 if f(ej) ≥ i

en 7→ i

The map f i is an order-preserving bijection. One has ǫ(fn) = ǫ(f). As

a consequence ǫ(f i) = (−1)n−iǫ(f), for f i = (i · · · n)fn where (i · · · n)
denotes the cycle i→ i+ 1 → · · · → n→ i in Sn.
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Furthermore, to any order-preserving bijection τ : E → [n] there exists

a unique f : Ẽ → [n − 1] and a unique i with f(ap−1) < i ≤ n such that

f i = τ .

Consequently

Φ(e1 ∧ · · · ∧ en ⊗ pt) =
∑

f:Ẽ→[n−1]
order-preserving

n∑

i=f(ap−1)+1

(−1)n−iǫ(f)f i(pt).

In order to evaluate ψ on the above expression, one needs to express

Nfi

k (pt) in terms of the Nf
j (p̃t)’s. Because of the choices of the level for

f i(pt), one has, for f(ap−1) < i ≤ n,

Nfi

k (pt) =





Nf
k (p̃t), if k ≤ f(ap−1) < i,

Nf
k (p̃t) ∪ en, if f(ap−1) < k ≤ i,

Nf
k−1(p̃t), if i < k ≤ n.

(4)

Note that if i = n the second equality reads Nfn

n (pt) = {en} since

Nf
n = ∅.
For example, if n = 4 and f(ap−1) = 1, writing the sets Nfi

as

(Nfi

1 , Nfi

2 , Nfi

3 , Nfi

4 ) one gets

Nf2

= (Nf
1 , N

f
2 ∪ e4, Nf

2 , N
f
3 ),

Nf3

= (Nf
1 , N

f
2 ∪ e4, Nf

3 ∪ e4, Nf
3 ),

Nf4

= (Nf
1 , N

f
2 ∪ e4, Nf

3 ∪ e4, e4).

Recall that

ψ̄(f(pt)) =
∑

σ∈Sn

ǫ(σ)(Ef,σ1 , · · · , Ef,σn )⊗ pt, with E
f,σ
k = Nf

σ(k) \ ∪
i<k

Nf
σ(i).

Let σ ∈ Sn, j = f(ap−1) and j < i ≤ n. By relations (4), the set Nfi

decomposes as

Nfi

= (Nf
1 , · · · , Nf

j , N
f
j+1 ∪ {en}, · · · , Nf

i ∪ {en}, Nf
i , N

f
i+1, · · · , Nf

n−1).

Firstly, if σ−1(i) = k < σ−1(i + 1) = l then the sequence

(Ef
i,σ

1 , · · · , Efi,σ
n ) satisfies Ef

i,σ
l = ∅ and vanishes in Nn(bI , TI ,P). Hence

we only need to consider the elements σ ∈ Sn such that σ−1(i+1) < σ−1(i).

In that case Ef
i,σ

σ−1(i) = {en}.
Secondly, for j + 1 ≤ r ≤ i− 1, if σ−1(r) = k < σ−1(i) = l then the se-

quence (Ef
i,σ

1 , · · · , Efi,σ
n ) satisfies Ef

i,σ
l = ∅ and vanishes in Nn(bI , TI ,P).
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As a consequence, we only need to consider the elements σ ∈ Sn such

that

σ−1(i+ 1) < σ−1(i) < {σ−1(j + 1), · · · , σ−1(i − 1)}.
Note that if i = n the latter condition writes

σ−1(n) < {σ−1(j + 1), · · · , σ−1(n− 1)}.
and if i = j + 1 it writes

σ−1(i+ 1) < σ−1(i).

Let 1 ≤ l ≤ n be a fixed integer. Choose σ ∈ Sn such

that σ−1(i) = l. The condition σ−1(i + 1) < σ−1(i) < {σ−1(j +

1), · · · , σ−1(i − 1)} implies that the sequence (Ef
i,σ

1 , · · · , Efi,σ
n ) writes

(Ef,τ1 , · · · , Ef,τl−1, {en}, E
f,τ
l+1, · · · , E

f,τ
n−1) with τ ∈ Sn−1 obtained as the com-

posite σiσδl where δl : [n−1] → [n] is the map missing l and σi : [n] → [n−1]

is the map repeating i. It is clear that ǫ(σ) = ǫ(τ)(−1)l+i. When i runs from

j + 1 to n one covers Sn−1. For, if i = j + 1 then the set involving Nf
j+1

appears before en and if i > j+1 then it appears after en. If i = j+2 then

the set involving Nf
j+2 appears before en and if i > j + 2 then it appears

after en. And so on.

It yields the computation:

ψ̄Φ(e1 ∧ · · · ∧ en ⊗ pt)

=
∑

f:Ẽ→[n−1]
order-preserving

n∑

i=f(ap−1)+1

(−1)n−iǫ(f)
n∑

l=1

∑

σ∈Sn,

σ−1(i)=l

ǫ(σ)(Ef,σ1 , · · · , Ef,σn )⊗ pt

=
∑

f:Ẽ→[n−1]
order-preserving

ǫ(f)

n∑

l=1

∑

σ∈Sn−1

(−1)n+lǫ(σ)(Ef,σ1 , · · · , Ef,σl−1, en, E
f,σ
l , · · · , Ef,σn−1)⊗ pt

=

n∑

l=1

∑

σ∈Sn−1

(−1)n+lǫ(σ)(eσ(1), · · · , eσ(l−1), en, eσ(l+1), · · · , eσ(n−1))⊗ pt

=
∑

σ∈Sn

ǫ(σ)(eσ(1), · · · , eσ(n))⊗ pt

= κ̄(e1 ∧ · · · ∧ en ⊗ pt).

3. Resolution of the category TI and operads up to

homotopy

This section is devoted to the bar and cobar constructions for differential

graded categories and cocategories whose objects are the objects of TI . It
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follows closely the paper.8 In this paper, B. Fresse works on the category

of Batanin trees Epin. He proves that the complex we obtained with B.

Richter12 corresponds to the bar construction of the category Epin with

coefficients in the Loday functor and the unit functor. In his paper, he

proves that the category Epin is Koszul, yielding a minimal model R(Epin)

of Epin.

In this paper, we work exactly in the same spirit; we have proved in

Section 1 that the category TI is Koszul and the purpose of the first section

is to express it’s minimal model R(TI) → TI . The main result will be that

given a species M, then the map R(TI) → dgvs which associates M(t) to

t ∈ TI is a functor if and only if M is an operad up to homotopy.

3.1. Bar and cobar constructions for dg categories and dg

cocategories

The bar and cobar constructions follow closely the ones for associative and

coassociative algebras, and in this section we just state our notation and

the theorem needed for the sequel.

From now on, we denote by ObTI the set of trees in the category TI . A
tree t has a degree |t| given by the number of internal edges. A dg graph is a

map Γ : ObTI ×ObTI → dgvs. We denote by CI the category of differential

graded connected categories whose objects are the trees t ∈ ObTI . Let C be

such a category. Such a data is equivalent to

• A dg graph C which will correspond to the morphisms in the category.

• For every a, b, c ∈ ObTI , composition maps C(b, c) ⊗ C(a, b) → C(a, c)
in dgvs which are associative;

• Identity elements 1a ∈ C(a, a) which are unit for the composition;

• Connectivity assumption: ∀a ∈ ObTI , C(a, a) = k and C(b, a) = 0 if

|b| < |a|.

An example of such a category is kTI .

For a connected dg graph Γ, we denote by Γ(s, t) =

{
0, if s = t,

Γ(s, t), if s 6= t.

Similarly we define CcI the category of differential graded connected co-

categories whose objects are ObTI . A cocategory is defined the same way

as a category except that the arrows go in the reverse order.
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Given a dg graph Γ : ObTI × ObTI → dgvs, one can form the free

category generated by Γ. As a dg graph, one has

F(Γ)(t, t′) =
⊕

t′=x0,··· ,xm=t

Γ(x1, x0)⊗Γ(x2, x1)⊗· · ·Γ(xm−1, xm−2)⊗Γ(xm, xm−1).

The compositions of maps are given by the concatenation.

Similarly the free co-category generated by Γ, denoted by Fc(Γ) is given

by the same dg graph and the co-composition are given by the deconcate-

nation.

There is an adjunction between co-categories and categories

Ω : cocategories⇄ categories : B

The bar construction B(C) of the category C is the free cocategory

Fc(sC) with the unique coderivation lifting the composition product in C.
Namely,

∂(sα1 ⊗ · · · ⊗ sαp) =

p−1∑

i=1

(−)|sα1|+···|sαi|sα1 ⊗ · · · ⊗ s(αiαi+1)⊗ · · · sαp,

where |sαi| denotes the degree of sαi ∈ sC(a, b) (see e.g.5)

The cobar construction Ω(R) of a cocategory is the free category

F(s−1R) with the unique derivation lifting the co-composition product in

R:

∂(s−1α1 ⊗ · · · ⊗ s−1αp)

=

p∑

i=1

(−)|α1|+···|αi|+is−1α1 ⊗ · · · ⊗ s−1αi,(1) ⊗ s−1αi,(2) ⊗ · · · s−1αp,

where we use the Sweedler’s notation for the co-composition.

Lemma 3.1. Let C be a category in CI. The counit of the adjunction is a

quasi-isomorphism:

ΩB(C) → C.

3.2. Minimal model of the category TI

In this section, we use the Koszul complex in order to build the minimal

resolution of TI .

Lemma 3.2. The bar construction B(kTI)(t, s) corresponds to the normal-

ized bar construction N(bs, TI , bt).
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Proof. The two definitions coincide, and we just have to check that the

degrees and differentials coincide. For t, s ∈ ObTI with s = t/E, an element

in Nn(bs, TI , bt) writes (E1, · · · , En), with E1 ⊔ E2 ⊔ · · · ⊔ En = E and Ei
is non empty for every i. It has degree n and its differential is given by

d(E1, · · · , En) =
∑n−1
i=1 (−1)i(E1, · · · , Ei ⊔ Ei+1, · · · , En).

Consequently the dg graph (t, s) 7→ N(bs, TI , bt) is endowed with a

structure of cocategory. Note that for s = t one has N(bt, TI , bt) is 1-

dimensional concentrated in degree 0.

Recall that

K∗(bs, TI , bt) =
{
Λ|E|(k[E]), if s = t/E and ∗ = |E|,
0, elsewhere,

with zero differential. Hence K determines a dg graph

K : ObTI ×ObTI → dgvs

(t, s) 7→ K(bs, TI , bt)

We define the co-composition on K by

∆(h = e1 ∧ · · · ∧ en)

= 1⊗ h+ h⊗ 1 +
n−1∑

p=1

∑

σ∈Shp,n−p

ǫ(σ)eσ(1) ∧ · · · ∧ eσ(p) ⊗ eσ(p+1) ∧ · · · ∧ eσ(n),

where Shp,n−p denotes the set of (p, n− p)-shuffles.

Lemma 3.3. The dg graph K is a subcocategory of B(kTI) via the map

κ̄ : K(bs, TI , bt) → N(bs, TI , bt).

Proof. The fact that the co-composition commutes with κ̄ comes from the

bijection between (Sp × Sn−p)Shp,n−p and Sn.

Because the category TI is Koszul (see Theorem 1.8) the morphism of

co-categories κ̄ is a quasi-isomorphism. Since Ω behaves well with respect

to these quasi-isomorphisms, one has

Theorem 3.4. The cobar construction of the co-category K is a minimal

resolution of the category kTI .
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3.3. Operads up to homotopy

Let M be a vector species, and consider the map

M : ObTI → dgvs

t 7→ M(t) =
⊗
v∈Et

M(In(v)),

defined in Section 2.2.

Theorem 3.5. Let M be a vector species. The map M determines a func-

tor Ω(K) → dgvs if and only if M is an operad up to homotopy.

Proof. Recall that Ω(K) = F(s−1K).

Assume that M is a functor. Since ΩK is the free category generated

by s−1K, one has for every t, s = t/E a composition map

◦E : M(t) → M(s),

of degree |E| − 1. Let us write E = e1 ∧ · · · ∧ en a generator of the one

dimensional vector space K(bt, TI , bI). In Ω(K) one has

d(s−1E) =

n−1∑

p=1

∑

σ∈Shp,n−p

ǫ(σ)s−1(eσ(1)∧· · ·∧eσ(p))⊗s−1(eσ(p+1)∧· · ·∧eσ(n)).

In terms of functors, it writes

∂(◦E) =
∑

F⊔G=E,
F,G6=∅

ǫ(F,G) ◦F ◦G,

where ǫ(F,G) = ǫ(σ) for the shuffle σ corresponding to the sets F and G

when an order of elements in E is given. This is exactly the definition of

an operad up to homotopy in [23, Formula 4.2.2] (see also22).
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Introduction

Since 1991 I got involved in the operad theory, namely after an enlightening

lecture by Misha Kapranov in Strasbourg. During these two decades I came

across many questions and problems. The following is an excerpt of this long

list which might be helpful to have in mind while working in this theme.

Of course this is a very personal choice.

Notation and terminology are those of [14] and [17]. Various tpes of

algebras, i.e. algebraic operads, can be found in [23].

1. On the notion of group up to homotopy

The notion of associative algebra up to homotopy is well-known: it is called

A∞-algebra and was devised by Jim Stasheff in [21]. It has the following

important property: starting with a differential graded associative algebra

(A, d), if (V, d) is a deformation retract of (A, d), then (V, d) is not a dg

associative algebra in general, but it is an A∞-algebra. This is Kadeishvili’s

theorem [9], see [17] for a generalization and variations of it. It is called

the Homotopy Transfer Theorem. Let us now start with a group G. What

is the notion of a “group up to homotopy”? To make this question more

precise we move, as in quantum group theory, to the group algebra K[G]



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

140 J.-L. Loday

of the group G over a field K. It is well-known that this is not only a

unital associative algebra, but it is a cocommutative Hopf algebra. So, it

has a cocommutative coproduct ∆ (induced by the diagonal on G), and the

existence of an inverse in G translates to the existence of an antipode on

the group algebra. So we can now reformulate the question as follows:

“What is the notion of cocommutative Hopf algebra up to homotopy?”

One of the criterion for the answer to be useful would be the existence

of a Homotopy Transfer Theorem for cocommutative Hopf algebras. One

has to be careful enough to take into account that the existence of a unit

and a counit is part of the structure of a Hopf algebra. In the associative

case the operad A∞ does not take the unit into account. See [14] for the

Hopf relation of a nonunital bialgebra.

The fact that the tensor product of two associative algebras is still an

associative algebra plays a prominent role in the definition of a bialgebra

(a fortiori a Hopf algebra). So it is clear that a first step in analyzing this

problem is to check whether one can put an A∞-structure on the tensor

product of two A∞-algebras and to unravel the properties of such a con-

struction. A first answer has been given by Saneblidze and Umble in [20].

But this tensor product is not associative. This problem has been addressed

in [15].

2. Subgroup of free group

It is well-known that a subgroup of a free group is free. The proof is topo-

logical in the sense that it consists in letting the free group act on a tree.

Could one find a proof by looking at the properties of the associated group

algebra (which is a Hopf algebra)? I am thinking about something similar to

the theorems which claim that some algebra is free under certain condition

(PBW type theorems, see [14]).

3. The octonions as an algebra over a Koszul operad

The octonions form a normed division algebra O of dimension 8, see for

instance [3]. The product is known not to be associative contrarily to the

other normed division algebras R,C and H. However it does satisfy some

algebraic relation: it is an alternative algebra. Let us recall that an alterna-

tive algebra is a vector space equipped with a binary operation x · y, such
that the associator (x, y, z) := (x · y) · z − x · (y · z) is antisymmetric:

(x, y, z) = −(y, x, z) = −(x, z, y).
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It turns out that the operad of alternative algebras is not too good,

because it is not a Koszul operad, cf. [7]. Whence the question: Find a

(small) binary operad such that the octonions form an algebra over this

operad and such that this operad is Koszul. Of course the ambiguity of

the question is in the adjective “small”. Because such an operad exists: it

suffices to take the magmatic operad on one binary operation. But there

may exists a smaller operad (i.e. a quotient of Mag), which is best. This

operad need not be quadratic, that is, we may look for relations involving

4 variables, like in Jordan algebras.

4. Commutative algebras up to homotopy in positive

characteristic

In positive characteristic p it is best to work with divided power algebras

rather than commutative algebras. The notion of commutative algebra up

to homotopy is well-known: it is the C∞-algebras (also denoted Com∞,

see [17]). What is, explicitly, the notion of divided power algebra up to

homotopy in characteristic p? Theoretically the problem can be solved as

follows. One can perform the theory of Koszul duality for operads with

divided powers, cf. [8]. Any such operad with divided powers ΓP , which

is Koszul, gives rise to a dg operad with divided powers ΓP∞. A divided

power algebra up to homotopy is an algebra over ΓP∞. The point is to

make all the steps of the theory explicit in the case P = Com.

5. Manin black product for operads

What is the operad Com • Ass? One is asking for a small presentation by

generators and relations.

6. L-dendriform algebras and operadic black product

By definition an L-dendriform algebra is a vector space equipped with two

operations x ≺ y and x ≻ y satisfying

(x ≺ y) ≺ z + y ≻ (x ≺ z) = x ≺ (y ∗ z) + (y ≻ x) ≺ z,

(x ∗ y) ≻ z + y ≻ (x ≻ z) = x ≻ (y ≻ z) + (y ≺ x) ≻ z,

where x ∗ y = x ≺ y + x ≻ y (cf. [1]). This is one of the numerous ways of

splitting the associativity of the operation ∗.
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Conjecture: the operad encoding L-dendriform algebras is a Manin black

product:

preLie • preLie = L-Dend.

In favor of this conjecture we have the following facts (cf. [22]):

preLie • Com = Zinb, preLie •Ass = Dend, preLie • Lie = preLie,

and also preLie •Dend = Quad.

Similarly it seems that preLie•Zinb = ComQuad and that the operads

Octo, L-Quadri, L-Octo introduced in [10] are also black products:

preLie •Quadri = Octo,

preLie • L-Dend = L-Quadri,

preLie • L-Quadri = L-Octo.

Note. Some of these questions have been recently settled in [2].

7. Resolutions of associative algebras

Koszul duality theory for associative algebras gives a tool to construct free

resolutions for some associative algebras, and even the minimal resolutions

in certain cases. When the algebra is a group algebra, then there are tools to

construct (at least the beginning of) a resolution by taking the free module

on the set of generators, then of relations, then of relations between the

relations, and so forth (syzygies), see for instance [13]. It would be very

interesting to compare these various methods.

8. Hidden structure for EZ-AW maps

Given a deformation retract

(A, dA)h
%%

p
//
(V, dV )

i
oo ,

pi = idV , IdA − ip = dAh+ hdA,

the HTT says that an algebraic structure on (A, dA) can be transferred to

some other algebraic structure (the hidden one) on (V, dV ). This principle

is not special to chain complexes and can be applied to other situations as

shown for crossed modules in [17]. Apply this principle to the Eilenberg-

Zilber and Alexander-Whitney quasi-isomorphisms. Let us recall that, for

X and Y being simplicial modules, these isomorphisms relate the chain

complex C•(X × Y ) to the tensor product C•(X)⊗ C•(Y ).
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9. Interpolating between Dend and Com

The so-called En-operads are operads which interpolate between the homo-

topy class of the operad Ass, which contains A∞, and the homotopy class

of the operad Com, which contains C∞. So, it solves the question: what is

an associative algebra which is more or less commutative. The answer is:

an En-algebra ; the larger n is, the more commutative it is.

Question: what is a dendriform algebra which is more or less commuta-

tive ? In other words we are looking for an interpolationDn between the op-

eradsDend∞ and Zinb∞, where Dend is the operad of dendriform algebras

(two generating operations ≺ and ≻ and three relations) and Zinb is the

operad of Zinbiel algebras (dendriform algebras such that x ≻ y = y ≺ x).

One of the motivation for finding D2 is the following. It is known that

the Grothendieck-Teichmüller group is related to the operad E2. Knowing

D2 could lead to a dendriform version of the Grothendieck-Teichmüller

group.

10. Good triples of binary quadratic operads

Let P be a binary quadratic operad which is Koszul (cf. for instance [17,18]).

It gives a notion of P-algebra and also a notion of P-coalgebra. We conjec-

ture that there is a compatibility relation which defines a notion of Pc-P-

bialgebra such that (P ,P ,Vect) is a good triple of operads in the sense of

[14].

Comments. There are many examples known:

P = Com,As,Dend,Mag, 2-as.

When it holds, it gives a criterion for proving that a given P-algebra is free.

11. On the coalgebra structure of Connes-Kreimer Hopf

algebra

The Connes-Kreimer Hopf algebra is an algebra of polynomials endowed

with an ad hoc coproduct, cf. [5]. It is known that the indecomposable part

is not only coLie, but in fact co-pre-Lie, cf. [4]. If we linearly dualize (as

graded modules), the Hopf algebra is the Grossman-Larson Hopf algebra,

which is cocommutative and its primitive part is pre-Lie. I conjecture that

there is some type of algebras, that is some operad X , and some type of

Comc-X -bialgebras, which fit into a good triple of operads

(Com,X , preLie).
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If so, then the Grossman-Larson algebra would be the free X -algebra on

one generator.

The solution of this problem in the noncommutative framework is given

by the operad Dend, cf. [16].

12. Generalized bialgebras in positive characteristic

The Poincaré-Birkhoff-Witt theorem and the Cartier-Milnor-Moore theo-

rem are structure theorems for cocommutative bialgebras in characteristic

zero. They can be summarized by saying the triple of operads

(Com,As, Lie)

is a good triple. Several other good triples have been described in [14], some

of them being valid in any characteristic, like the triple (As,Dup,Mag)

for instance. For the classical case, it is known that, in order for the CMM

theorem to be true in characteristic p, one has to replace the notion of Lie

algebra by the notion of restricted Lie algebras. Operadically, restricted Lie

algebras, divided power algebras and the like are obtained by replacing the

“coinvariants” in the definition of an operad by the “invariants”, cf. [8],

ΓP(V ) :=
∑

n

(P(n)⊗ V ⊗n)Sn .

So the PBW-CMM theorem in characteristic p can be phrased by saying

that

(Com,As,ΓLie)

is a good triple. Note that As = ΓAs, so equivalently (Com,ΓAs,ΓLie) is

a good triple.

It would be very interesting to generalize the results on generalized

bialgebras to positive characteristic along these lines, that is, to show that,

when (C,A,P) is a good triple, then so is (C,ΓA,ΓP).

Similarly, (ΓCom,As, Lie) is a good triple. One should be able to show

that, when (C,A,P) is a good triple, then so is (ΓC,A,P).

13. Higher Dynkin diagrams and operads

Show that there exists some types of algebras (i.e. some operads) for which

the finite dimensional simple algebras are classified by the diagrams de-

scribed by Ocneanu in [19]. The toy-model is the operad Lie and the Dynkin

diagrams.



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

Some Problems in Operad Theory 145

14. Coquecigrues

It is well-known that a Lie group admits a tangent space at the unit element

which is a Lie algebra. But there is also another relationship between groups

and Lie algebras, more specifically between discrete groups and Lie algebras

(over Z). It is given by the descending central series. For G a discrete

group, G(1) = [G,G] is its commutator subgroup, and, more generally,

G(n) = [G,G(n−1)] is the nth term of the descending central series. It is

well-known that the graded abelian group
⊕

nG
(n)/G(n+1) is a Lie algebra

whose bracket is induced by the commutator in G. The Jacobi identity is a

consequence of a nice (and not so well-known) relation, valid in any group

G, called the Philip Hall relation (see for instance [13] for some drawing of

it related to the Borromean rings).

A natural question is the following. Let P be a variation of the operad

Lie (we have in mind preLie and Leib). Is there some structure playing the

role of groups in this realm? For Leibniz algebras the question arised natu-

rally in my research on the periodicity properties of algebraic K-theory, cf.

[11,12]. I called this conjectural object a coquecigrue. In fact I was more in-

terested in the cohomology theory which should come with this new notion,

to apply it further to groups. Recent progress using the notion of racks was

achieved by Simon Covez in [6].

15. Homotopy groups of spheres

Let p be a prime number. Let (πS• (X))p be the stable homotopy groups

of the pointed connected topological space X , localized at p. Find a type

of algebras such that (πS• (X))p is an algebra of this type and such that

(πS• (∗))p is the free algebra of this type over one generator (in degree 2p−3).

Comments. The Toda brackets are likely to play a role in this problem.
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Introduction

The study of nonassociative algebras was originally motivated by certain

problems in physics and other branches of mathematics. The Hom-algebra

structures arose first in quasi-deformation of Lie algebras of vector fields.

Discrete modifications of vector fields via twisted derivations lead to Hom-

Lie and quasi-Hom-Lie structures in which the Jacobi condition is twisted.

The first examples of q-deformations, in which the derivations are replaced

by σ-derivations, concerned the Witt and Virasoro algebras, see for exam-

ple.1,13–16,18,19,42,44,48 A general study and construction of Hom-Lie alge-

bras are considered in39,45,46 and a more general framework bordering color

and super Lie algebras was introduced in.39,45–47 In the subclass of Hom-Lie

algebras skew-symmetry is untwisted, whereas the Jacobi identity is twisted

by a single linear map and contains three terms as in Lie algebras, reducing

to ordinary Lie algebras when the twisting linear map is the identity map.

The notion of Hom-associative algebras generalizing associative algebras

to a situation where associativity law is twisted by a linear map was intro-

duced in,54 it turns out that the commutator bracket multiplication defined

using the multiplication in a Hom-associative algebra leads naturally to
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Hom-Lie algebras. This provided a different way of constructing Hom-Lie al-

gebras. Also are introduced in54 the Hom-Lie-admissible algebras and more

general G-Hom-associative algebras with subclasses of Hom-Vinberg and

Hom-preLie algebras, generalizing to the twisted situation Lie-admissible

algebras, G-associative algebras, Vinberg and preLie algebras respectively

and it is shown that for these classes of algebras the operation of taking

commutator leads to Hom-Lie algebras as well. The enveloping algebras

of Hom-Lie algebras were discussed in.62 The fundamentals of the formal

deformation theory and associated cohomology structures for Hom-Lie alge-

bras have been considered initially in56 and completed in.4 Simultaneously,

in65 elements of homology for Hom-Lie algebras have been developed. In55

and,57 the theory of Hom-coalgebras and related structures are developed.

Further development could be found in.5,7,12,31,43,52,52,53,66

Dendriform algebras were introduced by Loday in.50 Dendriform alge-

bras are algebras with two operations, which dichotomize the notion of

associative algebra. The motivation to introduce these algebraic structures

with two generating operations comes from K-theory. It turned out later

that they are connected to several areas in mathematics and physics, in-

cluding Hopf algebras, homotopy Gerstenhaber algebra, operads, homology,

combinatorics and quantum field theory where they occur in the theory of

renormalization of Connes and Kreimer. Later the notion of tridendriform

algebra were introduced by Loday and Ronco in their study of polytopes

and Koszul duality.51 A tridendriform algebra is a vector space equipped

with 3 binary operations satisfying seven relations.

The Rota-Baxter operator has appeared in a wide range of areas in pure

and applied mathematics. The paradigmatic example of Rota-Baxter op-

erator concerns the integration by parts formula of continuous functions.

The algebraic formulation of Rota-Baxter algebra appeared first in G. Bax-

ter’s works in probability study of fluctuation theory. This algebra was

intensively studied by G.C. Rota in connection with combinatorics. In A.

Connes and D. Kreimer works related to their Hopf algebra approach to

renormalization of quantum field theory, the Rota-Baxter identity appeared

under the name ”multiplicativity constraint”. This seminal work gives rise

to an important development including Rota-Baxter algebras and their con-

nections to other algebraic structure.2,3,21,22,24–30,34,35,37,38,40

The purpose of this paper is to study Rota-Baxter Hom-algebras. We

introduce Hom-dendriform and Hom-tridendriform algebras and then ex-

plore the connections between all these categories of Hom-algebras. We

summarize in the first Section the basis of Hom-algebras and recall the
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definitions and some properties of Hom-associative, Hom-Lie and Hom-

preLie algebras. In Section 2, we introduce the notions of Hom-dendriform

algebras and Hom-tridendriform algebras and provide constructions of these

algebras and their relationships with Hom-preLie algebras. Section 3 is ded-

icated to Hom-associative Rota-Baxter algebras, we extend the classical

notion of associative Rota-Baxter algebra and show some constructions. In

Section 4 we establish functors between the category of Hom-associative

Rota-Baxter algebras and the categories of Hom-preLie, Hom-dendriform

and Hom-tridendriform algebras. In Section 5 we discuss the Rota-Baxter

operator in the context of Hom-nonassociative algebras mainly for Hom-Lie

algebras.

1. Hom-associative, Hom-Lie and Hom-preLie algebras

In this section we summarize the definitions and some properties of Hom-

associative, Hom-Lie and Hom-preLie algebraic structures54 generalizing

the well known associative, Lie and preLie algebras by twisting the identities

with a linear map.

Throughout the article we let K be an algebraically closed field of char-

acteristic 0. We mean by a Hom-algebra a triple (A, µ, α) consisting of a

vector space A on which µ : A×A→ A is a bilinear map (or µ : A⊗A→ A

is a linear map) and α : A→ A is a linear map. A Hom-algebra (A, µ, α) is

said to be multiplicative if ∀x, y ∈ A we have α(µ(x, y)) = µ(α(x), α(y)).

Let (A, µ, α) and A′ = (A′, µ′, α′) be two Hom-algebras of a given type.

A linear map f : A→ A′ is a morphism of Hom-algebras if

µ′ ◦ (f ⊗ f) = f ◦ µ and f ◦ α = α′ ◦ f.
In particular, Hom-algebras (A, µ, α) and (A, µ′, α′) are isomorphic if

there exists a bijective linear map f such thatµ = f−1 ◦ µ′ ◦ (f ⊗ f) and

α = f−1 ◦ α′ ◦ f.
A subspace H of A is said to be a subalgebra if for all x, y ∈ H we have

µ(x, y) ∈ H and α(x) ∈ H. A subspace I of A is said to be an ideal if for

x ∈ I and y ∈ A we have µ(x, y) ∈ I and α(x) ∈ I.

In all the examples involving the unspecified products are either given

by skewsymmetry or equal to zero.

1.1. Hom-associative algebras

The Hom-associative algebras were introduced by the author and Silvestrov

in.54
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Definition 1.1 (Hom-associative algebra). A Hom-associative alge-

bra is a triple (A, ·, α) consisting of a vector space A on which · : A⊗A→ A

and α : A→ A are linear maps, satisfying

α(x) · (y · z) = (x · y) · α(z). (1)

Example 1.1. Let {x1, x2, x3} be a basis of a 3-dimensional linear space

A over K. The following multiplication · and linear map α on A define

Hom-associative algebras over K3:

x1 · x1 = a x1,

x1 · x2 = x2 · x1 = a x2,

x1 · x3 = x3 · x1 = b x3,

x2 · x2 = a x2,

x2 · x3 = b x3,

x3 · x2 = x3 · x3 = 0,

α(x1) = a x1, α(x2) = a x2, α(x3) = b x3,

where a, b are parameters in K. The algebras are not associative when a 6= b

and b 6= 0, since

(x1 · x1) · x3 − x1 · (x1 · x3) = (a− b)bx3.

Example 1.2 (Polynomial Hom-associative algebra63).

Consider the polynomial algebra A = K[x1, · · · , xn] in n variables. Let α

be an algebra endomorphism of A which is uniquely determined by the n

polynomials α(xi) =
∑
λi;r1,··· ,rnx

r1
1 · · ·xrnn for 1 ≤ i ≤ n. Define µ by

µ(f, g) = f(α(x1), · · · , α(xn))g(α(x1), · · · , α(xn)) (2)

for all f, g in A. Then, (A, µ, α) is a Hom-associative algebra.

Example 1.3 (Matrix Hom-associative algebra66).

Let A = (A, µ, α) be a Hom-associative algebra. Then (Mn(A), µ′, α′),
where Mn(A) is the vector space of n × n matrix with entries in A, is

also a Hom-associative algebra in which the multiplication µ′ is given by

matrix multiplication, and α′ is given by α in each entry.

1.2. Hom-Lie algebras

The notion of Hom-Lie algebra was introduced by Hartwig, Larsson and

Silvestrov in39,45,46 motivated initially by examples of deformed Lie algebras

coming from twisted discretizations of vector fields. In this article, we follow

notations and a slightly more general definition of Hom-Lie algebras from.54
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Definition 1.2 (Hom-Lie algebra). A Hom-Lie algebra is a triple

(g, [ , ], α) consisting of a vector space g on which [ , ] : g × g → g is

a bilinear map and α : g → g a linear map satisfying

[x, y] = −[y, x], (skew-symmetry) (3)

	x,y,z [α(x), [y, z]] = 0 (Hom-Jacobi identity) (4)

for all x, y, z in g, where 	x,y,z denotes summation over the cyclic permu-

tation on x, y, z.

We recover classical Lie algebras when α = idg and the identity (4) is the

Jacobi identity in this case.

Example 1.4. Let {x1, x2, x3} be a basis of a 3-dimensional vector space g

over K. The following bracket and linear map α on g = K3 define a Hom-Lie

algebra over K:

[x1, x2] = ax1 + bx3
[x1, x3] = cx2
[x2, x3] = dx1 + 2ax3,

α(x1) = x1
α(x2) = 2x2
α(x3) = 2x3

with [x2, x1], [x3, x1] and [x3, x2] defined via skewsymmetry. It is not a Lie

algebra if a 6= 0 and c 6= 0, since

[x1, [x2, x3]] + [x3, [x1, x2]] + [x2, [x3, x1]] = acx2.

Example 1.5 (Jackson sl2). The Jackson sl2 is a q-deformation of the

classical sl2. This family of Hom-Lie algebras was constructed in47 using

a quasi-deformation scheme based on discretizing by means of Jackson q-

derivations a representation of sl2(K) by one-dimensional vector fields (first

order ordinary differential operators) and using the twisted commutator

bracket defined in.39 It carries a Hom-Lie algebra structure but not a Lie

algebra structure. It is defined with respect to a basis {x1, x2, x3} by the

brackets and a linear map α such that

[x1, x2] = −2qx2
[x1, x3] = 2x3
[x2, x3] = − 1

2 (1 + q)x1,

α(x1) = qx1
α(x2) = q2x2
α(x3) = qx3

where q is a parameter in K. if q = 1 we recover the classical sl2.

There is a functor from the category of Hom-associative algebras in the

category of Hom-Lie algebras. It provides a different way for constructing

Hom-Lie algebras by extending the fundamental construction of Lie alge-

bras by associative algebras via commutator bracket.
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Proposition 1.1 (54). Let (A, ·, α) be a Hom-associative algebra defined

on the vector space A by the multiplication · and a homomorphism α. Then

the triple (A, [ , ], α), where the bracket is defined for all x, y ∈ A by [x, y] =

x · y − y · x, is a Hom-Lie algebra.

1.3. Hom-preLie algebras

Hom-preLie algebras were introduced in54 in the study of Hom-Lie admis-

sible algebras.

Definition 1.3 (Hom-preLie algebras). A left Hom-preLie algebra

(resp. right Hom-preLie algebra) is a triple (A, ·, α) consisting of a vector

space A, a bilinear map · : A×A→ A and a homomorphism α satisfying

α(x) · (y · z)− (x · y) · α(z) = α(y) · (x · z)− (y · x) · α(z), (5)

resp.

α(x) · (y · z)− (x · y) · α(z) = α(x) · (z · y)− (x · z) · α(y). (6)

Remark 1.1. Any Hom-associative algebra is a Hom-preLie algebras.

A left Hom-preLie algebra is the opposite algebra of the right Hom-

preLie algebra. Both left and right Hom-preLie algebras are Hom-Lie-

admissible algebras, that is the commutators define Hom-Lie algebras.54

2. Hom-dendriform algebras and Hom-Tridendriform

algebras

In this Section, we introduce the notions of Hom-dendriform algebras and

Hom-tridendriform algebras generalizing the classical dendriform and tri-

dendriform algebras to Hom-algebras setting.

2.1. Hom-dendriform algebras

Dendriform algebras were introduced by Loday in.50 Dendriform algebras

are algebras with two operations, which dichotomize the notion of associa-

tive algebra. We generalize now this notion by twisting the identities by a

linear map.

Definition 2.1 (Hom-dendriform algebra). A Hom-dendriform alge-

bra is a quadruple (A,≺,≻, α) consisting of a vector space A on which

the operations ≺,≻: A⊗A→ g and α : A→ A are linear maps satisfying

(x ≺ y) ≺ α(z) = α(x) ≺ (y ≺ z + y ≻ z), (1)
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(x ≻ y) ≺ α(z) = α(x) ≻ (y ≺ z), (2)

α(x) ≻ (y ≻ z) = (x ≺ y + x ≻ y) ≻ α(z). (3)

for all x, y, z in A.

We recover classical dendriform algebra when α = id.

Let (A,≺,≻, α) and (A′,≺′,≻′, α′) be two Hom-dendriform algebras. A

linear map f : A→ A′ is a Hom-dendriform algebras morphism if

≺′ ◦(f ⊗ f) = f◦ ≺, ≻′ ◦(f ⊗ f) = f◦ ≻ and f ◦ α = α′ ◦ f.

We show now that we may construct Hom-dendriform algebras starting

from a classical dendriform algebras and an algebra morphisms. We extend

then the construction by composition introduced by Yau in65 for Lie and

associative algebras.

Theorem 2.1. Let (A,≺,≻) be a dendriform algebra and α : A→ A be a

dendriform algebra morphism. Then Aα = (A,≺α,≻α, α), where ≺α= α◦ ≺
and ≻α= α◦ ≻, is a Hom-dendriform algebra.

Moreover, suppose that (A′,≺′,≻′) is another dendriform algebra and

α′ : A′ → A′ is a dendriform algebra morphism. If f : A → A′ is a

dendriform algebra morphism that satisfies f ◦ α = α′ ◦ f then

f : (A,≺α,≻α, α) −→ (A′,≺′
α,≻′

α, α
′)

is a morphism of Hom-dendriform algebras.

Proof. Observe that

(x ≺α y) ≺α α(z) = α2((x ≺ y) ≺ z),

(x ≺α y) ≻α α(z) = α2((x ≺ y) ≻ z),

(x ≻α y) ≻α α(z) = α2((x ≻ y) ≻ z),

(x ≻α y) ≺α α(z) = α2((x ≻ y) ≺ z).

And similarly

α(x) ≺α (y ≺α z) = α2(x ≺ (y ≺ z)),

α(x) ≺α (y ≻α z) = α2(x ≺ (y ≻ z)),

α(x) ≻α (y ≻α z) = α2(x ≻ (y ≻ z)),

α(x) ≻α (y ≺α z) = α2(x ≻ (y ≺ z)).
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Therefore the identities (1),(2),(3) follow obviously from the identities sat-

isfied by (A,≺,≻). The second assertion is proved similarly.

In the classical case the commutative dendriform algebras are also called

Zinbiel algebras.49,50 The left and right operations are further required to

identify, x ≺ y = y ≻ x. We call commutative Hom-dendriform algebras

Hom-Zinbiel algebras.

Definition 2.2 (Hom-Zinbiel algebra). A Hom-Zinbiel algebra is a

triple (A, ◦, α) consisting of a vector space A on which ◦ : A ⊗ A → A

and α : A→ A are linear maps satisfying

(x ◦ y) ◦ α(z) = α(x) ◦ (y ◦ z) + α(x) ◦ (z ◦ y), (4)

for all x, y, z in A.

Remark 2.1. One may construct Hom-Zinbiel algebra by composition

method starting from a classical Zinbiel algebra (A, ◦) and an algebra en-

domorphism α by considering (A, ◦α, α), where x ◦α y = α(x ◦ y).
We show now that Hom-dendriform algebra structure dichotomize the

Hom-associative structure and provide a connection to Hom-preLie alge-

bras.

Proposition 2.1. Let (A,≺,≻, α) be a Hom-dendriform algebra. Let ⋆ :

A⊗A→ A be a linear map defined for all x, y ∈ A by

x ⋆ y = x ≺ y + x ≻ y. (5)

Then (A, ⋆, α) is a Hom-associative algebra.

Proof. For all x, y, z ∈ A we have

α(x) ⋆ (y ⋆ z) = α(x) ⋆ (y ≺ z + y ≻ z)

= α(x) ≺ (y ≺ z + y ≻ z) + α(x) ≻ (y ≺ z + y ≻ z)

= (x ≺ y) ≺ α(z) + α(x) ≻ (y ≺ z) + α(x) ≻ (y ≻ z)

= (x ≺ y) ≺ α(z) + (x ≻ y) ≺ α(z) + (x ≺ y + x ≻ y) ≻ α(z)

= (x ≺ y + x ≻ y) ≺ α(z) + (x ≺ y + x ≻ y) ≻ α(z)

= (x ⋆ y) ≺ α(z) + (x ⋆ y) ≻ α(z)

= (x ⋆ y) ⋆ α(z).

Proposition 2.2. Let (A,≺,≻, α) be a Hom-dendriform algebra. Let ⊳ :

A⊗A→ A and ⊲ : A⊗A→ A be linear maps defined for all x, y ∈ A by

x⊲ y = x ≻ y − y ≺ x and x⊳ y = x ≺ y − y ≻ x. (6)
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Then (A,⊲, α) is a left Hom-preLie algebra and (A,⊳, α) is a right Hom-

preLie algebra.

Proof. For all x, y, z ∈ A we have

α(x) ⊲ (y ⊲ z) = α(x)⊲ (y ≻ z − z ≺ y)

= α(x) ≻ (y ≻ z)− α(x) ≻ (z ≺ y)− (y ≻ z) ≺ α(x) + (z ≺ y) ≺ α(x).

and

(x ⊲ y)⊲ α(z) = (x ≻ y − y ≺ x)⊲ α(z)

= (x ≻ y) ≻ α(z)− (y ≺ x) ≻ α(z)− α(z) ≺ (x ≻ y) + α(z) ≺ (y ≺ x).

Using (1) and (3), we may write

α(x) ⊲ (y ⊲ z) = (x ≺ y) ≻ α(z) + (x ≻ y) ≻ α(z)− α(x) ≻ (z ≺ y)

−(y ≻ z) ≺ α(x) + α(z) ≺ (y ≺ x) + α(z) ≺ (y ≻ x).

Direct simplification and identity (1) lead to

α(x) ⊲ (y ⊲ z)− (x⊲ y)⊲ α(z)− α(y)⊲ (x⊲ z + (y ⊲ x)⊲ α(z) = 0.

Similar proof shows the right Hom-preLie structure.

Remark 2.2. If (A,≺,≻, α) is a commutative Hom-Dendriform algebra

then the corresponding left and right Hom-preLie algebras vanish.

2.2. Hom-tridendriform algebras

The notion of tridendriform algebra were introduced by Loday and Ronco

in.51 A tridendriform algebra is a vector space equipped with 3 binary

operations ≺,≻, · satisfying seven relations. We extend this notion to Hom

situation as follows:

Definition 2.3 (Hom-Tridendriform algebra). A Hom-tridendriform

algebra is a quintuple (A,≺,≻, ·, α) consisting of a vector space A on which

the operations ≺,≻, · : A⊗A→ A and α : A→ A are linear maps satisfying

(x ≺ y) ≺ α(z) = α(x) ≺ (y ≺ z + y ≻ z + y · z), (7)

(x ≻ y) ≺ α(z) = α(x) ≻ (y ≺ z), (8)

α(x) ≻ (y ≻ z) = (x ≺ y + x ≻ y + x · y) ≻ α(z), (9)

(x ≺ y) · α(z) = α(x) · (y ≻ z), (10)

(x ≻ y) · α(z) = α(x) ≻ (y · z), (11)
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(x · y) ≺ α(z) = α(x) · (y ≺ z), (12)

(x · y) · α(z) = α(x) · (y · z), (13)

for all x, y, z in A.

We recover classical tridendriform algebra when α = id.

Remark 2.3. Any Hom-tridendriform algebra gives a Hom-dendriform al-

gebra by setting x · y = 0 for all x, y ∈ A.

As in Theorem 2.1, Given a classical tridendriform algebra and an al-

gebra morphism we may construct by composition a Hom-tridendriform

algebra.

Proposition 2.3. Let (A,≺,≻, ·) be a tridendriform algebra and α : A→
A be a tridendriform algebra morphism. Then Aα = (A,≺α,≻α, ·α, α),
where ≺α= α◦ ≺, ≻α= α◦ ≻ and ·α = α ◦ ·, is a Hom-tridendriform

algebra.

Moreover, suppose that (A′,≺′,≻′, ·′) is another tridendriform algebra

and α′ : A′ → A′ is a tridendriform algebra morphism. If f : A → A′ is a

tridendriform algebra morphism that satisfies f ◦ α = α′ ◦ f then

f : (A,≺α,≻α, ·α, α) −→ (A′,≺′
α,≻′

α, ·′αα′)

is a morphism of Hom-tridendriform algebras.

Similarly as in,21 we obtain in the Hom-algebras setting the following

new operation:

Proposition 2.4. Let (A,≺,≻, ·, α) be a Hom-tridendriform algebra and

∗ : A ⊗ A → A be an operation defined by x ∗ y = x ≺ y + x ≻ y + x · y.
Then (A, ∗, α) is a Hom-associative algebra.

Proof. Using the axioms of Hom-tridendriform algebras we have for all

x, y, z ∈ A

α(x) ∗ (y ∗ z) = α(x) ∗ (y ≺ z + y ≻ z + y · z)
= α(x) ≺ (y ≺ z + y ≻ z + y · z) + α(x) ≻ (y ≺ z + y ≻ z + y · z)

+α(x) · (y ≺ z + y ≻ z + y · z)
= (x ≺ y) ≺ α(z) + (x ≻ y) ≺ α(z) + (x ≺ y + x ≻ y + x · y) ≻ α(z)

+(x ≻ y) · α(z) + (x · y) ≺ α(z) + (x ≺ y) · α(z) + (x · y) · α(z)
= (x ≺ y + x ≻ y + x · y) ≺ α(z) + (x ≺ y + x ≻ y + x · y) ≻ α(z)



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

Hom-dendriform Algebras and Rota-Baxter Hom-algebras 157

+(x ≺ y + x ≻ y + x · y) · α(z)
= (x ∗ y) ∗ α(z).

3. Rota-Baxter operators and Hom-associative algebras

We extend in this section the notion of Rota-Baxter algebra to Hom-

associative algebras.

Definition 3.1. A Hom-associative Rota-Baxter algebra is a Hom-

associative algebra (A, ·, α) endowed with a linear map R : A→ A subject

to the relation

R(x) ·R(y) = R(R(x) · y + x · R(y) + λx · y), (1)

where λ ∈ K.

The map R is called Rota-Baxter operator of weight λ and the identity

(1) is called Rota-Baxter identity. We denote the Hom-associative Rota-

Baxter algebra by a quadruple (A, ·, α, R).We recover classical Rota-Baxter

associative algebras when α = id and we denote them by triples (A, ·, R).
Remark 3.1. Let (A, ·, α, R) be a Hom-associative Rota-Baxter algebra,

where R is a Rota-Baxter operator of weight λ. Then (A, ·, α, λid−R) is a

Hom-associative Rota-Baxter algebra. Indeed, the proof is straightforward

and does not use the Hom-associativity of the algebra.

In the following we provide some constructions of Rota-Baxter Hom-

algebras starting from classical Rota-Baxter algebra. Also we construct

new Rota-Baxter Hom-algebras from a given Rota-Baxter Hom-algebra.

These constructions extend to Rota-Baxter Hom-algebras the composition

method, nth derived Hom-algebra construction and a construction involv-

ing elements of the centroid.

Theorem 3.1. Let (A, ·, R) be an associative Rota-Baxter algebra and α :

A → A be an algebra morphism commuting with R. Then (A, ·α, α, R),
where x ·α y = α(x · y), is a Hom-associative Rota-Baxter algebra.

Proof. The Hom-associative structure of the algebra follows from Yau’s

Theorem in.65

Now we check that R is still a Rota-Baxter operator for the Hom-

associative algebra.

R(x) ·α R(y) = α(R(x) ·R(y))
= α(R(R(x) · y + x · R(y) + λx · y))
= α(R(R(x) · y)) + α(R(x · R(y))) + α(R(λx · y))).
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Since α and R commute then

R(x) ·α R(y) = R(α(R(x) · y)) +R(α(x · R(y))) +R(α(λx · y)))
= R(R(x) ·α y + x ·α R(y) + λx ·α y)).

More generally, given a Hom-associative Rota-Baxter algebra

(A, µ, α,R), one may ask whether this Hom-associative Rota-Baxter al-

gebra is induced by an ordinary associative Rota-Baxter algebra (A, µ̃, R),

that is α is an algebra morphism with respect to µ̃ and µ = α ◦ µ̃.
Let (A, µ, α) be a multiplicative Hom-associative algebra. It was ob-

served in33 that in case α is invertible, the composition method using α−1

leads to an associative algebra. If α is an algebra morphism with respect to

µ̃ then α is also an algebra morphism with respect to µ. Indeed,

µ(α(x), α(y)) = α ◦ µ̃(α(x), α(y)) = α ◦ α ◦ µ̃(x, y) = α ◦ µ(x, y).

If α is bijective then α−1 is also an algebra automorphism. Therefore one

may use an untwist operation on the Hom-associative algebra in order to

recover the associative algebra (µ̃ = α−1 ◦ µ).

Proposition 3.1. Let (A, µ, α,R) be a multiplicative Hom-associative

Rota-Baxter algebra where α is invertible and such that α and R commute.

Then (A, µα−1 = α−1 ◦ µ,R) is a Hom-associative Rota-Baxter algebra.

Proof. The associativity condition follows from

0 = α−2µ(α(x), µ(y, z)) − µ(µ(x, y), α(z))

= α−1µ(x, α−1µ(y, z))− α−1µ(α−1µ(x, y), z)

= µα−1(x, µα−1 (y, z))− µα−1(µα−1(x, y), z).

Since α and R commute then α−1 and R commute as well. Hence R is a

Rota-Baxter operator for the new multiplication.

We may also derive new Hom-associative algebras from a given multi-

plicative Hom-associative algebra using the following procedure. We split

the definition given in69 into two types of nth derived Hom-algebras.

Definition 3.2 (69). Let (A, µ, α) be a multiplicative Hom-algebra and

n ≥ 0. The type 1 nth derived Hom-algebra of A is defined by

An =
(
A, µ(n) = αn ◦ µ, αn+1

)
, (2)
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and the type 2 nth derived Hom-algebra of A is defined by

An =
(
A, µ(n) = α2n−1 ◦ µ, α2n

)
. (3)

Note that in both cases A0 = A and A1 =
(
A, µ(1) = α ◦ µ, α2

)
.

Observe that for n ≥ 1 and x, y, z ∈ A we have

µ(n)(µ(n)(x, y), αn+1(z)) = αn ◦ µ(αn ◦ µ(x, y), αn+1(z))

= α2n ◦ µ(µ(x, y), α(z)).

Therefore, following,69 one obtains the following result.

Theorem 3.2. Let (A, µ, α,R) be a multiplicative Hom-associative Rota-

Baxter algebra such that α and R commute.Then the nth derived Hom-

algebra of type 1 is also a Hom-associative Rota-Baxter algebra.

Proof. The operator R is a Rota-Baxter operator for the new multiplica-

tion since

αn(µ(R(x), R(y))) = αn(R(µ(x,R(y))) +R(µ(R(x), y)) + λR(µ(x, y))).

In the following we construct Hom-associative Rota-Baxter algebras in-

volving elements of the centroid of associative Rota-Baxter algebras. The

construction of Hom-algebras using elements of the centroid was initiated

in10 for Lie algebras.

Let (A, ·) be an associative algebra. An endomorphism α ∈ End(A) is

said to be an element of the centroid if α(x · y) = α(x) · y = x · α(y) for all
x, y ∈ A. The centroid of A is defined by

Cent(A) = {α ∈ End(A) : α(x · y) = α(x) · y = x · α(y), ∀x, y ∈ A}.

The same definition of the centroid is assumed for Hom-associative algebras.

Proposition 3.2. Let (A, µ,R) be an associative Rota-Baxter algebra

where R is a Rota-Baxter operator of weight λ. Let α ∈ Cent(A) and set

for all x, y ∈ A

µ1
α(x, y) = µ(α(x), y) and µ2

α(x, y) = µ(α(x), α(y)).

Assume that α and R commute. Then (A, µ1
α, α, R) and (A, µ2

α, α, R) are

Hom-associative Rota-Baxter algebras.
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Proof. Observe that for all x, y, z ∈ A

µ1
α(α(x), µ

1
α(y, z)) = µ(α2(x), µ(α(y), z)) = µ(α2(x), αµ(y, z))

= α(µ(α(x), µ(y, z))) = α2(µ(x, µ(y, z))).

Similarly

µ2
α(α(x), µ

2
α(y, z)) = µ(α2(x), αµ(α(y), α(z)))

= µ(α2(x), α2µ(y, z)) = α2(µ(x, µ(y, z))).

The triple (A, µ1
α, α) and (A, µ2

α, α) are Hom-associative algebras.

They define also Rota-Baxter algebras since

µ1
α(R(x), R(y)) = µ(α(R(x)), R(y)) = α(µ(R(x), R(y)))

= α(R(µ(x,R(y)) + µ(R(x), y) + λµ(x, y)))

= R(µ(α(x), R(y)) + µ(α(R(x)), y) + λµ(α(x), y))

= R(µ1
α(x,R(y)) + µ1

α(R(x), y) + λµ1
α(x, y)).

and

µ2
α(R(x), R(y)) = µ(α(R(x)), α(R(y))) = α(µ(R(x), α(R(y))))

= α2(µ(R(x), R(y)))

= α2(R(µ(x,R(y)) + µ(R(x), y) + λµ(x, y)))

= R(α(µ(α(x), R(y))) + α(µ(α(R(x)), y)) + λα(µ(α(x), y)))

= R(µ(α(R(y)), α(x)) + µ(α(y), α(R(x))) + λµ(α(y), α(x)))

= R(µ2
α(x,R(y) + µ2

α(R(x), y) + λµ2
α(x, y)).

4. Some functors

We show in this section that there is a functor from the category of Hom-

associative Rota-Baxter algebras to the category of Hom-preLie algebras

and then a functor to the categories of Hom-dendriform algebras and Hom-

tridendriform algebras.

Proposition 4.1. Let (A, ·, α, R) be a Hom-associative Rota-Baxter alge-

bra where R is a Rota-Baxter operator of weight λ = 0 or −1. Assume that

α and R commute. We define the operation ∗ on A by

x ∗ y = R(x) · y − y · R(x) + λx · y. (1)

Then (A, ∗, α) is a Hom-preLie algebra.
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Proof. In case λ = 0, we have for all x, y, z ∈ A

α(x) ∗ (y ∗ z)
= α(x) ∗ (R(y) · z − z ·R(y))
= R(α(x)) · (R(y) · z − z ·R(y))− (R(y) · z − z · R(y)) ·R(α(x))
= R(α(x)) · (R(y) · z)−R(α(x)) · (z ·R(y))

−(R(y) · z) · R(α(x)) + (z ·R(y)) ·R(α(x))
= α(R(x)) · (R(y) · z)− α(R(x)) · (z ·R(y))

−(R(y) · z) · α(R(x)) + (z ·R(y)) · α(R(x)),

and

(x ∗ y) ∗ α(z)
= (R(x) · y − y ·R(x)) ∗ α(z)
= R(R(x) · y − y ·R(x)) · α(z)− α(z) · R(R(x) · y − y ·R(x))
= R(R(x) · y) · α(z)−R(y · R(x)) · α(z)

−α(z) ·R(R(x) · y) + α(z) · R(y ·R(x)).

Then

α(x) ∗ (y ∗ z)− (x ∗ y) ∗ α(z)− α(y) ∗ (x ∗ z) + (y ∗ x) ∗ α(z) =
α(R(x)) · (R(y) · z)− α(R(x)) · (z ·R(y))− (R(y) · z) · α(R(x))
+(z ·R(y)) · α(R(x)) −R(R(x) · y) · α(z) +R(y · R(x)) · α(z)
+α(z) ·R(R(x) · y)− α(z) ·R(y ·R(x)) − α(R(y)) · (R(x) · z)
+α(R(y)) · (z ·R(x)) + (R(x) · z) · α(R(y)) − (z ·R(x)) · α(R(y))
+R(R(y) · x) · α(z)−R(x · R(y)) · α(z)− α(z) · R(R(y) · x)
+α(z) ·R(x · R(y)).

Using the Rota-Baxter identity 1 we gather the 5th and 14th, 6th and 13th,

7th and 16th, 8th and 15th terms. Therefore we obtain

α(x) ∗ (y ∗ z)− (x ∗ y) ∗ α(z)− α(y) ∗ (x ∗ z) + (y ∗ x) ∗ α(z) =
α(R(x)) · (R(y) · z)− α(R(x)) · (z · R(y))− (R(y) · z) · α(R(x))
+(z · R(y)) · α(R(x)) − (R(x) ·R(y)) · α(z) + (R(y) ·R(x)) · α(z)
+α(z) · (R(x) · R(y))− α(z) · (R(y) · R(x))− α(R(y)) · (R(x) · z)
+α(R(y)) · (z · R(x)) + (R(x) · z) · α(R(y))− (z · R(x)) · α(R(y)).
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Then Hom-associativity leads to

α(x) ∗ (y ∗ z)− (x ∗ y) ∗ α(z)− α(y) ∗ (x ∗ z) + (y ∗ x) ∗ α(z) = 0.

In case λ = −1, we have for all x, y, z ∈ A

α(x) ∗ (y ∗ z) = R(α(x)) · (R(y) · z − z ·R(y)
−y · z)− (R(y) · z − z ·R(y)− y · z) · R(α(x))

−α(x) · (R(y) · z − z ·R(y)− y · z),

and

(x ∗ y) ∗ α(z) = R(R(x) · y − y ·R(x)− x · y) · α(z)
−α(z) ·R(R(x) · y − y · R(x)− x · y)
−(R(x) · y − y ·R(x)− x · y) · α(z).

Then using the fact that α and R commute, and the Hom-associativity we

obtain

α(x) ∗ (y ∗ z)− (x ∗ y) ∗ α(z)− α(y) ∗ (x ∗ z) + (y ∗ x) ∗ α(z) =
α(R(x)) · (R(y) · z) + (z ·R(y)) · α(R(x)) −R(R(x) · y) · α(z)
+R(y ·R(x)) · α(z) + α(z) ·R(R(x) · y)− α(z) ·R(y · R(x))
−α(R(y)) · (R(x) · z)− (z · R(x)) · α(R(y)) +R(R(y) · x) · α(z)
−R(x · R(y)) · α(z)− α(z) ·R(R(y) · x) + α(z) ·R(x · R(y))
+R(x · y) · α(z) + α(z) · R(y · x) −R(y · x) · α(z)− α(z) · R(x · y).

Then it vanishes using the Rota-Baxter identity (1).

Now we connect Hom-associative Rota-Baxter algebras to Hom-

dendriform algebras. We generalize to Hom-algebras setting, the result

given by Aguiar for weight 0 Rota-Baxter algebras in3 and extended by

Ebrahimi-Fard in21 to any Rota-Baxter algebras.

Proposition 4.2. Let (A, ·, α, R) be a Hom-associative Rota-Baxter alge-

bra where R is a Rota-Baxter operator of weight λ. Assume that α and R

commute. We define the operation ≺ and ≻ on A by

x ≺ y = x ·R(y) + λx · y, and x ≻ y = R(x) · y. (2)

Then (A,≺,≻, α) is a Hom-dendriform algebra.
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Proof. For simplicity we provide the proof for λ = 0. Let x, y, z ∈ A, we

have by using Hom-associativity, identity (1) and the fact that α and R

commute:

(x ≺ y) ≺ α(z)− α(x) ≺ (y ≺ z + y ≻ z)

= (x · R(y)) · R(α(z))− α(x) ·R(y · R(z) +R(y) · z)
= (x · R(y)) · α(R(z))− α(x) · (R(y) ·R(z)) = 0.

(x ≻ y) ≺ α(z)− α(x) ≻ (y ≺ z)

= (R(x) · y) · R(α(z))−R(α(x)) · (y ·R(z))
= (R(x) · y) · α(R(z))− α(R(x)) · (y ·R(z)) = 0.

α(x) ≻ (y ≻ z)− (x ≺ y + x ≻ y) ≻ α(z)

= R(α(x)) · (R(y) · z)−R(x · R(y) +R(x) · y) · α(z)
= α(R(x)) · (R(y) · z)− (R(x) ·R(y)) · α(z) = 0.

The general case follows from similar and straightforward calculations.

For example

(x ≻ y) ≺ α(z)− α(x) ≻ (y ≺ z)

= (R(x) · y) ≺ α(z)− α(x) ≻ (y · R(z) + λy · z)
= (R(x) · y) ·R(α(z)) + λ(R(x) · y) · α(z)−R(α(x)) · (y ·R(z) + λy · z)

= 0.

Remark 4.1. Proposition 4.1 could be obtained as a corollary of Propo-

sition 4.2 and Proposition 2.2 which leads to a construction of right Hom-

preLie algebra with the following multiplication

x⊳ y = x ·R(y)−R(y) · x.

Considering the associated categories and denoting by HRBassλ the

category of Hom-associative Rota-Baxter algebras,HpreLie the category of

Hom-preLie algebras and Hdend the category of Hom-dendriform algebras,

we summarize the previous results in the following proposition

Proposition 4.3. The following diagram is commutative

Hdend → HpreLie

↓ ↓
HRBass0 → HpreLie



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

164 A. Makhlouf

We show now a connection between Hom-associative Rota-Baxter alge-

bras and Hom-tridendriform algebras. The classical case was stated in.21

Proposition 4.4. Let (A, ·, α, R) be a Hom-associative Rota-Baxter alge-

bra where R is a Rota-Baxter operator of weight λ. Assume that α and R

commute. We define the operation ≺, ≻ and • on A by

x ≺ y = x · R(y), x ≻ y = R(x) · y and x • y = λx · y. (3)

Then (A,≺,≻, •, α) is a Hom-tridendriform algebra.

Proof. The first three axioms follow from Proposition 4.2 and the last four

use Hom-associativity and the commutation between R and α. For example

(x ≺ y) • α(z)− α(x) • (y ≻ z) = λ(x · R(y)) · α(z)− λα(x) · (R(y) · z)
= 0.

Observe that the category of Hom-dendriform algebras can be identified

with a subcategory of objects in the category of Hom-tridendriform alge-

bras.

Following Proposition 2.4, we derive a new Hom-associative multiplica-

tion defined by

x ∗ y = x · R(y) +R(x) · y + λx · y.
As in the classical case it satisfies

R(x ∗ y) = R(x) ·R(y) and R̃(x ∗ y) = −R̃(x) · R̃(y)
where R̃(x) = −λx−R(x).

5. Rota-Baxter operators and Hom-Nonassociative algebras

Rota-Baxter operator in the context of Lie algebras were introduced inde-

pendently by Belavin and Drinfeld and Semenov-Tian-Shansky9,60 in the

1980th and were related to solutions of the (modified) classical Yang-Baxter

equation. The theory were developed later by Ebrahimi-Fard.21

We may extend the theory of Hom-associative Rota-Baxter algebras

developed above to any Hom-Nonassociative algebra. We set the following

definition

Definition 5.1. A Hom-Nonassociative Rota-Baxter algebra is a Hom-

Nonassociative algebra (A, [ , ], α) endowed with a linear map R : A → A
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subject to the relation

[R(x), R(y)] = R([R(x), y] + [x,R(y)] + λ[x, y]), (1)

where λ ∈ K.

The map R is called Rota-Baxter operator of weight λ.

We obtain the following construction by composition of Hom-Lie Rota-

Baxter algebras, extending the construction of Hom-Lie algebras given by

Yau in63 to Rota-Baxter algebras.

Theorem 5.1. Let (g, [ , ], R) be a Lie Rota-Baxter algebra and α : g → g

be a Lie algebra endomorphism commuting with R. Then (g, [ , ]α, α, R),

where [ , ]α = α ◦ [ , ], is a Hom-Lie Rota-Baxter algebra.

Proof. Observe that [α(x), [y, z]α]α = α[α(x), α[y, z]] = α2[x, [y, z]].

Therefore the Hom-Jacobi identity for gα = (g, [ , ]α, α) follows obviously

from the Jacobi identity of (g, [ , ]). The skew-symmetry is proved similarly.

Now we check that R is still a Rota-Baxter operator for the Hom-Lie

algebra.

[R(x), R(y)]α = α[R(x), R(y)]

= α(R([R(x), y] + [x,R(y)] + λ[x, y]))

= α(R([R(x), y])) + α(R([x,R(y)])) + α(R(λ[x, y])).

Since α and R commute then

[R(x), R(y)]α = R(α([R(x), y])) +R(α([x,R(y)])) +R(α(λ[x, y]))

= R([R(x), y]α + [x,R(y)]α + λ[x, y]α).

Remark 5.1. In particular the proposition is valid when α is an involution.

Let (g, [ , ], α) be a Hom-Lie algebra. It was observed in33 that in case

α is invertible, the composition method using α−1 leads to a Lie algebra.

Proposition 5.1. Let (g, [ , ], α, R) be a Hom-Lie Rota-Baxter algebra

such that α and R commute. Then (g, [ , ]α−1 = α−1 ◦ [ , ], R) is a Lie

Rota-Baxter algebra.

Proof. The Jacobi identity follows from

	x,y,z [x, [y, z]α−1 ]α−1 =	x,y,z α
−1([x, α−1([y, z])]) =	x,y,z α

−2[α(x), [y, z]]

= 0.
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Since α and R commute then α−1 and R commute as well. Hence R is a

Rota-Baxter operator for the new multiplication.

We construct now new Hom-Lie Rota Baxter algebras from a given

multiplicative Hom-Lie Rota-Baxter algebra using nth derived Hom-Lie

algebras.

Definition 5.2 (69). Let (g, [ , ], α) be a multiplicative Hom-Lie algebra

and n ≥ 0. The nth derived Hom-algebra of g is defined by

g(n) =
(
g, [ , ](n) = αn ◦ [ , ], αn+1

)
, (2)

Note that g(0) = g and g(1) =
(
g, [ , ](1) = α ◦ [ , ], α2

)
.

Observe that for n ≥ 1 and x, y, z ∈ g we have

[[x, y](n), αn+1(z)](n) = αn([αn([x, y]), αn+1(z)])

= α2n([[x, y], α(z)]).

Theorem 5.2. Let (g, [ , ], α, R) be a multiplicative Hom-Lie Rota-Baxter

algebra and assume that α and R commute. Then its nth derived Hom-

algebra is a Hom-Lie Rota-Baxter algebra.

Proof. The nth derived Hom-algebra is a Hom-Lie algebra according to.69

It is also a Rota-Baxter algebra since

αn([R(x), R(y)]) = αn(R([x,R(y)]) +R([R(x), y]) + λR([x, y])).

In the following we construct Hom-Lie Rota-Baxter algebras involving

elements of the centroid of Lie Rota-Baxter algebras. Let (g, [·, ·], R) be a

Lie Rota-Baxter algebra. An endomorphism α ∈ End(g) is said to be an

element of the centroid if α[x, y] = [α(x), y] for all x, y ∈ g. The centroid

is defined by Cent(g) = {α ∈ End(g) : α[x, y] = [α(x), y], ∀x, y ∈ g}.
The same definition of the centroid is assumed for Hom-Lie Rota-Baxter

algebra.

Proposition 5.2. Let (g, [·, ·], R) be a Lie Rota-Baxter algebra where R is

a Rota-Baxter operator of weight λ. Let α ∈ Cent(g) and set for all x, y ∈ g

[x, y]1α = [α(x), y] and [x, y]2α = [α(x), α(y)].

Assume that α and R commute. Then (g, [·, ·]1α, α, R) and (g, [·, ·]2α, α, R)
are Hom-Lie Rota-Baxter algebras.
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Proof. The triple (g, [·, ·]1α, α) and (g, [·, ·]2α, α) are Hom-Lie algebras ac-

cording to [10, Proposition 1.12].

They define also Rota-Baxter algebras since

[R(x), R(y)]1α = [α(R(x)), R(y)] = α([R(x), R(y)])

= α(R([x,R(y)] + [R(x), y] + λ[x, y]))

= R([α(x), R(y)] + [α(R(x)), y] + λ[α(x), y])

= R([x,R(y)]1α + [R(x), y]1α + λ[x, y]1α).

and similarly

[R(x), R(y)]2α = [α(R(x)), α(R(y))] = α([R(x), α(R(y))])

= −α2([R(y), R(x)]) = α2([R(x), R(y)])

= α2(R([x,R(y)] + [R(x), y] + λ[x, y]))

= R(α([α(x), R(y)]) + α([α(R(x)), y]) + λα([α(x), y]))

= −R(α([R(y), α(x)]) + α([y, α(R(x))]) + λα([y, α(x)]))

= −R([α(R(y)), α(x)] + [α(y), α(R(x))] + λ[α(y), α(x)])

= R([x,R(y)]2α + [R(x), y]2α + λ[x, y]2α).

We may obtain similar connections to Hom-preLie and Hom-dendriform

algebras as for Hom-associative algebras. For example we have

Proposition 5.3. Let (A, [ , ], α, R) be a Hom-Lie Rota-Baxter algebra

where R is a Rota-Baxter operator of weight 0. Assume that α and R com-

mute. We define the operation ∗ on A by

x ∗ y = [R(x), y]. (3)

Then (A, ∗, α) is a Hom-preLie algebra.

Remark 5.2. The connection between Rota-Baxter Hom-algebras and

Yang-Baxter equation will be developed in a forthcoming paper, as well

as free Hom-associative Rota-Baxter algebra.
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1. Introduction

The interest in two-dimensional non-linear σ-models with supergroups or

their cosets as target spaces has grown drastically over the last ten years

because of their applications ranging from string theory5,9 and logarith-

mic conformal field theories (CFTs)28,42 (for a review, see e.g.,20,25 and

references therein) to modern condensed matter physics.3,6,10,17,29,37,38,40

The Wess-Zumino-Novikov-Witten(WZNW) models associated with super-

groups stand out as an important class of such σ-models. This is due to

the fact that, besides their own importance, the WZNW models are also

the “building blocks” for other coset models which can be obtained by

gauging or coset constructions.2,4,33,39 In these models, current or affine

(super)algebras21,32 are the underlying symmetry algebras and are relevant

to integrability of the model.

The Wakimoto free field realizations of current algebras43 have been

proved very powerful in the study of the WZNW models on bosonic

groups.1,7,16,18,24,27 Since the work of Wakimoto on the sl(2) current al-

gebra, much effort has been made to obtain similar results for the general

case.8,11,12,19,26,30,41 In these constructions, the explicit differential operator

realizations of the corresponding finite dimensional (super)algebras play a

key role. However, explicit differential operator expressions heavily depend
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on the choice of local coordinate systems in the so-called big cell U .23 Thus

it is at least very involved, if not impossible, to obtain explicit differential

operator expressions for higher-rank (super)algebras in the usual coordinate

systems.11,13–15,26,30,41 Recently it was shown in44,45,47,48 that there exists a

certain coordinate system in U , which drastically simplifies the computation

involved in the construction of explicit differential operator expressions for

higher-rank (super)algebras. We call such a coordinate system the “good

coordinate system”.

In this paper we show how to establish such a “good coordinate sys-

tem” of the big cell U for an arbitrary finite-dimensional basic Lie (su-

per)algebra.22,31 It has been shown46 that the “good coordinate system”

indeed exits and is related to a particular ordering for the positive roots

of the (super)algebra. Based on such an ordering of the positive roots, we

construct the “good coordinate system” for the three infinite series super-

algebras gl(r|n), osp(2r|2n) and osp(2r + 1|2n), and derive their explicit

differential operator representations. We then apply these differential oper-

ators to construct explicit free field representations of the associated cur-

rent algebras. These free field realizations of the gl(r|n), osp(2r|2n) and

osp(2r + 1|2n) current algebras give rise to the Fock representations of

the current algebras. They provide explicit realizations of the vertex op-

erator construction36 of representations for affine superalgebras gl(r|n)k,
osp(2r|2n)k and osp(2r + 1|2n)k. These representations are in general not

irreducible. To obtain irreducible representations, one needs the associated

screening charges and to perform the cohomology analysis as in.8,12,18,19

This paper is organized as follows. In section 2, we briefly review finite-

dimensional simple basic Lie superalgebras and their corresponding current

algebras, which also introduces our notation and some basic ingredients. In

section 3, we introduce the particular orderings for the positive roots of the

superalgebras gl(r|n), osp(2r|2n) and osp(2r + 1|2n). Based on the order-

ings, we construct the explicit differential operator representations of the

superalgebras. In section 4 we apply these differential operator expressions

to construct the explicit free field realizations of the gl(r|n), osp(2r|2n) and
osp(2r + 1|2n) currents.

2. Notation and preliminaries

Let G = G0̄ + G1̄ be a finite dimensional simple basic Lie superalgebra22,31

with a Z2-grading:

[a] =

{
0 if a ∈ G0̄,

1 if a ∈ G1̄.
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The superdimension of G, denoted by sdim, is defined by

sdim (G) = dim (G0̄)− dim (G1̄) . (1)

For any two homogenous elements (i.e. elements with definite Z2-gradings)

a, b ∈ G, the Lie bracket is defined by

[a, b] = a b− (−1)[a][b]b a.

This (anti)commutator extends to inhomogenous elements through linear-

ity. Let {Ei|i = 1, . . . , d}, where d = dim(G), be the basis of G, which satisfy

(anti)commutation relations,

[Ei, Ej ] =
d∑

l=1

f lij El. (2)

The coefficients f lij are the structure constants of G. Alternatively, one can
use the associated root system22 to label the generators of G as follows. Let

H be the Cartan subalgebra of G. A root α of G (α 6= 0) will be an element

in H∗, the dual of H , such that:

Gα = {a ∈ G| [h, a] = α(h) a, ∀h ∈ H} 6= 0. (3)

The set of roots is denoted by ∆. Let Π: = {αi|i = 1, . . . , r} be the simple

roots of G, where the rank of G is equal to r = dim(H). With respect to Π,

the set of positive roots is denoted by ∆+, and we write α > 0 if α ∈ ∆+.

A root α is called even or bosonic (odd or fermionic) if Gα ∈ G0̄ (Gα ∈ G1̄).

The set of even roots is denoted by ∆0̄, while the set of odd roots is denoted

by ∆1̄. Associated with each positive root α, there is a raising operator Eα,

a lowering operator Fα and a Cartan generator Hα. These operators have

definite Z2-gradings:

[Hα] = 0, [Eα] = [Fα] =

{
0, α ∈ ∆0̄

⋂
∆+,

1, α ∈ ∆1̄

⋂
∆+.

Moreover, one has the Cartan-Weyl decomposition of G

G = G− ⊕H ⊕ G+, (4)

where G− is a span of lowering operators {Fα} and G+ is a span of raising

operators {Eα}, and G± respectively generates an nilpotent subalgebra of

G.
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One can introduce a nondegenerate and invariant supersymmetric met-

ric or bilinear form for G, which is denoted by (Ei, Ej). Then the affine

Lie superalgebra Gk (or G current algebra) associated to G is generated by

{Eni |i = 1, . . . , d; n ∈ Z} satisfying (anti)commutation relation:

[Eni , E
m
j ] =

d∑

l=1

f lijE
n+m
l + nk(Ei, Ej)δn+m,0. (5)

Introduce currents

Ei(z) =
∑

n∈Z

Eni z
−n−1, i = 1, . . . , d.

Then the (anti)commutation relations (5) can be re-expressed in terms of

the OPEs21 of the currents,

Ei(z)Ej(w) = k
(Ei, Ej)

(z − w)2
+

∑d
m=1 f

l
ijEl(w)

(z − w)
, i, j = 1, . . . , d, (6)

where f lij are the structure constants (2). The aim of this paper is to con-

struct explicit free field realizations of the current algebras associated with

the unitary series gl(r|n) and the orthosymplectic series osp(2r|2n) and

osp(2r + 1|2n) at an arbitrary level k.

3. Differential operator realizations of superalgebras

Let G be a Lie supergroup with G being its Lie superalgebra, and X be

the flag manifold G/B−, where B− is the Borel subgroup corresponding to

the subalgebra G− ⊕ H . The differential operator realization of G can be

obtained from the infinitesimal action of the corresponding group element

on sections of a line bundle over X35 or an η-invariant lifting of the vector

fields on X which form a representation of G.23 As an open set of X ,

we will take the big cell U , which is the orbit of the unit coset under

the action of subgroup N+ with Lie superalgebra G+. After choosing some

local coordinates of U , all the generators of G in principle can be realized by

first-order differential operators of the coordinates. In this section we show

that there are “good coordinate systems” which enable us to obtain the

explicit differential operator realizations of all basic Lie superalgebras. We

shall construct such coordinate systems for the three infinite series of basic

superalgebras sl(r|n), osp(2r|2n) and osp(2r+ 1|2n) with generic r and n.

Our coordinate system in U is based on a particular ordering introduced for

positive roots ∆+ of the corresponding superalgebra. We call this ordering

the normal ordering34 of ∆+.
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Definition 3.1. The roots of ∆+ are in normal ordering if all roots are

ordered in such a way that: (i) for any pairwise non-colinear roots α, β, γ ∈
∆+ such that γ = α+ β, γ is between α and β; (ii) for α, 2α ∈ ∆+, 2α is

located on the nearest right of α.

Such an ordering was constructed explicitly for all (super)algebras with

rank less than 3 in.34 In the following, we shall give the normal ordering of

positive roots for each of the three infinite series superalgebras gl(r|n), and
osp(2r|2n) and osp(2r + 1|2n).

3.1. Differential operator realization of gl(r|n)

Hereafter, let us fix two non-negative integers n and r such that 2 ≤ n+ r.

Let us introduce n + r linear-independent vectors: {δi|i = 1, . . . , n} and

{ǫi|i = 1, . . . r}. These vectors are endowed with a symmetric inner product

such that

(δm, δl) = δml, (δm, ǫi) = 0, (ǫi, ǫj) = −δij . (1)

The root system ∆ of gl(r|n) (or A(r− 1, n− 1)) can be expressed in terms

of the vectors:

∆ = {ǫi − ǫj , δm − δl, δm − ǫi, ǫi − δm} , 1 ≤ i 6= j ≤ r, 1 ≤ m 6= l ≤ n,

while the even roots ∆0̄ and the odd roots ∆1̄ are given respectively by

∆0̄ = {ǫi − ǫj, δm − δl} , ∆1̄ = {±(δm − ǫi)} , 1≤ i 6= j ≤ r, 1≤m 6= l≤n.

The distinguished simple roots are

α1 = δ1 − δ2, . . . , αn−1 = δn−1 − δn, αn = δn − ǫ1,

αn+1 = ǫ1 − ǫ2, . . . , αn+r−1 = ǫr−1 − ǫr. (2)

With regard to the simple roots, the corresponding positive roots ∆+ are

δm − δl, ǫi − ǫj , 1 ≤ i < j ≤ r, 1 ≤ m < l ≤ n, (3)

δm − ǫi, 1 ≤ m ≤ n, 1 ≤ i ≤ r. (4)

Among these positive roots, {δm − ǫi|i = 1, . . . , r, m = 1, . . . , n} are odd

and the others are even. Then we construct the normal ordering of the

corresponding positive roots.
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Proposition 3.1. A normal ordering of ∆+ for gl(r|n) is given by

ǫr−1 − ǫr; . . . ; ǫ1 − ǫr, . . . , ǫ1 − ǫ2; δn − ǫr, . . . , δn − ǫ1;

. . . ; δ1 − ǫr, . . . , δ1 − ǫ1, δ1 − δn, . . . , δ1 − δ2. (5)

Proof. One can directly verify that the above ordering of the positive roots

(3)-(4) of gl(r|n) fulfills all requirements of Definition 3.1.

Let us introduce a bosonic coordinate (xm,l, yi,j for m < l and i < j) with

a Z2-grading zero: [x] = [y] = 0 associated with each positive even root

(resp. δm − δl, ǫi − ǫj for m < l and i < j), and a fermionic coordinate

(θl,i) with a Z2-grading one: [θ] = 1 associated with each positive odd root

(resp. δl − ǫi). These coordinates satisfy the following (anti)commutation

relations:

[xi,j , xm,l] = 0, [∂xi,j
, ∂xm,l

] = 0, [∂xi,j
, xm,l] = δimδjl, (6)

[yi,j , ym,l] = 0, [∂yi,j , ∂ym,l
] = 0, [∂yi,j , ym,l] = δimδjl, (7)

[θi,j , θm,l] = 0, [∂θi,j , ∂θm,l
] = 0, [∂θi,j , θm,l] = δimδjl, (8)

and the other (anti)commutation relations vanish.

It is well-known that the big cell U is isomorphic to the subgroup N+

and hence to the subalgebra G+ via the exponential map. Therefore we can

choose the following coordinate system G+(x, y, θ) for the associated big

cell U :
G+(x; y; θ) = (Gn+r−1,n+r) . . . (Gj,n+r . . .Gj,j+1) (G1,n+r . . . G1,2). (9)

Here, for i < j, Gi,j is given by

Gi,j =





eyi,jEǫi−ǫj , if 1 ≤ i < j ≤ r,

eθl,iEδl−ǫi , if 1 ≤ l ≤ n, 1 ≤ i ≤ r,

exm,lEδm−δl , if 1 ≤ m < l ≤ n.

(10)

Hereafter, let us adopt the convention that

Ei ≡ Eαi
, Fi ≡ Fαi

, i = 1, . . . , n+ r. (11)

Let 〈Λ| be the highest weight vector of the representation of gl(r|n) with

highest weights {λi} , satisfying the following conditions:

〈Λ|Fi = 0, 1 ≤ i ≤ n+ r, (12)

〈Λ|Hi = λi 〈Λ|, 1 ≤ i ≤ n+ r. (13)

Here the generators Hi are expressed in terms of some linear combina-

tions of Hα.
47 An arbitrary vector in the corresponding Verma module is
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parametrized by 〈Λ| and the corresponding bosonic and fermionic coordi-

nates as

〈Λ;x; y; θ| = 〈Λ|G+(x; y; θ). (14)

One can define a differential operator realization ρ(d) of the generators

of gl(r|n) by

ρ(d)(g) 〈Λ;x; y; θ| ≡ 〈Λ;x; y; θ| g, ∀g ∈ gl(r|n). (15)

Here ρ(d)(g) is a differential operator of the coordinates {x; y; θ} associated

with the generator g, which can be obtained from the defining relation (15).

The defining relation also assures that the differential operator realization

is actually a representation of gl(r|n). Therefore it is sufficient to give the

differential operators related to the simple roots, as the others can be con-

structed through the simple ones by the (anti)commutation relations. The

coordinate system (9)-(10) enabled us47 to obtain the explicit differential

operator realization of gl(r|n).

Proposition 3.2. The differential operator representations of the genera-

tors associated with the simple roots of gl(r|n) are given by

ρ(d)(Ej) =
∑

k≤j−1

xk,j ∂xk,j+1
+ ∂xj,j+1 , 1 ≤ j ≤ r − 1, (16)

ρ(d)(Er) =
∑

k≤r−1

xk,r ∂θk,1
+ ∂θr,1 ,

ρ(d)(Er+j) =
∑

k≤r
θk,j ∂θk,1+j

+
∑

k≤j−1

yk,j ∂yk,1+j
+ ∂yj,1+j

,

1 ≤ j ≤ n− 1,

ρ(d)(Ej,j) =
∑

k≤j−1

xk,j ∂xk,j
−

∑

j+1≤k≤r
xj,k ∂xj,k

−
∑

k≤n
θj,k ∂θj,k + λj ,

1 ≤ j ≤ r − 1,

ρ(d)(Er,r) =
∑

k≤r−1

xk,r ∂xk,r
−
∑

k≤n
θr,k ∂θr,k + λr,

ρ(d)(Er+j,r+j) =
∑

k≤r
θk,j ∂θk,j

+
∑

k≤j−1

yk,j ∂yk,j

−
∑

j+1≤k≤n
yj,k ∂yj,k + λr+j , 1 ≤ j ≤ n,
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ρ(d)(Fj) =
∑

k≤j−1

xk,j+1 ∂xk,j
−

∑

j+2≤k≤r
xj,k ∂xj+1,k

−
∑

k≤n
θj,k ∂θj+1,k

−xj,j+1




∑

j+1≤k≤r
xj,k ∂xj,k

+
∑

k≤n
θj,k ∂θj,k




+xj,j+1




∑

j+2≤k≤r
xj+1,k ∂xj+1,k

+
∑

k≤n
θj+1,k ∂θj+1,k




+xj,j+1 (λj − λj+1) , 1 ≤ j ≤ r − 1,

ρ(d)(Fr) =
∑

k≤r−1

θk,1 ∂xk,r
+
∑

2≤k≤n
θr,k∂y1,k + θr,1 (λr + λr+1)

−θr,1


 ∑

2≤k≤n

(
θr,k ∂θr,k + y1,k ∂y1,k

)



ρ(d)(Fr+j) =
∑

k≤r
θk,1+j ∂θk,j

+
∑

k≤j−1

yk,1+j ∂yk,j
−

∑

j+2≤k≤n
yj,k ∂y1+j,k

−yj,1+j
∑

j+1≤k≤n
yj,k ∂yj,k + yj,1+j

∑

j+2≤k≤n
y1+j,k ∂y1+j,k

+yj,1+j (λr+j − λr+1+j) , 1 ≤ j ≤ n− 1. (17)

A direct computation shows that these differential operators (17)-(16) sat-

isfy the gl(r|n) (anti)commutation relations corresponding to the simple

roots and the associated Serre relations. This implies that the differen-

tial representation of non-simple generators can be consistently constructed

from the simple ones. Hence, we have obtained an explicit differential real-

ization of gl(r|n).

3.2. Differential operator realization of osp(2r|2n)

The root system ∆ of osp(2r|2n) (or D(r, n)) can be expressed in terms of

the vectors {δl} and {ǫi} (1) as follows:

∆ = {±ǫi ± ǫj, ±δm ± δl, ±2δl, ±δl ± ǫi} , 1 ≤ i 6= j ≤ r, 1 ≤ m 6= l ≤ n,

while the even roots ∆0̄ and the odd roots ∆1̄ are given by

∆0̄ = {±ǫi ± ǫj, ±δm ± δl, ±2δl} , ∆1̄ = {±δl ± ǫi} ,
1 ≤ i 6= j ≤ r, 1 ≤ m 6= l ≤ n.

The distinguished simple roots are

α1 = δ1 − δ2, . . . , αn−1 = δn−1 − δn, αn = δn − ǫ1, (18)

αn+1 = ǫ1 − ǫ2, . . . , αn+r−1 = ǫr−1 − ǫr, αn+r = ǫr−1 + ǫr. (19)
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With regard to the simple roots, the corresponding positive roots ∆+ are

δm − δl, 2δl, δm + δl, 1 ≤ m < l ≤ n, (20)

δl − ǫi, δl + ǫi, 1 ≤ i ≤ r, 1 ≤ l ≤ n, (21)

ǫi − ǫj , ǫi + ǫj , 1 ≤ i < j ≤ r. (22)

In order to obtain an explicit differential operator realization of osp(2r|2n),
let us introduce the normal ordering of its positive roots.

Proposition 3.3. A normal ordering of ∆+ for osp(2r|2n) is given by

ǫr−1 + ǫr, ǫr−1 − ǫr; . . . ; ǫ1 + ǫ2, . . . , ǫ1 + ǫr, ǫ1 − ǫr, . . . , ǫ1 − ǫ2;

δn + ǫ1, . . . , δn + ǫr, 2δn, δn − ǫr, . . . , δn − ǫ1; . . . ;

δ1 + δ2, . . . , δ1 + δn, δ1 + ǫ1, . . . , δ1 + ǫr, 2δ1,

δ1 − ǫr, . . . , δ1 − ǫ1, δ1 − δn, . . . , δ1 − δ2. (23)

Proof. One can directly verify that the above ordering of the positive roots

(20)-(22) of osp(2r|2n) obeys all requirements of Definition 1.

For the case r = 0, the ordering (23) gives rise to the normal ordering of

the positive roots of sp(2n), while for the case n = 0 it yields the normal

ordering of the positive roots of so(2r). Based on these orderings, a “good

coordinate system” in each of the associated big cells for so(2n) and sp(2n)

was constructed in.44 Here we use the ordering (23) to construct the “good

coordinate system” in the associated big cell U and the explicit differential

operator realization of osp(2r|2n).
In addition to the coordinates {xm,l; yi,j ; θl,i}, which are associated

with the positive roots {δm − δl; ǫi − ǫj ; δl − ǫi}, we also need to intro-

duce extra coordinates{x̄m,l; ȳi,j ;xl; θ̄l,i} associated with the positive roots

{δm+δl; ǫi+ǫj ; 2δl; δl+ǫi} respectively. The coordinates {xm,l; yi,j ; θl,i} and
their differentials satisfy the same (anti)commutation relations as (6)-(8).

The other non-trivial relations are

[x̄i,j , x̄m,l] = 0, [∂x̄i,j
, ∂x̄m,l

] = 0, [∂x̄i,j
, x̄m,l] = δimδjl, (24)

[xm, xl] = 0, [∂xm
, ∂xl

] = 0, [∂xm
, xl] = δml, (25)

[ȳi,j , ȳm,l] = 0, [∂ȳi,j , ∂ȳm,l
] = 0, [∂ȳi,j , ȳm,l] = δimδjl, (26)

[θ̄i,j , θ̄m,l] = 0, [∂θ̄i,j , ∂θ̄m,l
] = 0, [∂θ̄i,j , θ̄m,l] = δimδjl, (27)

and the other (anti)commutation relations vanish.

Based on the very ordering (23) of the positive roots of osp(2r|2n), we
may introduce the following coordinate system G+(x, x̄; y, ȳ; θ, θ̄) for the



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

182 W.-L. Yang

associated big cell U :

G+(x, x̄; y, ȳ; θ, θ̄) =
(
Ḡn+r−1,n+rGn+r−1,n+r

)
. . .

×
(
Ḡn+1,n+2 . . . Ḡn+1,n+rGn+1,n+r . . . Gn+1,n+2

)

×
(
Ḡn,n+1 . . . Ḡn,n+r GnGn,n+r . . . Gn,n+1

)
. . .

×
(
Ḡ1,2 . . . Ḡ1,n+rG1G1,n+r . . . G1,2

)
. (28)

Here Gi,j , Ḡi,j and Gi are given by

Gm,l = exm,lEδm−δl , Ḡm,l = ex̄m,lEδm+δl , 1 ≤ m < l ≤ n, (29)

Gl = exlE2δl , Gl,n+i = eθl,iEδl−ǫi , Ḡl,n+i = eθ̄l,iEδl+ǫi ,

1 ≤ l ≤ n, 1 ≤ i ≤ r, (30)

Gn+i,n+j = eyi,jEǫi−ǫj , Ḡn+i,n+j = eȳi,jEǫi+ǫj , 1 ≤ i < j ≤ r. (31)

Thus all generators of osp(2r|2n) can be realized in terms of the first or-

der differential operators of the coordinates {x, x̄; y, ȳ; θ, θ̄} as the similar

procedure as that of the gl(r|n) case. Here we present the result of the

generators corresponding to simple roots.46

Proposition 3.4. The differential operator representations of the genera-

tors associated with the simple roots of osp(2r|2n) are given by

ρ(d)(El) =
l−1∑

m=1

(
xm,l∂xm,l+1

− x̄m,l+1∂x̄m,l

)
+ ∂xl,l+1

, 1 ≤ l ≤ n− 1, (32)

ρ(d)(En) =
n−1∑

m=1

(
xm,n∂θm,1 + θ̄m,1∂x̄m,n

)
+ ∂θn,1,

ρ(d)(En+i) =

n∑

m=1

(
θm,i∂θm,i+1 − θ̄m,i+1∂θ̄m,i

)

+

i−1∑

m=1

(
ym,i∂ym,i+1 − ȳm,i+1∂ȳm,i

)
+ ∂yi,i+1 , 1 ≤ i ≤ r − 1,

ρ(d)(En+r) =

n∑

m=1

(
2θm,r−1θm,r∂xm

+ θm,r−1∂θ̄m,r
− θm,r∂θ̄m,r−1

)

+

r−2∑

m=1

(
ym,r−1∂ȳm,r

− ym,r∂ȳm,r−1

)
+ ∂ȳr−1,r ,
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ρ(d)(Hl) =
l−1∑

m=1

(
xm,l∂xm,l

− x̄m,l∂x̄m,l

)
−

n∑

m=l+1

(
xl,m∂xl,m

+ x̄l,m∂x̄l,m

)

−
r∑

m=1

(
θl,m∂θl,m + θ̄l,m∂θ̄l,m

)
− 2xl∂xl

+ λl, 1 ≤ l ≤ n,

ρ(d)(Hn+i) =

n∑

m=1

(
θm,i∂θm,i

− θ̄m,i∂θ̄m,i

)
+

i−1∑

m=1

(
ym,i∂ym,i

− ȳm,i∂ȳm,i

)

−
r∑

m=i+1

(
yi,m∂yi,m + ȳi,m∂ȳi,m

)
+ λn+i, 1 ≤ i ≤ r,

ρ
(d)

(Fl) =

l−1
∑

m=1

(

xm,l+1∂xm,l
− x̄m,l∂x̄m,l+1

)

− xl∂x̄l,l+1
− 2x̄l,l+1∂xl+1

+

n
∑

m=l+2

(

xl,mx̄l,m∂x̄l,l+1
−xl,m∂xl+1,m

−2x̄l,mxl+1,m∂xl+1
− x̄l,m∂x̄l+1,m

)

−
r
∑

m=1

(

θl,mθ̄l,m∂x̄l,l+1
+ θl,m∂θl+1,m

+ 2θ̄l,mθl+1,m∂xl+1
+ θ̄l,m∂

θ̄l+1,m

)

−x
2
l,l+1∂xl,l+1

+ 2xl,l+1xl+1∂xl+1
− 2xl,l+1xl∂xl

+xl,l+1





n
∑

m=l+2

(

xl+1,m∂xl+1,m
+x̄l+1,m∂x̄l+1,m

−xl,m∂xl,m
− x̄l,m∂x̄l,m

)





+xl,l+1





r
∑

m=1

(

θl+1,m∂θl+1,m
+ θ̄l+1,m∂

θ̄l+1,m
− θl,m∂θl,m

− θ̄l,m∂
θ̄l,m

)





+xl,l+1(λl − λl+1), 1 ≤ l ≤ n − 1,

ρ
(d)

(Fn) =

n−1
∑

m=1

(

θm,1∂xm,n − x̄m,n∂
θ̄m,1

)

− xn∂
θ̄n,1

+

r
∑

m=2

(

θn,m∂y1,m − θn,mθ̄n,m∂
θ̄n,1

+ θ̄n,m∂ȳ1,m

)

−θn,1

r
∑

m=2

(

θn,m∂θn,m
+ θ̄n,m∂

θ̄n,m
+ y1,m∂y1,m + ȳ1,m∂ȳ1,m

)

−2θn,1xn∂xn − 2θn,1 θ̄n,1∂
θ̄n,1

+ θn,1(λn + λn+1),

ρ
(d)

(Fn+i) =

n
∑

m=1

(θm,i+1∂θm,i
− θ̄m,i∂θ̄m,i+1

) +

i−1
∑

m=1

(ym,i+1∂ym,i
− ȳm,i∂ȳm,i+1

)

+

r
∑

m=i+2

(

yi,mȳi,m∂ȳi,i+1
− yi,m∂yi+1,m

− ȳi,m∂ȳi+1,m

)

+yi,i+1

r
∑

m=i+2

(

yi+1,m∂yi+1,m
+ ȳi+1,m∂ȳi+1,m

− yi,m∂yi,m
− ȳi,m∂ȳi,m

)

−y
2
i,i+1∂yi,i+1

+ yi,i+1(λn+i − λn+i+1), 1 ≤ i ≤ r − 1,

ρ
(d)

(Fn+r) =

n
∑

m=1

(

θ̄m,r∂θm,r−1
+ 2θ̄m,r−1 θ̄m,r∂xm − θ̄m,r−1∂θm,r

)

+

r−2
∑

m=1

(

ȳm,r∂ym,r−1
− ȳm,r−1∂ym,r

)

− ȳ
2
r−1,r∂ȳr−1,r

+ȳr−1,r(λn+r−1 + λn+r). (33)
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A direct computation shows that these differential operators (32)-(33)

satisfy the osp(2r|2n) (anti)commutation relations corresponding to the

simple roots and the associated Serre relations. This implies that the dif-

ferential representation of non-simple generators can be consistently con-

structed from the simple ones. Hence, we have obtained an explicit differ-

ential realization of osp(2r|2n).

3.3. Differential operator realization of osp(2r + 1|2n)

The root system ∆ of osp(2r+1|2n) (or B(r, n)) can be expressed in terms

of the vectors {δl} and {ǫi} (1) as follows:

∆ = {±ǫi ± ǫj , ±ǫi, ±δm ± δl, ±δl, ±2δl, ±δl ± ǫi} ,
1 ≤ i 6= j ≤ r, 1 ≤ m 6= l ≤ n,

while the even roots ∆0̄ and the odd roots ∆1̄ are given respectively by

∆0̄ = {±ǫi ± ǫj , ±ǫi, ±δm ± δl, ±2δl} , ∆1̄ = {±δl ± ǫi, ±δl} ,
1 ≤ i 6= j ≤ r, 1 ≤ m 6= l ≤ n.

The distinguished simple roots are

α1 = δ1 − δ2, . . . , αn−1 = δn−1 − δn, αn = δn − ǫ1, (34)

αn+1 = ǫ1 − ǫ2, . . . , αn+r−1 = ǫr−1 − ǫr, αn+r = ǫr. (35)

With regard to the simple roots, the corresponding positive roots ∆+ are

δm − δl, 2δl, δm + δl, 1 ≤ m < l ≤ n, (36)

δl − ǫi, δl + ǫi, δl, 1 ≤ i ≤ r, 1 ≤ l ≤ n, (37)

ǫi − ǫj , ǫi + ǫj , ǫi, 1 ≤ i < j ≤ r. (38)

Among these positive roots, {δl, δl ± ǫi| i = 1, . . . , r, l = 1 . . . , n} are odd

and the others are even.To obtain an explicit expression of the differential

operator realization of osp(2r+1|2n), let us introduce the normal ordering

of its positive roots.

Proposition 3.5. A normal ordering of ∆+ for osp(2r+1|2n) is given by

ǫr; ǫr−1 + ǫr, ǫr−1, ǫr−1 − ǫr; . . . ;

ǫ1 + ǫ2, . . . , ǫ1 + ǫr, ǫ1, ǫ1 − ǫr, . . . , ǫ1 − ǫ2;

δn + ǫ1, . . . , δn + ǫr, 2δn, δn, δn − ǫr, . . . , δn − ǫ1; . . . ;

δ1 + δ2, . . . , δ1 + δn, δ1 + ǫ1, . . . , δ1 + ǫr, 2δ1, δ1,

δ1 − ǫr, . . . , δ1 − ǫ1, δ1 − δn, . . . , δ1 − δ2. (39)
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Proof. One can directly verify that the above ordering of the positive roots

(36)-(38) of osp(2r + 1|2n) satisfies all requirements of Definition 1.

For the case n = 0, the ordering (39) gives rise to the normal ordering of

the positive roots of so(2r+ 1). Based on this ordering a “good coordinate

system” in the associated big cell of so(2r + 1) was constructed in.44 Here

we use the ordering (39) to construct a “good coordinate system” in the

associated big cell U and the explicit differential operator realization of

osp(2r + 1|2n).
In addition to the coordinates {xm,l, x̄m,l;xm; yi,j, ȳi,j ; θl,i, θ̄l,i}, which

are associated with the positive roots {δm − δl, δm + δl; 2δl; ǫi − ǫj , ǫi +

ǫj ; δl − ǫi, δl + ǫi}, we also need to introduce n + r extra coordinates

{θl| l = 1, . . . , n} and {yi| i = 1, . . . , r} associated with the positive roots

{δl| l = 1, . . . , n} and {ǫi| i = 1, . . . , r} respectively. The coordinates

{xm,l, x̄m,l;xm; yi,j , ȳi,j; θl,i, θ̄l,i} and their differentials satisfy the same

(anti)commutation relations as (6)-(8) and (24)-(27). The other non-trivial

relations are

[yi, yj] = [∂yi , ∂yj ] = 0, [∂yi , yj] = δij , i, j = 1, . . . , r. (40)

[θm, θl] = [∂θm , ∂θl ] = 0, [∂θm , θl] = δml, m, l = 1, . . . , n. (41)

Based on the very ordering (39) of the positive roots of osp(2r + 1|2n),
we introduce the following coordinate system G+(x, x̄; y, ȳ; θ, θ̄) for the as-

sociated big cell U :

G+(x, x̄; y, ȳ; θ, θ̄) (42)

= (Gn+r)
(
Ḡn+r−1,n+rGn+r−1Gn+r−1,n+r

)
. . .

×
(
Ḡn+1,n+2 . . . Ḡn+1,n+r Gn+1Gn+1,n+r . . .Gn+1,n+2

)

×
(
Ḡn,n+1 . . . Ḡn,n+r ḠnGnGn,n+r . . . Gn,n+1

)
. . .

×
(
Ḡ1,2 . . . Ḡ1,n+r Ḡ1G1G1,n+r . . . G1,2

)
. (43)

Here Gi,j ,Ḡi,j ,Gi and Ḡi are given by

Gm,l = exm,lEδm−δl , Ḡm,l = ex̄m,lEδm+δl , 1 ≤ m < l ≤ n, (44)

Ḡl = exlE2δl , Gl = eθlEδl , Gn+i = eyiEǫi , 1 ≤ l ≤ n, 1 ≤ i ≤ r, (45)

Gl,n+i = eθl,iEδl−ǫi , Ḡl,n+i = eθ̄l,iEδl+ǫi , 1 ≤ l ≤ n, 1 ≤ i ≤ r, (46)

Gn+i,n+j = eyi,jEǫi−ǫj , Ḡn+i,n+j = eȳi,jEǫi+ǫj , 1 ≤ i < j ≤ r. (47)

Then we can obtain the first order differential operator realization of the

generators of osp(2r + 1|2n).46
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Proposition 3.6. The differential operator representation of the genera-

tors associated with the simple roots of osp(2r + 1|2n) are given by

ρ(d)(El) =

l−1∑

m=1

(
xm,l∂xm,l+1

− x̄m,l+1∂x̄m,l

)
+ ∂xl,l+1

,

1 ≤ l ≤ n− 1, (48)

ρ(d)(En) =

n−1∑

m=1

(
xm,n∂θm,1 + θ̄m,1∂x̄m,n

)
+ ∂θn,1,

ρ(d)(En+i) =

n∑

m=1

(
θm,i∂θm,i+1 − θ̄m,i+1∂θ̄m,i

)

+

i−1∑

m=1

(
ym,i∂ym,i+1 − ȳm,i+1∂ȳm,i

)
+ ∂yi,i+1 , 1 ≤ i ≤ r − 1,

ρ(d)(En+r) =

n∑

m=1

(
θm∂θ̄m,r

− θm,r∂θm − θm,rθm∂xm

)

+

r−1∑

m=1

(
ym,r∂ym − ym∂ȳm,r

)
+ ∂yr ,

ρ
(d)

(Fl) =

l−1
∑

m=1

(

xm,l+1∂xm,l
− x̄m,l∂x̄m,l+1

)

− xl∂x̄l,l+1
− 2x̄l,l+1∂xl+1

+

n
∑

m=l+2

(

xl,mx̄l,m∂x̄l,l+1
−xl,m∂xl+1,m

−2x̄l,mxl+1,m∂xl+1
− x̄l,m∂x̄l+1,m

)

−
r
∑

m=1

(

θl,mθ̄l,m∂x̄l,l+1
+ θl,m∂θl+1,m

+ 2θ̄l,mθl+1,m∂xl+1
+ θ̄l,m∂

θ̄l+1,m

)

−θl∂θl+1
− θlθl+1∂xl+1

+ xl,l+1θl+1∂θl+1
− xl,l+1θl∂θl

−x
2
l,l+1∂xl,l+1

+ 2xl,l+1xl+1∂xl+1
− 2xl,l+1xl∂xl

+xl,l+1





n
∑

m=l+2

(

xl+1,m∂xl+1,m
+x̄l+1,m∂x̄l+1,m

−xl,m∂xl,m
− x̄l,m∂x̄l,m

)





+xl,l+1





r
∑

m=1

(

θl+1,m∂θl+1,m
+ θ̄l+1,m∂

θ̄l+1,m
− θl,m∂θl,m

− θ̄l,m∂
θ̄l,m

)





+xl,l+1(λl − λl+1), 1 ≤ l ≤ n − 1,

ρ
(d)

(Fn) =

n−1
∑

m=1

(

θm,1∂xm,n − x̄m,n∂
θ̄m,1

)

− xn∂
θ̄n,1

+

r
∑

m=2

(

θn,m∂y1,m − θn,mθ̄n,m∂
θ̄n,1

+ θ̄n,m∂ȳ1,m

)

− θn∂y1

−θn,1

r
∑

m=2

(

θn,m∂θn,m
+ θ̄n,m∂

θ̄n,m
+ y1,m∂y1,m + ȳ1,m∂ȳ1,m

)

−2θn,1xn∂xn − 2θn,1θ̄n,1∂
θ̄n,1

− θn,1θn∂θn
− θn,1y1∂y1

+θn,1(λn + λn+1),
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ρ
(d)

(Fn+i) =

n
∑

m=1

(θm,i+1∂θm,i
− θ̄m,i∂θ̄m,i+1

) +

i−1
∑

m=1

(ym,i+1∂ym,i
− ȳm,i∂ȳm,i+1

)

+

r
∑

m=i+2

(

yi,mȳi,m∂ȳi,i+1
− yi,m∂yi+1,m

− ȳi,m∂ȳi+1,m

)

−yi∂yi+1
+

y2i

2
∂ȳi,i+1

+ yi,i+1yi+1∂yi+1
− yi,i+1yi∂yi

+yi,i+1

r
∑

m=i+2

(

yi+1,m∂yi+1,m
+ ȳi+1,m∂ȳi+1,m

− yi,m∂yi,m
− ȳi,m∂ȳi,m

)

−y
2
i,i+1∂yi,i+1

+ yi,i+1(λn+i − λn+i+1), 1 ≤ i ≤ r − 1,

ρ
(d)

(Fn+r) =

n
∑

m=1

(

θ̄m,r∂θm
− θ̄m,rθm∂xm − θm∂θm,r

)

+

r−1
∑

m=1

(

ym∂ym,r − ȳm,r∂ym

)

−
y2r

2
∂yr + yrλn+r,

ρ
(d)(Hl) =

l−1
∑

m=1

(

xm,l∂xm,l
− x̄m,l∂x̄m,l

)

−
n
∑

m=l+1

(

xl,m∂xl,m
+ x̄l,m∂x̄l,m

)

−
r
∑

m=1

(

θl,m∂θl,m
+ θ̄l,m∂

θ̄l,m

)

− 2xl∂xl
− θl∂θl

+ λl, 1 ≤ l ≤ n,

ρ
(d)

(Hn+i) =

n
∑

m=1

(

θm,i∂θm,i
− θ̄m,i∂θ̄m,i

)

+

i−1
∑

m=1

(

ym,i∂ym,i
− ȳm,i∂ȳm,i

)

−
r
∑

m=i+1

(

yi,m∂yi,m
+ ȳi,m∂ȳi,m

)

− yi∂yi
+ λn+i, 1 ≤ i ≤ r. (49)

A direct computation shows that these differential operators (48)-(49)

satisfy the osp(2r + 1|2n) (anti)commutation relations corresponding to

the simple roots and the associated Serre relations. This implies that the

differential representation of non-simple generators can be consistently con-

structed from the simple ones. Hence, we have obtained an explicit differ-

ential realization of osp(2r + 1|2n).

4. Free field realization of current superalgebras

4.1. Current superalgebra gl(r|n)k

With the help of the explicit differential operator expressions of gl(r|n)
given by (16)-(17) we can construct the explicit free field representation of

the gl(r|n) current algebra at arbitrary level k in terms of n(n−1)
2 + r(r−1)

2

bosonic β-γ pairs {(βi,j , γi,j), (β′
i′,j′ , γ

′
i′,j′ ) 1 ≤ i < j ≤ n, 1 ≤ i′ < j′ ≤ r},

nr fermionic b − c pairs {(Ψ+
i,j ,Ψi,j) 1 ≤ i ≤ n, 1 ≤ j ≤ r} and n+ r free

scalar fields φi, i = 1, . . . , n+ r. These free fields obey the following OPEs:

βi,j(z) γm,l(w) = −γm,l(z)βi,j(w) =
δimδjl
(z − w)

, (1)



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

188 W.-L. Yang

β′
i,j(z) γ

′
m,l(w) = −γ′m,l(z)β′

i,j(w) =
δimδjl
(z − w)

,

Ψ+
m,i(z)Ψl,j(w) = Ψl,j(z)Ψ

+
m,i(w) =

δmlδij
(z − w)

,

φm(z)φl(w) = δml ln(z − w), 1 ≤ m, l ≤ n,

φn+i(z)φn+j(w) = −δij ln(z − w), 1 ≤ i, j ≤ r, (2)

and the other OPEs are trivial. Then we have47

Theorem 4.1. The currents associated with the simple roots of the gl(r|n)
current algebra at a generic level k are given in terms of the free fields

(1)-(2) as

Ej(z) =
∑

l≤j−1

γl,j(z)βl,j+1(z) + βj,j+1(z), 1 ≤ j ≤ r − 1,

Er(z) =
∑

l≤r−1

γl,m(z)Ψl,1(z) + Ψr,1(z),

Er+j(z) =
∑

l≤r
Ψ†
l,j(z)Ψl,j+1(z) +

∑

l≤j−1

γ′l,j(z)β
′
l,j+1(z) + β′

j,j+1(z),

1 ≤ j ≤ n− 1,

Ej,j(z) =
∑

l≤j−1

γl,j(z)βl,j(z)−
∑

j+1≤l≤r
γj,l(z)βj,l(z)−

∑

l≤n
Ψ†
j,l(z)Ψj,l(z)

+
√
k + r − n∂φj(z)−

1 + α

2
√
k + r − n

r+n∑

l=1

∂φl(z),

1 ≤ j ≤ r,

Er+j,r+j(z) =
∑

l≤r
Ψ†
l,j(z)Ψl,j(z)+

∑

l≤j−1

γ′l,j(z)β
′
l,j(z)−

∑

j+1≤l≤n
γ′j,l(z)β

′
j,l(z)

+
√
k + r − n∂φr+j(z) +

1 + α

2
√
k + r − n

r+n∑

l=1

∂φl(z),

1 ≤ j ≤ n,

Fj(z) =
∑

l≤j−1

γl,j+1(z)βl,j(z) −
∑

j+2≤l≤r

γj,l(z)βj+1,l(z) −
∑

l≤n

Ψ
†
j,l

(z)Ψj+1,l(z)

−γj,j+1(z)







∑

j+1≤l≤r

γj,l(z)βj,l(z) +
∑

l≤n

Ψ
†
j,l

(z)Ψj,l(z)







+γj,j+1(z)







∑

j+2≤l≤r

γj+1,l(z)βj+1,l(z) +
∑

l≤n

Ψ
†
j+1,l

(z)Ψj+1,l(z)







+
√

k + r − nγj,j+1(z)
(

∂φj(z) − ∂φj+1(z)
)

+ (k + j − 1)∂γj,j+1(z),

1 ≤ j ≤ r − 1,
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Fr(z) =
∑

l≤r−1

Ψ†
l,1(z)βl,m(z) +

∑

2≤l≤n
Ψ†
r,l(z)β

′
1,l(z)

−Ψ†
r,1(z)


 ∑

2≤l≤n

(
Ψ†
r,l(z)Ψr,l(z) + γ′1,l(z)β

′
1,l(z)

)



+
√
k + r − nΨ†

r,1(z) (∂φr(z) + ∂φr+1(z))

+(k + r − 1)∂Ψ†
r,1(z),

Fr+j(z) =
∑

l≤r
Ψ†
l,j+1(z)Ψl,j(z) +

∑

l≤j−1

γ′l,j+1(z)β
′
l,j(z)

−
∑

j+2≤l≤n
γ′j,l(z)β

′
j+1,l(z)

−γ′j,j+1(z)


 ∑

j+1≤l≤n
γ′j,l(z)β

′
j,l(z)−

∑

j+2≤l≤n
γ′j+1,l(z)β

′
j+1,l(z)




+
√
k + r − nγ′j,j+1 (∂φr+j(z)− ∂φr+j+1(z))

−(k + r + 1− j)∂γ′j,j+1(z), 1 ≤ j ≤ n− 1,

where α = 1+ 2k
r−n − 2

√
k(k+r−n)
r−n . Here and throughout normal ordering of

free fields is implied whenever necessary.

It is remarked that for m = n, α can be chosen as α = limm→n(1 +

2k
m−n − 2

√
k(k+m−n)
m−n ) = 0. For the case of m = n = 4, it recovers the result

of gl(4|4).47

4.2. Current superalgebra osp(2r|2n)k

With the help of the explicit differential operator expressions of osp(2r|2n)
given by (32)-(33) we can construct the explicit free field repre-

sentation of the osp(2r|2n) current algebra at arbitrary level k in

terms of n2 + r2 − r bosonic β-γ pairs {(βi,j, γi,j), (β̄i,j , γ̄i,j), (βi, γi),
(β′
i′,j′ , γ

′
i′,j′), (β̄

′
i′,j′ , γ̄

′
i′,j′ ), 1 ≤ i < j ≤ n, 1 ≤ i′ < j′ ≤ r}, 2nr fermionic

b − c pairs {(Ψ+
i,j ,Ψi,j), (Ψ̄

+
i,j , Ψ̄i,j), 1 ≤ i ≤ n, 1 ≤ j ≤ r} and n + r free

scalar fields φi, i = 1, . . . , n + r. The free fields {(βi,j , γi,j), (β′
i′,j′ , γ

′
i′,j′)},

{(Ψ+
i,j,Ψi,j)} and {φi} obey the same OPEs as (1)-(2). The other non-trivial
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OPEs are

β̄i,j(z) γ̄m,l(w) = −γ̄m,l(z) β̄i,j(w) =
δimδjl
(z − w)

, (3)

βm(z) γl(w) = −γm(z)βl(w) =
δml

(z − w)
, 1 ≤ m, l ≤ n,

β̄′
i,j(z) γ̄

′
m,l(w) = −γ̄′m,l(z) β̄′

i,j(w) =
δimδjl
(z − w)

,

Ψ̄+
m,i(z) Ψ̄l,j(w) = Ψ̄l,j(z) Ψ̄

+
m,i(w) =

δmlδij
(z − w)

, (4)

and the other OPEs are trivial. Then we have46

Theorem 4.2. The currents associated with the simple roots of the

osp(2r|2n) current algebra at a generic level k are given in terms of the

free fields (1)-(2) and (3)-(4) as

El(z) =

l−1∑

m=1

(
γm,l(z)βm,l+1(z)−γ̄m,l+1(z)β̄m,l(z)

)
+βl,l+1(z),

1 ≤ l ≤ n− 1, (5)

En(z) =

n−1∑

m=1

(
γm,n(z)Ψm,1(z) + Ψ̄+

m,1(z)β̄m,n(z)
)
+Ψn,1(z), (6)

En+i(z) =

n
∑

m=1

(

Ψ
+
m,i

(z)Ψm,i+1(z) − Ψ̄
+
m,i+1

(z)Ψ̄m,i(z)
)

+

i−1
∑

m=1

(

γ
′
m,i(z)β

′
m,i+1(z)−̄γ

′
m,i+1(z)β̄

′
m,i(z)

)

+β
′
i,i+1(z), 1 ≤ i ≤ r − 1,

En+r(z) =

n
∑

m=1

(

2Ψ
+
m,r−1

(z)Ψ
+
m,r(z)βm(z)+Ψ

+
m,r−1

(z)Ψ̄m,r(z)−Ψ
+
m,r(z)Ψ̄m,r−1(z)

)

+

r−2
∑

m=1

(

γ
′
m,r−1(z)β̄

′
m,r(z) − γ

′
m,r(z)β̄

′
m,r−1(z)

)

+ β̄
′
r−1,r(z),

Fl(z) =

l−1
∑

m=1

(

γm,l+1(z)βm,l(z) − γ̄m,l(z)β̄m,l+1(z)
)

−γl(z)β̄l,l+1(z) − 2γ̄l,l+1(z)βl+1(z)

+

n
∑

m=l+2

(

γl,m(z)γ̄l,m(z)β̄l,l+1(z) − γl,m(z)βl+1,m(z)
)

−
n
∑

m=l+2

(

2γ̄l,m(z)γl+1,m(z)βl+1(z) + γ̄l,m(z)β̄l+1,m(z)
)

−
r
∑

m=1

(

Ψ
+
l,m

(z)Ψ̄
+
l,m

(z)β̄l,l+1(z) + Ψ
+
l,m

(z)Ψl+1,m(z)
)

−
r
∑

m=1

(

2Ψ̄
+
l,m

(z)Ψ
+
l+1,m

(z)βl+1(z) + Ψ̄
+
l,m

(z)Ψ̄l+1,m(z)
)

−γ
2
l,l+1(z)βl,l+1(z) − γl,l+1(z)

n
∑

m=l+2

(

γl,m(z)βl,m(z) + γ̄l,m(z)β̄l,m(z)
)
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+γl,l+1(z)

n
∑

m=l+2

(

γl+1,m(z)βl+1,m(z) + γ̄l+1,m(z)β̄l+1,m(z)
)

−γl,l+1(z)

r
∑

m=1

(

Ψ
+
l,m

(z)Ψl,m(z) + Ψ̄
+
l,m

(z)Ψ̄l,m(z)
)

+γl,l+1(z)
r
∑

m=1

(

Ψ
+
l+1,m

(z)Ψl+1,m(z) + Ψ̄
+
l+1,m

(z)Ψ̄l+1,m(z)
)

+2γl,l+1(z)γl+1(z)βl+1(z) − 2γl,l+1(z)γl(z)βl(z)

+
√

k + 2(r − n − 1)γl,l+1(z)
(

∂φl(z)−∂φl+1(z)
)

+(−k + 2(l − 1))∂γl,l+1(z), 1 ≤ l ≤ n − 1,

Fn(z) =

n−1
∑

m=1

(

Ψ
+
m,1(z)βm,n(z) − γ̄m,n(z)Ψ̄m,1(z)

)

− γn(z)Ψ̄n,1(z)

+

r
∑

m=2

(

Ψ
+
n,m(z)β

′
1,m(z) − Ψ

+
n,m(z)Ψ̄

+
n,m(z)Ψ̄n,1(z) + Ψ̄

+
n,m(z)β̄

′
1,m(z)

)

−Ψ
+
n,1(z)

r
∑

m=2

(

Ψ
+
n,m(z)Ψn,m(z)+Ψ̄

+
n,m(z)Ψ̄n,m(z)

)

−2Ψ
+
n,1(z)Ψ̄

+
n,1(z)Ψ̄n,1(z)

−Ψ
+
n,1(z)

r
∑

m=2

(

γ
′
1,m(z)β

′
1,m(z) + γ̄

′
1,m(z)β̄

′
1,m(z)

)

− 2Ψ
+
n,1(z)γn(z)βn(z)

+
√

k + 2(r − n − 1)Ψ
+
n,1(z)

(

∂φn(z)+∂φn+1(z)
)

+(−k + 2(n − 1))∂ Ψ
+
n,1

(z),

Fn+i(z) =

n
∑

m=1

(

Ψ
+
m,i+1

(z)Ψm,i(z) − Ψ̄
+
m,i

(z)Ψ̄m,i+1(z)
)

+

i−1
∑

m=1

(

γ
′
m,i+1(z)β

′
m,i(z) − γ̄

′
m,i(z)β̄

′
m,i+1(z)

)

+

r
∑

m=i+2

(

γ
′
i,m(z)γ̄

′
i,m(z)β̄

′
i,i+1(z) − γ

′
i,m(z)β

′
i+1,m(z) − γ̄

′
i,m(z)β̄

′
i+1,m(z)

)

+γ
′
i,i+1(z)

r
∑

m=i+2

(

γ
′
i+1,m(z)β

′
i+1,m(z) + γ̄

′
i+1,m(z)β̄

′
i+1,m(z)

)

−γ
′
i,i+1(z)

r
∑

m=i+2

(

γ
′
i,m(z)β

′
i,m(z) + γ̄

′
i,m(z)β̄

′
i,m(z)

)

−γ
′
i,i+1(z)γ

′
i,i+1(z)β

′
i,i+1(z)

+
√

k + 2(r − n − 1)γ
′
i,i+1(z)

(

∂φn+i(z) − ∂φn+i+1(z)
)

+ (k + 2(i − n − 1)) ∂γ
′
i,i+1(z), 1 ≤ i ≤ r − 1,

Fn+r(z) =

n
∑

m=1

(

Ψ̄
+
m,r(z)Ψm,r−1(z)+2Ψ̄

+
m,r−1

(z)Ψ̄
+
m,r(z)βm(z)−Ψ̄

+
m,r−1

(z)Ψm,r(z)
)

+

r−2
∑

m=1

(

γ̄
′
m,r(z)β

′
m,r−1(z) − γ̄

′
m,r−1(z)β

′
m,r(z)

)

−γ̄
′
r−1,r(z)γ̄

′
r−1,r(z)β̄

′
r−1,r(z)

+
√

k + 2(r − n − 1)γ̄
′
r−1,r(z)

(

∂φn+r−1(z) + ∂φn+r(z)
)

+ (k + 2(r − n − 2)) ∂γ̄
′
r−1,r(z),

Hl(z) =

l−1
∑

m=1

(

γm,l(z)βm,l(z)−̄γm,l(z)β̄m,l(z)
)

−
n
∑

m=l+1

(

γl,m(z)βl,m(z)+̄γl,m(z)β̄l,m(z)
)

−2γl(z)βl(z) −
r
∑

m=1

(

Ψ
+
l,m

(z)Ψl,m(z) + Ψ̄
+
l,m

(z)Ψ̄l,m(z)
)

+
√

k + 2(r − n − 1)∂φl(z), 1 ≤ l ≤ n,
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Hn+i(z) =

n
∑

m=1

(

Ψ
+
m,i

(z)Ψm,i(z)−Ψ̄
+
m,i

(z)Ψ̄m,i(z)
)

+

i−1
∑

m=1

(

γ
′
m,i(z)β

′
m,i(z)−̄γ

′
m,i(z)β̄

′
m,i(z)

)

−
r
∑

m=i+1

(

γ
′
i,m(z)β

′
i,m(z) + γ̄

′
i,m(z)β̄

′
i,m(z)

)

+
√

k + 2(r − n − 1)∂φn+i(z), 1 ≤ i ≤ r. (7)

Here normal ordering of free fields is implied.

Some remarks are in order. The free field realization of the currents asso-

ciated with the non-simple roots can be obtained from the OPEs of the

simple ones. For n = r, our result reduces to the free field realization of the

osp(2n|2n) current algebra.45 When n = 0 (or r = 0), our result recovers

the free field realization of so(2r) (or sp(2n)) current algebra proposed in.44

4.3. Current superalgebra osp(2r + 1|2n)k

With the help of the explicit differential operator expressions of osp(2r +

1|2n) given by (48)-(49) we can construct the explicit free field rep-

resentation of the osp(2r + 1|2n) current algebra at an arbitrary level

k in terms of n2 + r2 bosonic β-γ pairs {(βi,j , γi,j), (β̄i,j , γ̄i,j), (βi, γi),
(β′
i′,j′ , γ

′
i′,j′ ), (β̄

′
i′,j′ , γ̄

′
i′,j′), (β

′
i′ , γ

′
i′), 1 ≤ i < j ≤ n, 1 ≤ i′ < j′ ≤ r},

n(2r + 1) fermionic b − c pairs {(Ψ+
i,j ,Ψi,j), (Ψ̄

+
i,j , Ψ̄i,j), (Ψ+

i ,Ψi), 1 ≤
i ≤ n, 1 ≤ j ≤ r} and n + r free scalar fields φi, i = 1, . . . , n + r.

The free fields {(βi,j , γi,j), (β̄i,j , γ̄i,j), (βi, γi), (β′
i′,j′ , γ

′
i′,j′), (β̄

′
i′,j′ , γ̄

′
i′,j′)},

{(Ψ+
i,j ,Ψi,j), (Ψ̄

+
i,j , Ψ̄i,j)} and {φi} obey the same OPEs as (1)-(2) and (3)-

(4). The other non-trivial OPEs are

β′
i(z) γ

′
j(w) = −γ′j(z)β′

i(w) =
δij

(z − w)
, 1 ≤ i, j ≤ r, (8)

Ψ+
m(z)Ψl(w) = Ψl(z)Ψ

+
m(w) =

δml
(z − w)

, 1 ≤ m, l ≤ n. (9)

Theorem 4.3. The currents associated with the simple roots of the

osp(2r + 1|2n) current algebra at a generic level k are given in terms of

the free fields (3)-(4) and (8)-(9) as

El(z) =
l−1∑

m=1

(
γm,l(z)βm,l+1(z)−γ̄m,l+1(z)β̄m,l(z)

)
+βl,l+1(z),

1 ≤ l ≤ n− 1, (10)

En(z) =

n−1∑

m=1

(
γm,n(z)Ψm,1(z) + Ψ̄+

m,1(z)β̄m,n(z)
)
+Ψn,1(z),
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En+i(z) =

n∑

m=1

(
Ψ+
m,i(z)Ψm,i+1(z)− Ψ̄+

m,i+1(z)Ψ̄m,i(z)
)

+

i−1∑

m=1

(
γ′m,i(z)β

′
m,i+1(z)−γ̄′m,i+1(z)β̄

′
m,i(z)

)
+β′

i,i+1(z),

1 ≤ i ≤ r − 1,

En+r(z) =

n∑

m=1

(
Ψ+
m(z)Ψ̄m,r(z)−Ψ+

m,r(z)Ψm(z)−Ψ+
m,r(z)Ψ

+
m(z)βm(z)

)

+

r−1∑

m=1

(
γ′m,r(z)β

′
m(z)− γ′m(z)β̄′

m,r(z)
)
+ β′

r(z),

Hl(z) =

l−1∑

m=1

(
γm,l(z)βm,l(z)−γ̄m,l(z)β̄m,l(z)

)

−
n∑

m=l+1

(
γl,m(z)βl,m(z)+γ̄l,m(z)β̄l,m(z)

)

−2γl(z)βl(z)−
r∑

m=1

(
Ψ+
l,m(z)Ψl,m(z) + Ψ̄+

l,m(z)Ψ̄l,m(z)
)

−Ψ+
l (z)Ψl(z) +

√
k + 2r − 2n− 1∂φl(z), 1 ≤ l ≤ n,

Hn+i(z) =
n∑

m=1

(
Ψ+
m,i(z)Ψm,i(z)−Ψ̄+

m,i(z)Ψ̄m,i(z)
)

+
i−1∑

m=1

(
γ′m,i(z)β

′
m,i(z)−γ̄′m,i(z)β̄′

m,i(z)
)

−
r∑

m=i+1

(
γ′i,m(z)β′

i,m(z) + γ̄′i,m(z)β̄′
i,m(z)

)
− γ′i(z)β

′
i(z)

+
√
k + 2r − 2n− 1∂φn+i(z), 1 ≤ i ≤ r,

Fn+r(z) =
n∑

m=1

(
Ψ̄+
m,r(z)Ψm(z)−Ψ̄+

m,r(z)Ψ
+
m(z)βm(z)−Ψ+

m(z)Ψm,r(z)
)

+
r−1∑

m=1

(
γ′m(z)β′

m,r(z)− γ̄′m,r(z)β
′
m(z)

)
− 1

2
γ′r(z)γ

′
r(z)β

′
r(z)

+
√
k + 2r − 2n− 1γ′r(z)∂φn+r(z) + (k + 2(r − n− 1)) ∂γ′r(z),

Fn+i(z) =

n∑

m=1

(
Ψ+
m,i+1(z)Ψm,i(z)− Ψ̄+

m,i(z)Ψ̄m,i+1(z)
)
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+

i−1∑

m=1

(
γ′m,i+1(z)β

′
m,i(z)− γ̄′m,i(z)β̄

′
m,i+1(z)

)

+

r∑

m=i+2

(
γ′i,m(z)γ̄′i,m(z)β̄′

i,i+1(z)− γ′i,m(z)β′
i+1,m(z)

−γ̄′i,m(z)β̄′
i+1,m(z)

)

−γ′i(z)β′
i+1(z) +

1

2
γ′i(z)γ

′
i(z)β̄

′
i,i+1(z)

+γ′i,i+1(z)

r∑

m=i+2

(
γ′i+1,m(z)β′

i+1,m(z) + γ̄′i+1,m(z)β̄′
i+1,m(z)

)

−γ′i,i+1(z)

r∑

m=i+2

(
γ′i,m(z)β′

i,m(z) + γ̄′i,m(z)β̄′
i,m(z)

)

−γ′i,i+1(z)
(
γ′i,i+1(z)β

′
i,i+1(z)− γ′i+1(z)β

′
i+1(z) + γ′i(z)β

′
i(z)

)

+
√
k + 2r − 2n− 1γ′i,i+1(z) (∂φn+i(z)− ∂φn+i+1(z))

+ (k + 2(i− n− 1)) ∂γ′i,i+1(z), 1 ≤ i ≤ r − 1,

Fn(z) =

n−1∑

m=1

(
Ψ+
m,1(z)βm,n(z)− γ̄m,n(z)Ψ̄m,1(z)

)
− γn(z)Ψ̄n,1(z)

+
r∑

m=2

(
Ψ+
n,m(z)β

′
1,m(z)−Ψ+

n,m(z)Ψ̄+
n,m(z)Ψ̄n,1(z)

+Ψ̄+
n,m(z)β̄

′
1,m(z)

)

−Ψ+
n,1(z)

r∑

m=2

(
Ψ+
n,m(z)Ψn,m(z)+ Ψ̄+

n,m(z)Ψ̄n,m(z)
)

−2Ψ+
n,1(z)Ψ̄

+
n,1(z)Ψ̄n,1(z)

−Ψ+
n,1(z)

r∑

m=2

(
γ′1,m(z)β′

1,m(z) + γ̄′1,m(z)β̄′
1,m(z)

)

−2Ψ+
n,1(z)γn(z)βn(z)

−Ψ+
n (z)β

′
1(z)−Ψ+

n,1(z)Ψ
+
n (z)Ψn(z)−Ψ+

n,1(z)γ
′
1(z)β

′
1(z)

+
√
k + 2r − 2n− 1Ψ+

n,1(z) (∂φn(z)+∂φn+1(z))

+(−k + 2(n− 1))∂Ψ+
n,1(z),

Fl(z) =

l−1∑

m=1

(
γm,l+1(z)βm,l(z)− γ̄m,l(z)β̄m,l+1(z)

)
− γl(z)β̄l,l+1(z)

−2γ̄l,l+1(z)βl+1(z)
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+

n∑

m=l+2

(
γl,m(z)γ̄l,m(z)β̄l,l+1(z)− γl,m(z)βl+1,m(z)

)

−
n∑

m=l+2

(
2γ̄l,m(z)γl+1,m(z)βl+1(z) + γ̄l,m(z)β̄l+1,m(z)

)

−
r∑

m=1

(
Ψ+
l,m(z)Ψ̄+

l,m(z)β̄l,l+1(z) + Ψ+
l,m(z)Ψl+1,m(z)

)

−
r∑

m=1

(
2Ψ̄+

l,m(z)Ψ+
l+1,m(z)βl+1(z) + Ψ̄+

l,m(z)Ψ̄l+1,m(z)
)

−Ψ+
l (z)Ψl+1(z)−Ψ+

l (z)Ψ
+
l+1(z)βl+1(z)− γ2l,l+1(z)βl,l+1(z)

−γl,l+1(z)

n∑

m=l+2

(
γl,m(z)βl,m(z) + γ̄l,m(z)β̄l,m(z)

)

+γl,l+1(z)
n∑

m=l+2

(
γl+1,m(z)βl+1,m(z) + γ̄l+1,m(z)β̄l+1,m(z)

)

−γl,l+1(z)

r∑

m=1

(
Ψ+
l,m(z)Ψl,m(z) + Ψ̄+

l,m(z)Ψ̄l,m(z)
)

+γl,l+1(z)
r∑

m=1

(
Ψ+
l+1,m(z)Ψl+1,m(z) + Ψ̄+

l+1,m(z)Ψ̄l+1,m(z)
)

+2γl,l+1(z)γl+1(z)βl+1(z)− 2γl,l+1(z)γl(z)βl(z)

+γl,l+1(z)Ψ
+
l+1(z)Ψl+1(z)− γl,l+1(z)Ψ

+
l (z)Ψl(z)

+
√
k + 2r − 2n− 1γl,l+1(z) (∂φl(z)−∂φl+1(z))

+(−k + 2(l − 1))∂γl,l+1(z), 1 ≤ l ≤ n− 1, (11)

Here normal ordering of free fields is implied.

The free field realization of the currents associated with the non-simple

roots can be obtained from the OPEs of the simple ones. Moreover, for the

case of n = 0 our result recovers the free field realization proposed in44 for

so(2r + 1) current algebra.
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Free TD Algebras and Rooted Trees
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This paper uses rooted trees and forests to give explicit constructions of free
noncommutative TD algebras on modules and sets. We also obtain construc-
tions of free TD algebras in terms of Motzkin paths. These highlight the com-
binatorial nature of TD algebras.

Keywords: TD algebras; free objects; rooted trees; planar rooted trees.

1. Introduction

Let k be a commutative unitary ring. A TD k-algebra is an associative

k-algebra R with a k-linear endomorphism P : R → R satisfying the TD

relation:

P (x)P (y) = P
(
P (x)y + xP (y)− xP (1)y

)
, ∀ x, y ∈ R. (1)

The relation was introduced by Leroux9 as a relation closely related to

Rota-Baxter relation

P (x)P (y) = P
(
P (x)y + xP (y) + λxy

)
, ∀ x, y ∈ R.

where λ is a fixed element in the base ring k.

In the recent literature further Rota-Baxter type algebras appeared,

to wit, the associative Nijenhuis algebra and the TD-algebra. In fact, the

latter is a particular case of Rota-Baxter algebras of generalized weight. The

TD-algebras only recently entered the scene in the work of Leroux9 in the

context of Loday’s work on dendriform algebras, however with motivations

from associative Nijenhuis algebras. Free commutative TD algebras have

been constructed in4 by generalized shuffles that are similar to the mixable

shuffle construction of free commutative Rota-Baxter algebras.6 Our goal

in this paper is to give an explicit construction of free noncommutative TD
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algebras in terms of rooted trees. In our constructions, we follow closely the

constructions of free Rota-Baxter algebras in.2,3,5

In Section 2 we will consider the set of planar rooted forests F and

the corresponding free k-modules kF . We equip this module with a TD

algebra structure (Theorem 2.1). By decorating angles of the forests in

this TD algebra by elements of a module M , we construct in Section 3

the free unitary TD algebra TD(M) on M , in Theorem 3.1. By taking

M = kX for a set X , we obtain the free TD algebra on the set X in

Section 3.2 and display a canonical basis in the form of angularly decorated

forests (Theorem 3.2). In Section 4 we give another construction of free TD

algebras in terms of Motzkin paths.

Notations: In this paper, by a k-algebra we mean a unitary algebra unless

otherwise stated. The same applies to TD algebras.

Acknowledgements: This paper is based the Master’s thesis of the author

from Lanzhou University. The author would like to thank his advisors,

Professors Li Guo and Yanfeng Luo for guidance.

2. The TD algebra of planar rooted forests

We first obtain a TD algebra structure on planar rooted forests and their

various subsets. This allows us to give a uniform construction of free TD

algebras in different settings in Section 3.

2.1. Planar rooted forests

For the convenience of the reader and for fixing notations, we recall basic

concepts and facts of planar rooted trees. For references, see.1,13

A free tree is an undirected graph that is connected and contains no

cycles. A rooted tree is a free tree in which a particular vertex has been

distinguished as the root. Such a distinguished vertex endows the tree

with a directed graph structure when the edges of the tree are given the

orientation of pointing away from the root. If two vertices of a rooted tree

are connected by such an oriented edge, then the vertex on the side of the

root is called the parent and the vertex on the opposite side of the root is

called a child. A vertex with no children is called a leaf. By our convention,

in a tree with only one vertex, this vertex is a leaf, as well as the root. The

number of edges in a path connecting two vertices in a rooted tree is called

the length of the path. The depth d(T ) (or height) of a rooted tree T is

the length of the longest path from its root to its leafs. A planar rooted

tree is a rooted tree with a fixed embedding into the plane.
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There are various ways of drawing planar rooted trees. In our drawing

all vertices are represented by a dot and the root is usually at the top of

the tree. The first few planar rooted trees are shown below. The tree • with

only the root is called the empty tree.

· · ·

Let T be the set of planar rooted trees and let F be the free semigroup

generated by T in which the product is given by the concatenation, denoted

by ⊔. In this way, each element in F is a noncommutative product T1⊔· · ·⊔
Tn of of trees T1, · · · , Tn ∈ T . Such a product is called a planar rooted

forest. We also use the abbreviation

T⊔n = T ⊔ · · · ⊔ T︸ ︷︷ ︸
n terms

. (1)

We use the (grafting) bracket ⌊T1⊔· · ·⊔Tn⌋ to denote the tree obtained

by grafting, that is, by adding a new root together with an edge from the

new root to the root of each of the trees T1, · · · , Tn.
The depth of a forest F is the maximal depth d = d(F ) of trees in F .

Furthermore, for a forest F = T1 ⊔ · · · ⊔ Tb with trees T1, · · · , Tb, we define

b = b(F ) to be the breadth of F . Let ℓ(F ) be the number of leafs of F .

Then

ℓ(F ) =

b∑

i=1

ℓ(Ti). (2)

We will often use the following recursive structure on forests. For any subset

X of F , let 〈X〉 be the sub-semigroup of F generated by X . Let F0 = 〈•〉,
consisting of forests •⊔n, n ≥ 1. These are also the forests of depth zero.

We then recursively define

Fn = 〈{•} ∪ ⌊Fn−1⌋〉. (3)

It is clear that Fn is the set of forests with depth less or equal to n. From this

observation, we see that Fn form a linear ordered direct system: Fn ⊇ Fn−1,

and

F = ∪n≥0Fn = lim
−→

Fn. (4)
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2.2. TD operator on rooted forests

We note that kF with the product ⊔ is in fact the free noncommutative

nonunitary k-algebra on the alphabet set T . We are going to define another

product ⋄ on kF , making it into a unitary TD algebra.

We define ⋄ by giving a set map

⋄ : F × F → kF

and then extending it bilinearly. For this, we use the depth filtration F =

∪n≥0Fn in Eq. (4) and apply the induction on i+ j to define

⋄ : Fi ×Fj → kF .

When i + j = 0, we have Fi = Fj = 〈•〉. With the notation in Eq. (1), we

define

⋄ : F0 ×F0 → kF , •⊔m ⋄ •⊔n := •⊔(m+n−1). (5)

For given k ≥ 0, suppose that ⋄ : Fi × Fj → kF is defined for i + j ≤ k.

Consider forests F, F ′ with d(F ) + d(F ′) = k + 1.

First suppose that F and F ′ are trees. Note that a tree is either • or

is of the form ⌊F ⌋ for a forest F of smaller depth. Thus it makes sense to

define

F ⋄ F ′ =





F, if F ′ = •,
F ′, if F = •,
⌊F ⋄ F ′⌋+ ⌊F ⋄ F ′⌋
−⌊(T 1 ⊔ · · · ⊔ T b−1 ⊔ ⌊T b⌋) ⋄ F ′⌋, if F 6= •, and F ′ 6= •,

(6)

Here F = T 1 ⊔ · · · ⊔ T b−1 ⊔ T b is the decomposition of F into trees.

To see that Eq. (6) and Eq. (8) are well-defined assuming the induction

hypothesis, note that in the first term (resp. the second term) on the right

hand of the third equation in Eq. (6), the sum of the depth of the product

is

d(F ) + d(F
′
) (resp. d(F ) + d(F )) (7)

which is less than or equal to k. Also in the third term of the third equation,

(T 1 ⊔ · · · ⊔ T b−1 ⊔ ⌊T b⌋) has depth less or equal that of F . Hence

d(T 1 ⊔ · · · ⊔ T b−1 ⊔ ⌊T b⌋) + d(F
′
) ≤ d(F ) + d(F ′) ≤ k.

Note that when F and F ′ are trees, F ⋄ F ′ is a tree or a sum of trees.
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Next let F = T1 ⊔ · · · ⊔ Tb and F ′ = T ′
1 ⊔ · · · ⊔ T ′

b′ be forests. We then

define

F ⋄ F ′ = T1 ⊔ · · · ⊔ Tb−1 ⊔ (Tb ⋄ T ′
1) ⊔ T ′

2 · · · ⊔ Tb′ (8)

where Tb ⋄ T ′
1 is defined by Eq. (6).

By the remark after Eq. (7), F ⋄ F ′ is in kF . This completes the defi-

nition of the set map ⋄ on F × F .

Before we proceed, we display the following interesting properties of ⋄.
Lemma 2.1.

(a) For a trees F , we have

F ⋄ = ⋄ F = ⌊F ⌋. (9)

(b) If F = ⌊F ⌋ where F is also a tree and F ′ = ⌊F ′⌋ where F
′
is a forest,

then

F ⋄ F ′ = ⌊F ⋄ F ′⌋. (10)

(c) If F = ⌊F ⌋ and F ′ = ⌊F ′⌋ where F and F
′
are forests, then

F ⋄ F ′ = ⌊⌊F ⌋ ⋄ F ′⌋+ ⌊F ⋄ ⌊F ′⌋⌋ − ⌊(F ⋄ ) ⋄ F ′⌋. (11)

Proof. (a). By Eq. (6), we have

⋄ F = ⌊ ⋄ F ⌋+ ⌊• ⋄ ⌊F ⌋⌋ − ⌊⌊•⌋ ⋄ F ⌋
= ⌊F ⌋.

Similarly, we have, F ⋄ = ⌊F ⌋.
(b). Similarly by using Eq.(6), we have

F ⋄ F ′ = ⌊⌊F⌋ ⋄ F ′⌋+ ⌊F ⋄ ⌊F ′⌋⌋ − ⌊(T 1 ⊔ · · · ⊔ T b−1 ⊔ ⌊T b⌋ ⋄ F
′⌋

= ⌊⌊F⌋ ⋄ F ′⌋+ ⌊F ⋄ ⌊F ′⌋⌋ − ⌊⌊F ⌋ ⋄ F ′⌋
= ⌊F ⋄ F ′⌋.

(c). We only need to verify F ⋄ = T 1 ⊔ · · · ⊔ T b−1 ⊔ ⌊T b⌋. It is obvious by
Eq.(10), since

F ⋄ = (T 1 ⊔ · · · ⊔ T b−1 ⊔ T b) ⋄
= T 1 ⊔ · · · ⊔ T b−1 ⊔ (T b ⋄ )

= T 1 ⊔ · · · ⊔ T b−1 ⊔ ⌊T b⌋.
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As an example, we have

⋄ = ⌊ ⊔ ⌋ ⋄ ⌊ ⌋
= ⌊( ⊔ ) ⋄ ⌊ ⌋⌋+ ⌊⌊ ⊔ ⌋ ⋄ ⌋ − ⌊( ⊔ ) ⋄ ⋄ ⌋ (12)

= + − = .

We record the following simple properties of ⋄ for later applications.

Lemma 2.2. Let F, F ′, F ′′ be forests.

(a) (F ⊔ F ′) ⋄ F ′′ = F ⊔ (F ′ ⋄ F ′′), F ′′ ⋄ (F ⊔ F ′) = (F ′′ ⋄ F ) ⊔ F ′.
(b) ℓ(F ⋄ F ′) = ℓ(F ) + ℓ(F ′)− 1.

Thus kF with the operations ⊔ and ⋄ forms a 2-associative algebra in the

sense of 11,12 .

Extending ⋄ bilinearly, we obtain a binary operation

⋄ : kF ⊗ kF → kF .
For F ∈ F , we use the grafting operation to define

PF (F ) = ⌊F ⌋. (13)

Then PF extends to a linear operator on kF .

We now state our first main result which will be proved in the next

subsection.

Theorem 2.1.

(a) The pair (kF , ⋄) is a unitary associative algebra.

(b) The triple (kF , ⋄, PF ) is a unitary TD algebra.

2.3. The proof of Theorem 2.1

Proof. (a). By Eq. (6), • is the identity under the product ⋄. So we just

need to verify the associativity. For this we only need to verify

(F ⋄ F ′) ⋄ F ′′ = F ⋄ (F ′ ⋄ F ′′) (14)

for forests F, F ′, F ′′ ∈ F . We will accomplish this by induction on the sum

of the depths n := d(F ) + d(F ′) + d(F ′′). If n = 0, then all of F, F ′, F ′′

have depth zero and so are in F0 = 〈•〉, the sub-semigroup of F generated

by •. Then we have F = •⊔i, F ′ = •⊔i′ and F ′′ = •⊔i′′ , for i, i′, i′′ ≥ 1.

Then the associativity follows from Eq. (5) since both sides of Eq. (14) is

•⊔(i+i′+i′′−2) in this case.
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Let k ≥ 0. Assume Eq. (14) holds for n ≤ k and assume that F, F ′, F ′′ ∈
F satisfy n = d(F ) + d(F ′) + d(F ′′) = k + 1. We next reduce the breadths

of the forests.

Lemma 2.3. If the associativity

(F ⋄ F ′) ⋄ F ′′ = F ⋄ (F ′ ⋄ F ′′)

holds when F, F ′ and F ′′ are trees, then it holds when they are forests.

Proof. The proof of this lemma is the same as for Rota-Baxter algebra

in.5

To summarize, our proof of the associativity (14) has been reduced to

the special case when the forests F, F ′, F ′′ ∈ F are chosen such that

(a) n := d(F ) + d(F ′) + d(F ′′) = k + 1 ≥ 1 with the assumption that the

associativity holds when n ≤ k, and

(b) the forests are of breadth one, that is, they are trees.

If any one of the trees is • then the associativity is clear since • is the

identity for the product ⋄. So it remains to consider the case when F, F ′, F ′′

are all in ⌊F⌋. Then F = ⌊F ⌋, F ′ = ⌊F ′⌋, F ′′ = ⌊F ′′⌋ with F , F
′
, F

′′ ∈ F .

To deal with this case, we prove the following general fact on TD operators

on not necessarily associative algebras.

Lemma 2.4. Let R be a unitary k-module with a distinguished element e

and a multiplication · that is not necessarily associative. Let ⌊ ⌋R : R → R

be a k-linear map such that the TD identity holds:

⌊x⌋R·⌊x′⌋R =
⌊
x·⌊x′⌋R

⌋
R
+
⌊
⌊x⌋R·x′

⌋
R
−⌊(x·⌊e⌋R)·x′⌋R, ∀x, x′ ∈ R. (15)

Let x, x′ and x′′ be in R. If

(x · x′) · x′′ = x · (x′ · x′′),
then we say that (x, x′, x′′) is an associative triple for the product ·. Fix
y, y′, y′′, e ∈ R. Suppose all the triples

(y, y′, y′′), (⌊y⌋R, y′, y′′), (y, ⌊y′⌋R, y′′), (y, y′, ⌊y′′⌋R), (⌊y⌋R, y′, ⌊y′′⌋R), (16)
(⌊y⌋R, ⌊y′⌋R, y′′), (y, ⌊y′⌋R, ⌊y′′⌋R) (17)

are associative triples for ·. In addition, the following equations hold.

((⌊y⌋ · y′) · ⌊e⌋R) · y′′ = ⌊y⌋ · ((y′ · ⌊e⌋R) · y′′),
((y · ⌊y′⌋) · ⌊e⌋R) · y′′ = ((y · ⌊e⌋R) · (⌊y′⌋ · y′′),
((y · ⌊e⌋R) · y′) · ⌊y′′⌋ = (y · ⌊e⌋R) · (y′ · ⌊y′′⌋),
(((y · ⌊e⌋R) · y′) · ⌊e⌋R) · y′′ = (y · ⌊e⌋R) · ((y′ · ⌊e⌋R) · y′′)

(18)
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Then (⌊y⌋R, ⌊y′⌋R, ⌊y′′⌋R) is an associative triple for ·.

Proof. Using Eq. (15) and bilinearity of the product ·, we have

(⌊y⌋R · ⌊y′⌋R) · ⌊y′′⌋R
=
(
⌊⌊y⌋R · y′⌋R + ⌊y · ⌊y′⌋R⌋R − ⌊(y · ⌊e⌋R) · y′⌋R

)
· ⌊y′′⌋R

= ⌊⌊y⌋R · y′⌋R · ⌊y′′⌋R + ⌊y · ⌊y′⌋R⌋R · ⌊y′′⌋R − ⌊(y · ⌊e⌋R) · y′⌋R · ⌊y′′⌋R
= ⌊⌊⌊y⌋R · y′⌋R · y′′⌋R + ⌊

(
⌊y⌋R · y′

)
· ⌊y′′⌋R⌋R

−⌊
(
(⌊y⌋R · y′

)
· ⌊e⌋R) · y′′⌋R + ⌊⌊y · ⌊y′⌋R⌋R · y′′⌋R

+⌊
(
y · ⌊y′⌋R

)
· ⌊y′′⌋R⌋R − ⌊

(
(y · ⌊y′⌋R

)
· ⌊e⌋R)) · y′′⌋R

−⌊⌊(y · ⌊e⌋R) · y′⌋R · y′′⌋R − ⌊((y · ⌊e⌋R) · y′) · ⌊y′′⌋R⌋R
+⌊(((y · ⌊e⌋R) · y′) · ⌊e⌋R) · y′′⌋R

Applying the associativity of the second triple in Eq. (17) to
(
y · ⌊y′⌋R

)
·

⌊y′′⌋R in the fifth term above and then using Eq. (15) again, we have

(⌊y⌋R · ⌊y′⌋R) · ⌊y′′⌋R
= ⌊⌊⌊y⌋R · y′⌋R · y′′⌋R + ⌊

(
⌊y⌋R · y′

)
· ⌊y′′⌋R⌋R

−⌊
(
(⌊y⌋R · y′

)
· ⌊e⌋R) · y′′⌋R + ⌊⌊y · ⌊y′⌋R⌋R · y′′⌋R

+⌊y · ⌊⌊y′⌋R · y′′⌋R⌋R + ⌊y · ⌊y′ · ⌊y′′⌋R⌋R⌋R
−⌊y · ⌊(y′ · ⌊e⌋R)y′′⌋R⌋R − ⌊

(
(y · ⌊y′⌋R

)
· ⌊e⌋R)) · y′′⌋R

−⌊⌊(y · ⌊e⌋R) · y′⌋R · y′′⌋R − ⌊((y · ⌊e⌋R) · y′) · ⌊y′′⌋R⌋R
+⌊(((y · ⌊e⌋R) · y′) · ⌊e⌋R) · y′′⌋R.

By a similar calculation, we have

⌊y⌋R ·
(
⌊y′⌋R · ⌊y′′⌋R

)

= ⌊⌊y⌋R · (⌊y′⌋R · y′′)⌋R + ⌊y · ⌊⌊y′⌋R · y′′⌋R⌋R
−⌊(y · ⌊e⌋R) · (⌊y′⌋R · y′′)⌋R + ⌊⌊y⌋R · (y′ · ⌊y′′⌋R)⌋R
+⌊y · ⌊y′ · ⌊y′′⌋R⌋R⌋R − ⌊(y · ⌊e⌋R) · (y′ · ⌊y′′⌋R)⌋R
−⌊y · ⌊(y′ · ⌊e⌋R) · y′′⌋R⌋R − ⌊⌊y⌋R · ((y′ · ⌊e⌋R) · y′′)⌋R
+⌊(y · ⌊e⌋R) · ((y′ · ⌊e⌋R) · y′′)⌋R.

We use the associativity of the first triple in Eq. (17) to ⌊y⌋R ·(⌊y′⌋R ·y′′)
in the first term above and then using Eq. (15) again, we have

⌊y⌋R ·
(
⌊y′⌋R · ⌊y′′⌋R

)

= ⌊⌊⌊y⌋R · y′⌋R · y′′⌋R + ⌊⌊y · ⌊y′⌋R⌋R · y′′⌋R − ⌊⌊(y · ⌊e⌋R) · y′⌋R · y′′⌋R
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+⌊y · ⌊⌊y′⌋R · y′′⌋R⌋R − ⌊((y · ⌊e⌋R) · (⌊y′⌋R · y′′)⌋R
+⌊⌊y⌋R · (y′ · ⌊y′′⌋R)⌋R + ⌊y · ⌊y′ · ⌊y′′⌋R⌋R⌋R
−⌊(y · ⌊e⌋R) · (y′ · ⌊y′′⌋R)⌋R − ⌊⌊y⌋R · ((y′ · ⌊e⌋R) · y′′)⌋R
−⌊y · ⌊(y′ · ⌊e⌋R) · y′′⌋R⌋R + ⌊(y · ⌊e⌋R) · ((y′ · ⌊e⌋R) · y′′)⌋R).

Now by the associativity of the triples in Eq. (16) and the relations in

Eq. (18), the i-th term in the expansion of (⌊y⌋R · ⌊y′⌋R) · ⌊y′′⌋R matches

with the σ(i)-th term in the expansion of ⌊y⌋R ·
(
⌊y′⌋R · ⌊y′′⌋R

)
. Here the

permutation σ ∈ Σ11 is
(

i

σ(i)

)
=

(
1 2 3 4 5 6 7 8 9 10 11

1 6 9 2 4 7 10 5 3 8 11

)
. (19)

This proves the lemma.

To continue the proof of Theorem 2.1, we apply Lemma 2.4 to the situ-

ation where R is kF with the multiplication · = ⋄, the operator ⌊ ⌋R = ⌊ ⌋
and the quadruple (e, y, y′, y′′) = (•, F , F ′

, F
′′
). By the induction hypothe-

sis on n , all the triples in Eq. (16) and(17) are associative for ⋄. We only

need to verify Eq. (18). It corresponds the following equation in kF .

((⌊F ⌋ ⋄ F ′
) ⋄ ) ⋄ F ′′

= ⌊F ⌋ ⋄ ((F ′ ⋄ ) ⋄ F ′′
),

((F ⋄ ⌊F ′⌋) ⋄ ) ⋄ F ′′
= ((F ⋄ ) ⋄ (⌊F ′⌋ ⋄ F ′′

),

((F ⋄ ) ⋄ F ′
) ⋄ ⌊F ′′⌋ = (F ⋄ ) ⋄ (F ′ ⋄ ⌊F ′′⌋),

(((F ⋄ ) ⋄ F ′
) ⋄ ) ⋄ F ′′

= (F ⋄ ) ⋄ ((F ′ ⋄ ) ⋄ F ′′
.

(20)

Firstly, let us consider the first equation of Eq. (20). Since

d(F ) + d(F
′
) + d( ) = d(F ) + (d(F ′)− 1) + 2 = d(F ) + d(F ′) + 1,

d(F ) + d(F
′ ⋄ ) + d(F

′′
) ≤ d(F ) + d(F ′) + d(F ′′)− 1

satisfy the induction hypothesis. Then it fulfills the associativity condition.

Therefore, we have

((⌊F ⌋ ⋄ F ′
) ⋄ ) ⋄ F ′′

= (⌊F ⌋ ⋄ (F ′ ⋄ )) ⋄ F ′′

= ⌊F ⌋ ⋄ ((F ′ ⋄ ) ⋄ F ′′
).

Similarly, we can proof the 2nd, 3rd and 4th equations of Eq. (20). We

remark that in the proof of the 2nd equation, the commutativity of and F ′

has been used, which is a consequence of Lemma 2.1.(a). So by Lemma 2.4,
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the triple (F, F ′, F ′′) is associative for ⋄. This completes the induction and

therefore the proof of the first part of Theorem 2.1.

(b). We just need to prove that PF (F ) = ⌊F ⌋ is a TD operator . This

is immediate from Eq. (6).

Since the product ⋄ satisfy the associativity on kF , we have (F ⋄ )⋄
F

′
= F ⋄ ( ⋄ F ′

), Therefore it is meaningful to write the form F ⋄ ⋄ F ′

instead of (F ⋄ ) ⋄ F ′
. Now we give another equivalent form and corollary

of the definition (6) :

Definition 2.1. Let F and F ′ are both trees, where F = ⌊F ⌋, F ′ = ⌊F ′⌋.
then the product ⋄ can be given in the following equivalent way

F ⋄F ′ =





F, if F ′ = •,
F ′, if F = •,
⌊⌊F⌋ ⋄ F ′⌋+ ⌊F ⋄ ⌊F ′⌋⌋ − ⌊F ⋄ ⋄ F ′⌋, if F 6= •, F ′ 6= •.

(21)

Corollary 2.1. If F = ⌊F ⌋ and F ′ = ⌊F ′⌋, where F and F
′
are also

trees, we have

F ⋄ F ′ = ⌊⌊F ⌋ ⋄ F ′⌋ = ⌊F ⋄ ⌊F ′⌋⌋. (22)

Proof. It is immediately from lemma 2.1(a).

3. Free TD algebras on a module or a set

We will construct the free unitary TD algebra on a k-module or on a set by

expressing elements in the TD algebra in terms of forests from Section 2,

in addition with angles decorated by elements from the k-module or set.

The free unitary TD algebra will be constructed in Section 3.1. When the

k-module is taken to be the free k-module on a set, we obtain the free

unitary TD algebra on the set. This will be discussed in Section 3.2.

3.1. Free TD algebra on a module as decorated forests

Let M be a non-zero k-module. Let F be in F with ℓ leafs. We let M⊗F

denote the tensor power M⊗(ℓ−1) labeled by F . In other words,

M⊗F = {(F ;m) | m ∈M⊗(ℓ−1)} (1)

with the k-module structure coming from the second component and with

the convention thatM⊗0 = k. We can think ofM⊗F as the tensor power of
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M with exponent F with the usual tensor powerM⊗n, n ≥ 0, corresponding

to M⊗F when F is the forest •⊔(n+1). We define the k-module

TD(M) =
⊕

F∈F
M⊗F .

and define a product ⋄ on TD(M) by using the product ⋄ on F in Sec-

tion 2.2.

Let T (M) = ⊕n≥0M
⊗n be the (unitary) tensor algebra with M⊗0 := k.

Let ⊗ be its product, so for m ∈M⊗n and m′ ∈M⊗n′

, we have

m⊗m′ =





m⊗m′ ∈M⊗n+n′

, if n > 0, n′ > 0,

mm′ ∈M⊗n′

, if n = 0, n′ > 0,

m′m ∈M⊗n, if n > 0, n′ = 0,

m′m ∈ k, if n = n′ = 0.

(2)

where the multiplications in second and the third cases are the scalar prod-

uct.

Definition 3.1. For tensors D = (F ;m) ∈ M⊗F and D′ = (F ′;m′) ∈
M⊗F ′

, define

D ⋄D′ = (F ⋄ F ′;m⊗m′). (3)

The right hand side is well-defined since m⊗m′ has tensor degree

deg(m⊗m′) = deg(m) + deg(m′) = ℓ(F )− 1 + ℓ(F ′)− 1

which equals ℓ(F ⋄ F ′)− 1 by Lemma 2.2.(b). For example, from Eq. (12)

we have

⋄ = .

By Eq. (5) – (8), we have a more explicit expression.

D ⋄D′ =





(•; cc′), if D = (•; c), D′ = (•; c′),
(F ; c′m), if D′ = (•, c′), F 6= •,
(F ′; cm′), if D = (•, c), F ′ 6= •,
(F ⋄ F ′;m⊗m′), if F 6= •, F ′ 6= •.

(4)

We can give an even more explicit description of ⋄ . For pure tensors

m and m′, consider the standard decompositions of D = (F ;m) and D′ =
(F ′;m′)3

D = (F ;m) = (T1;m1) ⊔u1 (T2;m2) ⊔u2 · · · ⊔ub−1
(Tb;mb),

D′ = (F ′;m′) = (T ′
1;m

′
1) ⊔u′

1
(T ′

2;m
′
2) ⊔u′

2
· · · ⊔u′

b′−1
(T ′
b′ ;m

′
b′).
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Then by Eq. (5) – (8) and Eq. (3) – (4), it is easy to see that the product

⋄ can be defined by induction on the sum d + d′ of the depths d = d(F )

and d′ = d(F ′) as follows: If d + d′ = 0, then F = •⊔i and F ′ = •⊔j
for i, j ≥ 1. If i = 1, then D = (F ;m) = (•; c) = c(•;1) and we define

D ⋄D′ = cD′ = (F ′; cm′). Similarly define D ⋄D′ if j = 1. If i > 1 and

j > 1, then (F ;m) = (•;1) ⊔u1 · · · ⊔ub−1
(•;1) with u1, · · · , ub−1 ∈ M .

Similarly, (F ′;m′) = (•;1) ⊔u′
1
· · · ⊔u′

b′−1
(•;1). Then define

(F ;m) ⋄ (F ′;m′) = (•;1) ⊔u1 · · · ⊔ub−1
(•;1) ⊔u′

1
· · · ⊔u′

b′−1
(•;1).

For k ≥ 0, suppose D ⋄ D′ has been defined for all D = (F ;m) and

D′ = (F ′;m′) with d(F ) + d(F ′) ≤ k and consider D and D′ with d(F ) +

d(F ′) = k + 1. Then we define

D ⋄D′ = (T1;m1) ⊔u1 · · · ⊔ub−1

(
(Tb;mb) ⋄ (T ′

1;m
′
1)
)
⊔u′

1
· · · ⊔u′

b′−1
(T ′
b′ ;m

′
b′)

(5)

where

(Tb;mb) ⋄ (T ′
1;m

′
1) (6)

=





(•;1), if Tb = T ′
1 = • (so mb = m′

1 = 1),

(Tb,mb), if T ′
1 = •, Tb 6= •,

(T ′
1,m

′
1), if T ′

1 6= •, Tb = •,
⌊(Tb;mb) ⋄ (F ′

1;m
′
1)⌋

+⌊(F b;mb) ⋄ (T ′
1;m

′
1)⌋

−⌊(F b;mb) ⋄ ( ,1) ⋄ (F
′
1;m

′
1)⌋, if T ′

1 = ⌊F ′
1⌋ 6= •, Tb = ⌊F b⌋ 6= •.

In the last case, we have applied the induction hypothesis on d(F )+d(F ′) to
define the terms in the brackets on the right hand side. Further, for (F ;m) ∈
M⊗F , define ⌊(F ;m)⌋ = (⌊F ⌋;m). This is well-defined since ℓ(F ) = ℓ(⌊F ⌋).

The product ⋄ is clearly bilinear. So extending it biadditively, we obtain

a binary operation

⋄ : TD(M)⊗ TD(M) → TD(M).

For (F ;m) ∈ (F ;M), define

PM (F ;m) = ⌊(F ;m)⌋ = (⌊F ⌋ ;m) ∈ (⌊F ⌋;M). (7)

Thus PM defines a linear operator on TD(M). Alternatively

PM (F ;m) = (PF (F );m)



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

Free TD Algebras and Rooted Trees 211

with PF defined in Eq. (13). Finally, let

jM :M → TD(M) (8)

denote the k-module map sending a ∈M to (•⊔•; a). The following theorem
follows from the same argument as that of Theorem 3.4 in.3

Theorem 3.1. Let M be a k-module.

(a) The pair (TD(M), ⋄ ) is a unitary associative algebra.

(b) The triple (TD(M), ⋄ , PM ) is a unitary TD algebra .

(c) The quadruple (TD(M), ⋄ , PM , jM ) is the free unitary TD algebra on

the module M . More precisely, for any unitary TD algebra (R,P ) and

module morphism f : M → R, there is a unique unitary TD algebra

morphism f̄ : TD(M) → R such that f = f̄ ◦ jM .

3.2. Free TD algebra on a set

We now apply the tree construction of free TD algebra on a module in the

last section to obtain a tree construction of a free TD algebra on a set. We

accomplish this by displaying a canonical basis of the free TD algebra in

terms of forests decorated by the set and express the product and operator

in terms of this basis.

Let X be a given set and let M = kX be the free k-module on

X . For any n ≥ 1, the tensor power M⊗n has a natural basis Xn =

{(x1, · · · , xn) | xi ∈ X, 1 ≤ i ≤ n}. Accordingly, for any rooted forest

F ∈ F , with ℓ = ℓ(F ) ≥ 2, the set

XF := {(F ; (x1, · · · , xℓ−1)) := (F ;x1 ⊗ · · · ⊗xℓ−1) | xi ∈ X, 1 ≤ i ≤ ℓ− 1}
form a basis of M⊗F . In particular, when ℓ(F ) = 1, M⊗F = k F has a

basis XF := {(F ;1)}. Thus for each F ∈ F , the k-moduleM⊗F has a basis

XF := {(F ; ~x) | ~x ∈ Xℓ(F )−1}, (9)

with the convention that X0 = {1}. Thus the disjoint union

XF :=
∐

F∈F
XF . (10)

forms a basis of

TD(X) := TD(M).

We call XF the set of angularly decorated rooted forests with dec-

oration set X .
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For (F ; ~x) ∈ XF , we can give the standard decomposition

(F ; ~x) = (T1; ~x1) ⊔u1 (T2; ~x2) ⊔u2 · · · ⊔ub−1
(Tb; ~xb) (11)

where F = T1 ⊔ · · · ⊔ Tb is the decomposition of F into trees and ~x is the

vector concatenation of the elements of ~x1, u1, ~x2, · · · , ub−1, ~xb which are

not the unit 1. As a corollary of Theorem 3.1, we have

Theorem 3.2. For D = (F ; (x1, · · · , xb)), D′ = (F ′; (x′1, · · · , x′b′)) in XF ,
define

D ⋄D′ =





(•;1), if F = F ′ = •,
D, if F ′ = •, F 6= •,
D′, if F = •, F ′ 6= •,
(F ⋄ F ′; (x1, · · · , xb, x′1, · · · , x′b′)), if F 6= •, F ′ 6= •,

(12)

where ⋄ is defined in Eq. (6) and (8). Define

PX : TD(X) → TD(X), PX(F ; (x1, · · · , xb)) = (⌊F ⌋; (x1, · · · , xb)),
and

jX : X → TD(X), jX(x) = (• ⊔ •; (x)), x ∈ X.

Then the quadruple (TD(X), ⋄ , PX , jX) is the free TD algebra on X.

4. Construction of free TD algebras by Motzkin paths

We have used angularly decorated planar forests to construct the free TD

algebras on a set X in Section 3. We shall give a new description of this

TD algebra structure on Motzkin paths.

4.1. Review of the Motzkin path.

For later references, we review the concept of Motzkin paths. See5 for fur-

ther details. A Motzkin path is a lattice path in N2 from (0, 0) to (n, 0)

whose permitted steps are an up diagonal step (or up step for short) (1, 1),

a down diagonal step (or down step) (1,−1) and a horizontal step (or level

step) (1, 0). The first few Motzkin paths are

(1)

Let P be the set of Motzkin paths. For Motzkin paths m and m′, define
m◦m, called the link product ofm andm′, to be the Motzkin path obtained

by joining the last vertex of m with the first vertex of m′. For example,

◦ = , ◦ =
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Let I be the set of indecomposable (also called prime) Motzkin

paths, consisting of Motzkin paths that touch the x-axis only at the two

end vertices.

Next for a Motzkin path m, let /m\ denote the Motzkin path obtained

by raising m on the left end by an up step and on the right end by a down

step. For example,

/ \ = , / \ =

This defines an operator / \ on P , called the raising operator.

A Motzkin path is called peak-free if it is not and does not

have an up step followed immediately by a down step. For example,

and in the list (1) are peak-

free while the rest are not.

Let X be a set. An X-decorated (or colored) Motzkin path5 is a

Motzkin path whose level steps are decorated (colored) by elements in X .

Let P(X) be the set of X-decorated Motzkin paths , L(X) be the set

of peak-free X-decorated Motzkin paths, and let V(X) be the set of valley-

free Motzkin paths with level steps decorated by X , consisting of Motzkin

paths in P(X) with no down steps followed immediately by a up step. Note

that Motzkin paths with no decorations can be identified with X-decorated

Motzkin paths where X is a singleton.

4.2. Free TD algebras in terms of Motzkin paths

Theorem 4.1. Let XF denotes the set of angularly decorated rooted forests

with decoration set X which is defined in section 3. There exits a bijective

map φXF ,V : XF → V(X).

Proof. See 5for more details.

We now transport the TD algebra structure from kXF in Eq. (10) to kV(X)

through the bijection φXF ,V and its inverse φV,XF defined in.5 Note that

an indecomposable X-decorated Motzkin path is either • or or /m̄\
for another X-decorated Motzkin path m̄.

Theorem 4.2. The bijection φXF ,V : XF → V(X) extends to an isomor-

phism

φXF ,V : (kXF , ⋄ , PX) → (kV(X), ⋄v , ⌊ ⌋)
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of TD algebras where the multiplication ⋄v on kV(X) is defined recursively

with respect to the height of Motzkin paths and is characterized by the fol-

lowing properties.

(a) The trivial path • is the multiplication identity;

(b) If m and m′ are indecomposable X-decorated Motzkin paths not equal

to •, then

m⋄vm′ =





m ◦m′, if m =
x

or m′ = x
′
,

/m̄ ⋄v m′\ + /m ⋄ m̄′\
− /m̄ ⋄v ⋄v m̄′\ , if m = /m̄\ ,m′ = /m̄′\ ;

(2)

(c) If m = m1 ◦ · · · ◦ mp and m′ = m′
1 ◦ · · · ◦ m′

p′ are the decompositions of

m,m′ ∈ V(X) into indecomposable paths, then

m ⋄v m′ = m1 ◦ · · · ◦ (mp ⋄v m′
1) ◦ · · · ◦mp′ . (3)

Furthermore the map jX : X → XF in Eq. (8) is translated to

jX : X → P(X), jX(x) =
x

. (4)

Then by Theorem 3.1 and Theorem 4.2 we have

Corollary 4.1. The quadruple (kV(X), ⋄v, / \ , jX) (resp. (k (V(X) ∩
L(X)), ⋄v, / \ , jX)) is the freeTD algebra (resp. free nonunitaryTD algebra)

on X.
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This is a cornucopia of types of algebras with some of their properties from the
operadic point of view.

Introduction

The following is a list of some types of algebras together with their prop-

erties under an operadic and homological point of view. In this version we

restrict ourselves to types of algebras which are encoded by an algebraic

operad, cf. [44].

We keep the information to one page per type and we provide one ref-

erence in full as Ariadne’s thread (so that one can print only one page).

More references are listed by the end of the paper. We work over a fixed

field K though in many instances everything makes sense and holds over a

commutative ground ring (Z for instance). The category of vector spaces

over K is denoted by Vect. All tensor products are over K unless otherwise

stated.

The items of a standard page (which is to be found at the end of this

introduction) are as follows. Sometimes a given type appears under different

names in the literature. The choice made in Name is, most of the time, the

most common one (up to a few exceptions). The other possibilities appear

under the item Alternative.

The presentation given in Definit. is the most common one (Lie

excepted). When others are used in the literature they are given in

Alternative. The item oper. gives the generating operations. The item

sym. gives their symmetry properties, if any. The item rel. gives the rela-

tion(s). They are supposed to hold for any value of the variables x, y, z, . . ..

If, in the presentation, only binary operations appear, then the type is said

to be binary. Analogously, there are ternary, k-ary, multi-ary types.
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If, in the presentation, the relations involve only the composition of two

operations at a time (hence 3 variables in the binary case, 5 variables in

the ternary case), then the type is said to be quadratic.

For a given type of algebras P the category of P-algebras is denoted by

P-alg. For each type there is defined a notion of free algebra. By definition

the free algebra of type P over the vector space V is an algebra denoted by

P(V ) satisfying the following universal condition:

for any algebra A of type P and any linear map φ : V → A there is a

unique P-algebra morphism φ̃ : P(V ) → A which lifts φ. In other words the

forgetful functor P-alg −→ Vect admits a left adjoint P : Vect −→ P-alg.

In all the cases mentioned here the relations involved in the presentation of

the given type are (or can be made) multilinear. Hence the functor P(V )

is of the form (at least in characteristic zero),

P(V ) =
⊕

n≥1

P(n)⊗Sn V
⊗n ,

where P(n) is some Sn-module. The Sn-module P(n) is called the space of

n-ary operations since for any algebra A there is a map

P(n)⊗Sn A
⊗n → A.

The functor P : Vect → Vect inherits a monoid structure from the

properties of the free algebra. Hence there exist transformations of functors

ι : Id → P and γ : P ◦ P → P such that γ is associative and unital. The

monoid (P , γ, ι) is called a symmetric operad.

The symmetric operad P can also be described as a family of Sn-modules

P(n) together with maps

γ(i1, . . . , ik) : P(k)⊗ P(i1)⊗ · · · ⊗ P(ik) −→ P(i1 + · · ·+ ik)

satisfying some compatibility with the action of the symmetric group and

satisfying the associativity property.

If Sn is acting freely on P(n), then P(n) = Pn ⊗ K[Sn] where Pn is

some vector space, and K[Sn] is the regular representation. If, moreover,

the maps γ(i1, . . . , in) are induced by maps

γi1,...,ik : Pk ⊗ Pi1 ⊗ · · · ⊗ Pik −→ Pi1+···+ik ,

then the operad P comes from a nonsymmetric operad (abbreviated ns

operad), still denoted by P in general.

For more terminology and details about algebraic operads we refer to

[46] or [44].
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The generating series of the operad P is defined as

fP(t) :=
∑

n≥1

dimP(n)

n!
tn,

in the binary case. When dealing with a nonsymmetric operad it becomes

fP(t) :=
∑

n≥1

dimPn tn.

The Koszul duality theory of associative algebras has been extended

to binary quadratic operads by Ginzburg and Kapranov, cf. [22], then to

quadratic operads by Fresse, cf. [18]. A conceptual treatment of this theory,

together with applications, is given in [44]. So, to any quadratic operad P ,

there is associated a quadraticKoszul dual operad denoted P !. It is often

a challenge to find a presentation of P ! out of a presentation of P . One of

the main results of the Koszul duality theory of operads is to show the

existence of a natural differential map on the composite P !∗ ◦ P giving rise

to the Koszul complex. If it is acyclic, then P is said to be Koszul. One can

show that, if P is Koszul, then so is P !. In this case the generating series

are inverse to each other for composition, up to sign, that is:

fP!

(−fP(t)) = −t.

Recall that if fP!

(t) = t+
∑

n≥2 ant
n and gP(t) = t+

∑
n≥2 bnt

n, then

b2 = a2,

b3 = −a3 + 2a22,

b4 = a4 − 5a3a2 + 5a32,

b5 = −a5 + 3a23 + 6a2a4 − 21a22a3 + 14a42.

In the k-ary case one introduces the skew-generating series

gP(t) :=
∑

n≥1

(−1)k
dimP((k − 1)n+ 1)

n!
t((k−1)n+1).

If the operad P is Koszul, then by [59] the following formula holds:

fP!

(−gP(t)) = −t.

The items Free alg., rep. P(n) or Pn, dimP(n) or dimPn, and
Gen.series speak for themselves.

Koszulity of an operad implies the existence of a small chain complex to

compute the (co)homology of a P-algebra. When possible, the information

on it is given in the item Chain-cplx. Moreover it permits us to construct
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the notion of P-algebra up to homotopy, whose associated operad, which

is a differential graded operad, is denoted by P∞. The importance of this

notion is due to the “Homotopy Transfer Theorem”, see [44] section 10.3.

The item Properties lists the main features of the operad. Set-theoretic

means that there is a set operad PSet (monoid in the category of S-Sets)

such that P = K[PSet]. Usually this property can be read on the presen-

tation of the operad: no algebraic sums. Quasi-regular means that P(n) is

a sum of regular representations, but the operad is not necessarily coming

from a ns operad.

In the item Relationsh. we list some of the ways to obtain this operad

under some natural constructions like tensor product (Hadamard product)

or Manin products (white ◦ or black •), denoted � and � in the nonsym-

metric framework, cf. [60] or [44] for instance. We also list some of the most

common functors to other types of algebras. Keep in mind that a functor

P → Q induces a functor Q-alg → P-alg on the categories of algebras.

Though we describe only algebras without unit, for some types there is

a possibility of introducing an element 1 which is either a unit or a partial

unit for some of the operations, see the discussion in [36]. We indicate it in

the item Unit.

For binary operads the opposite type consists in defining new operations

by x · y = yx, etc. If the new type is isomorphic to the former one, then

the operad is said to be self-opposite. When it is not the case, we mention

whether the given type is called right or left in the item Comment.

In some cases the structure can be “integrated”. For instance Lie alge-

bras are integrated into Lie groups (Lie third problem). If so, we indicate

it in the item Comment.

In the item Ref. we indicate a reference where information on the op-

erad and/or on the (co)homology theory can be obtained. It is not nec-

essarily the first paper in which this type of algebras first appeared. For

the “three graces”, that is the operads As,Com,Lie, the classical books by

Cartan and Eilenberg “Homological Algebra” and by MacLane “Homology”

are standard references.
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Notation. We use the notation Sn for the symmetric group. Trees are very

much in use in the description of operads. We use the following notation:

– PBTn is the set of planar binary rooted trees with n − 1 internal

vertices (and hence n leaves). The number of elements in PBTn+1 is the

Catalan number cn = 1
n+1

(
2n
n

)
.

–PTn is the set of planar rooted trees with n leaves, whose vertices

have valency greater than 1 + 2 (one root, at least 2 inputs). So we have

PBTn ⊂ PTn+1. The number of elements in PTn is the super Catalan

number, also called Schröder number, denoted Cn.

A planar binary rooted tree t is completely determined by its right part

tr and its left part tl. More precisely t is the grafting of tl and tr: t = tl∨tr .
Comments. Many thanks to Walter Moreira for setting up a software

which computes the first dimensions of the operad from its presentation.

We remind the reader that we can replace the symmetric monoidal

category Vect by many other symmetric monoidal categories. So there are

notions of graded algebras, differential graded algebras, twisted algebras,

and so forth. In the graded cases the Koszul sign rule is in order. Observe

that there are also operads where the operations may have different degree

(operad encoding Gerstenhaber algebras for instance).

We end this paper with a tableau of integer sequences appearing in this

document.

This list of types of algebras is not as encyclopedic as the title suggests.

We put only the types which are defined by a finite number of generat-

ing operations and whose relations are multilinear. You will not find the

“restricted types” (like divided power algebras), nor bialgebras. Moreover

we only put those which have been used some way or another. We plan to

update this encyclopedia every now and then.

Please report any error or comment or possible addition to:

gw.zinbiel@free.fr
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Here is the list of the types included so far (with letter K indicating

that they are Koszul dual to each other):

sample As self-dual

Com Lie K

Pois none self-dual

Leib Zinb K

Dend Dias K

PreLie Perm K

Dipt Dipt! K

2as 2as! K

Tridend Trias K

PostLie ComTrias K

CTD CTD! K

L-dend Ennea

Gerst BV

Mag Nil2 K

ComMag ComMag! K

Quad Quad! K

Dup Dup! K

As(2) As〈2〉

Lie-adm PreLiePerm

Altern Param1rel

MagFine GenMag

NAP Moufang

Malcev Novikov

DoubleLie DiPreLie

Akivis Sabinin

Jordan triples t-As(3)

p-As(3) LTS

Lie-Y amaguti Comtrans

Interchange HyperCom

A∞ C∞
L∞ Dend∞
P∞ Brace

MB n-Lie

n-Leib X±

your own

An index is to be found at the end of the paper.
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A page for personal notes (in fact, to ensure that an operad and its

Koszul dual fit on opposite pages).
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1. Type of algebras

Name Most common terminology

Notation our favorite notation for the operad (generic notation: P)

Def.oper. list of the generating operations

sym. their symmetry if any

rel. the relation(s)

Free alg. the free algebra as a functor in V

rep. P(n) Sn-representation P(n) and/or the space Pn if nonsymmetric

dimP(n) the series (if close formula available), the list of the 7 first

numbers beginning at n = 1

Gen.series close formula for fP(t) =
∑

n≥1
dimP(n)

n! tn when available

Dual operad the Koszul dual operad

Chain-cplx Explicitation of the chain complex, if not too complicated

Properties among: nonsymmetric, binary, quadratic, set-theoretic,

ternary, multi-ary, cubic, Koszul.

Alternative alternative terminology, and/or notation, and/or presentation

Relationsh. some of the relationships with other operads, either under

some construction like symmetrizing, Hadamard product,

Manin products, or under the existence of functors

Unit whether one can assume the existence of a unit (or partial

unit)

Comment whatever needs to be said which does not fit into

the other items

Ref. a reference, usually dealing with the homology of the

P-algebras (not necessarily containing all the results of

this page)
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Name Associative algebra

Notation As (as nonsymmetric operad)

Ass (as symmetric operad)

Def.oper. xy, operadically: µ so that µ(x, y) = xy

sym.

rel. (xy)z = x(yz), operadically µ ◦1 µ = µ ◦2 µ (associativity)

Free alg. As(V ) = T (V ) = ⊕n≥1V
⊗n tensor algebra

(noncommutative polynomials)

(x1 . . . xp)(xp+1 . . . xp+q) = x1 . . . xp+q (concatenation)

rep. P(n) Ass(n) = K[Sn] (regular representation), Asn = K

dimP(n) 1, 2, 6, 24, 120, 720, 5040, . . . , n!, . . .

Gen.series fAs(t) = t
1−t

Dual operad As! = As

Chain-cplx non-unital Hochschild complex, CAsn (A) = A⊗n

b′(a1, . . . , an) :=
∑i=n−1
i=1 (−1)i−1(a1, . . . , aiai+1, . . . , an)

important variation: cyclic homology

Properties ns, binary, quadratic, set-theoretic, Koszul, self-dual.

Alternative associative algebra is often simply called algebra.

Can be presented with commutative operation

x · y := xy + yx and anti-symmetric operation

[x, y] = xy − yx satisfying{
[x · y, z] = x · [y, z] + [x, z] · y,
(x · y) · z − x · (y · z) = [y, [x, z]] .

(Livernet and Loday, unpublished)

Relationsh. Ass-alg → Lie-alg, [x, y] = xy − yx,

Com-alg → Ass-alg (inclusion), and many others

Unit 1x = x = x1

Comment one the “three graces”
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Name Commutative algebra

Notation Com

Def.oper. xy

sym. xy = yx (commutativity)

rel. (xy)z = x(yz) (associativity)

Free alg. Com(V ) = S(V ) (polynomials)

if V = Kx1 ⊕ · · · ⊕Kxn, then K1⊕ Com(V ) = K[x1, . . . , xn]

rep. P(n) Com(n) = K (trivial representation)

dimP(n) 1, 1, 1, 1, 1, 1, 1, . . . , 1, . . .

Gen.series fCom(t) = exp(t)− 1

Dual operad Com! = Lie

Chain-cplx Harrison complex in char. 0, André-Quillen cplx in general

Properties binary, quadratic, set-theoretic, Koszul.

Alternative sometimes called associative and commutative algebra

other notation Comm

Relationsh. Com-alg → Ass-alg,

Zinb-alg → Com-alg

Unit 1x = x = x1

Comment one of the “three graces”
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Name Lie algebra

Notation Lie

Def.oper. [x, y] (bracket)

sym. [x, y] = −[y, x] (anti-symmetry)

rel. [[x, y], z] = [x, [y, z]] + [[x, z], y] (Leibniz relation)

Free alg. Lie(V ) = subspace of the tensor algebra T (V )

generated by V under the bracket

rep. P(n) Lie(n) = IndSnCn
( n
√
1)

dimP(n) 1, 1, 2, 6, 24, 120, 720, . . . , (n− 1)!, . . .

Gen.series fLie(t) = − log(1− t)

Dual operad Lie! = Com

Chain-cplx Chevalley-Eilenberg complex CLien (g) = Λng

d(x1 ∧ . . . ∧ xn) :=∑
1≤i<j≤n(−1)j(x1 ∧ . . . ∧ [xi, xj ] ∧ . . . ∧ x̂j ∧ . . . ∧ xn)

Properties binary, quadratic, Koszul.

Alternative The relation is more commonly written as the Jacobi

identity: [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0

Relationsh. Ass-alg → Lie-alg,

Lie-alg → Leib-alg,

PreLie-alg → Lie-alg

Unit no

Comment one of the “three graces”. Named after Sophus Lie.

Integration: Lie groups.
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Name Poisson algebra

Notation Pois

Def.oper. xy, {x, y}
sym. xy = yx, {x, y} = −{y, x}

rel.





{{x, y}, z} = {x, {y, z}}+ {{x, z}, y},
{xy, z} = x{y, z}+ {x, z}y,
(xy)z − x(yz) = 0 .

Free alg. Pois(V ) ∼= T (V ) (tensor module, iso as Schur functors)

rep. P(n) Pois(n) ∼= K[Sn] (regular representation)

dimP(n) 1, 2!, 3!, 4!, 5!, 6!, 7!, . . . , n!, . . .

Gen.series fPois(t) = t
1−t

Dual operad Pois! = Pois

Chain-cplx Isomorphic to the total complex of a certain bicomplex

constructed from the action of the Eulerian idempotents

Properties binary, quadratic, quasi-regular, Koszul, self-dual.

Alternative Can be presented with one operation x ∗ y with no

symmetry satisfying the relation

(x ∗ y) ∗ z = x ∗ (y ∗ z)+
1
3

(
+ x ∗ (z ∗ y)− z ∗ (x ∗ y)− y ∗ (x ∗ z) + y ∗ (z ∗ x)

)

Relationsh. Pois-alg ⇄ Lie-alg, Pois-alg ⇄ Com-alg,

Unit 1x = x = x1, [1, x] = 0 = [x, 1]

Comment Named after Siméon Poisson.

Ref. [18] B.Fresse, Théorie des opérades de Koszul et homologie

des algèbres de Poisson, Ann. Math. Blaise Pascal 13

(2006), 237–312.
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This page is inserted so that, in the following part, an operad and its

dual appear on page 2n and 2n+1 respectively. Since Pois is self-dual there

is no point to write a page about its dual.

Let us take the opportunity to mention that if A is a P-algebra and B is

a P !-algebra, then the tensor product A⊗B inherits naturally a structure

of Lie algebra. If P is nonsymmetric, then so is P !, and A⊗B is in fact an

associative algebra.

In some cases (like the Leibniz case for instance), A ⊗ B is a pre-Lie

algebra.
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Name Leibniz algebra

Notation Leib

Def.oper. [x, y]

sym.

rel. [[x, y], z] = [x, [y, z]] + [[x, z], y] (Leibniz relation)

Free alg. Leib(V ) ∼= T (V ) (reduced tensor module, iso as Schur

functors)

rep. P(n) Leib(n) = K[Sn] (regular representation)

dimP(n) 1, 2!, 3!, 4!, 5!, 6!, 7!, . . . , n!, . . .

Gen.series fLeib(t) = t
1−t

Dual operad Leib! = Zinb

Chain-cplx CLeibn (g) = g⊗n

d(x1, . . . , xn)

=
∑

1≤i<j≤n(−1)j(x1, . . . , [xi, xj ], . . . , x̂j , . . . , xn)

Properties binary, quadratic, quasi-regular, Koszul.

Alternative Sometimes improperly called Loday algebra.

Relationsh. Leib = Perm ◦ Lie (Manin white product), see [60]

Lie-alg → Leib-alg, Dias-alg → Leib-alg,

Dend-alg → Leib-alg

Unit no

Comment Named after G.W. Leibniz. This is the left Leibniz algebra.

The opposite type is called right Leibniz algebra.

Integration : “coquecigrues” ! see for instance [13]

Ref. [33] J.-L. Loday, Une version non commutative des algèbres

de Lie: les algèbres de Leibniz.

Enseign. Math. (2) 39 (1993), no. 3-4, 269–293.
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Name Zinbiel algebra

Notation Zinb

Def.oper. x · y
sym.

rel. (x · y) · z = x · (y · z) + x · (z · y) (Zinbiel relation)

Free alg. Zinb(V ) = T (V ), · = halfshuffle

x1 . . . xp · xp+1 . . . xp+q = x1shp−1,q(x2 . . . xp, xp+1 . . . xp+q)

rep. P(n) Zinb(n) ∼= K[Sn] (regular representation)

dimP(n) 1, 2!, 3!, 4!, 5!, 6!, 7!, . . . , n!, . . .

Gen.series fZinb(t) = t
1−t

Dual operad Zinb! = Leib

Chain-cplx known, see Ref.

Properties binary, quadratic, quasi-regular, Koszul.

Alternative Zinb = ComDend (commutative dendriform algebra),

previously called dual Leibniz algebra.

Relationsh. Zinb-alg → Com-alg, xy = x · y + y · x,
Zinb-alg → Dend-alg, x ≺ y = x · y = y ≻ x

Zinb = PreLie • Com, see [60].

Unit 1 · x = 0, x · 1 = x

Comment symmetrization of the dot product gives, not only

a commutative alg., but in fact a divided power algebra.

Named after G.W. Zinbiel. This is right Zinbiel algebra.

Ref. [34] J.-L. Loday, Cup-product for Leibniz cohomology and

dual Leibniz algebras. Math. Scand. 77 (1995), no. 2,

189–196.
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Name Dendriform algebra

Notation Dend

Def.oper. x ≺ y, x ≻ y (left and right operation)

sym.

rel.





(x ≺ y) ≺ z = x ≺ (y ≺ z) + x ≺ (y ≻ z),

(x ≻ y) ≺ z = x ≻ (y ≺ z),

(x ≺ y) ≻ z + (x ≻ y) ≻ z = x ≻ (y ≻ z).

Free alg. Dend(V ) =
⊕

n≥1 K[PBTn+1]⊗ V ⊗n, for pb trees s and t:

s ≺ t := sl ∨ (sr ∗ t), and s ≻ t := (s ∗ tl) ∨ tr
where x ∗ y := x ≺ y + x ≻ y .

Pn Dendn = K[PBTn+1]

dimPn 1, 2, 5, 14, 42, 132, 429, . . . , cn, . . .

where cn = 1
n+1

(
2n
n

)
is the Catalan number

Gen.series fDend(t) = 1−2t−
√
1−4t

2t = y, y2 − (1− 2t)y + t = 0

Dual operad Dend! = Dias

Chain-cplx Isomorphic to the total complex of a certain explicit

bicomplex

Properties ns, binary, quadratic, Koszul.

Alternative Handy to introduce x ∗ y := x ≺ y + x ≻ y which is

associative.

Relationsh. Dend-alg → As-alg, x ∗ y := x ≺ y + y ≻ x,

Zinb-alg → Dend-alg, x ≺ y := x · y =: y ≻ x

Dend-alg → PreLie-alg, x ◦ y := x ≺ y − y ≻ x

Dend-alg → Brace-alg, see Ronco [52]

Dend = PreLie •As, see [60]

Unit 1 ≺ x = 0, x ≺ 1 = x, 1 ≻ x = x, x ≻ 1 = 0.

Comment dendro = tree in greek. There exist many variations.

Ref. [35] J.-L. Loday, Dialgebras,

Springer Lecture Notes in Math. 1763 (2001), 7-66.
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Name Diassociative algebra

Notation Dias

Def.oper. x ⊣ y, x ⊢ y (left and right operation)

sym.

rel.





(x ⊣ y) ⊣ z = x ⊣ (y ⊣ z),
(x ⊣ y) ⊣ z = x ⊣ (y ⊢ z),
(x ⊢ y) ⊣ z = x ⊢ (y ⊣ z),
(x ⊣ y) ⊢ z = x ⊢ (y ⊢ z),
(x ⊢ y) ⊢ z = x ⊢ (y ⊢ z).

Free alg. Dias(V ) =
⊕

n≥1(V
⊗n ⊕ · · · ⊕ V ⊗n

︸ ︷︷ ︸
n copies

)

noncommutative polynomials with one variable marked

Pn Diasn = Kn

dimPn 1, 2, 3, 4, 5, 6, 7, . . . , n, . . . ,

Gen.series fDias(t) = t
(1−t)2

Dual operad Dias! = Dend

Chain-cplx see Ref.

Properties ns, binary, quadratic, set-theoretic, Koszul.

Alternative previously called associative dialgebras or dialgebras.

Relationsh. As-alg → Dias-alg, x ⊣ y := xy =: x ⊢ y
Dias-alg → Leib-alg, [x, y] := x ⊣ y − x ⊢ y
Dias = Perm ◦ As = Perm⊗

H
As

Unit Bar-unit: x ⊣ 1 = x = 1 ⊢ x, 1 ⊣ x = 0 = x ⊢ 1

Comment

Ref. [35] J.-L. Loday, Dialgebras,

Springer Lecture Notes in Math. 1763 (2001), 7-66.
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Name Pre-Lie algebra

Notation PreLie

Def.oper. {x, y}
sym.

rel. {{x, y}, z} − {x, {y, z}} = {{x, z}, y} − {x, {z, y}}

Free alg. PreLie(V ) = {rooted trees labeled by elements of V }

rep. P(n) PreLie(n) = K[{rooted trees, vertices labeled by 1, . . . , n}]

dimP(n) 1, 2, 9, 64, 625, 1296, 117649, . . . , nn−1, . . .

Gen.series fPreLie(t) = y which satisfies y = t exp(y)

Dual operad PreLie! = Perm

Chain-cplx see Ref.

Properties binary, quadratic, Koszul.

Alternative The relation is as(x, y, z) = as(x, z, y).

Relationsh. PreLie-alg → Lie-alg, [x, y] := {x, y} − {y, x}
Dend-alg → PreLie-alg, {x, y} := x ≺ y − y ≻ x

Brace-alg → PreLie-alg, forgetful functor

Unit {1, x} = x = {x, 1}

Comment This is right pre-Lie algebra, also called right-symmetric

algebra, or Vinberg algebra. The opposite type is

left symmetric, first appeared in [20,61].

Symmetric brace algebra equivalent to pre-Lie algebra [49]

Ref. [11] F. Chapoton, M. Livernet, Pre-Lie algebras and the

rooted trees operad. Internat. Math. Res. Notices 2001,

no. 8, 395–408.
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Name Perm algebra

Notation Perm

Def.oper. xy

sym.

rel. (xy)z = x(yz) = x(zy)

Free alg. Perm(V ) = V ⊗ S(V )

rep. P(n) Perm(n) = Kn

dimP(n) 1, 2, 3, 4, 5, 6, 7, . . . , n, . . .

Gen.series fPerm(t) = t exp(t)

Dual operad Perm! = PreLie

Chain-cplx

Properties binary, quadratic, set-theoretic, Koszul.

Alternative Perm = ComDias

Relationsh. Perm-alg → Ass-alg

Com-alg → Perm-alg,

NAP -alg → Perm-alg,

Perm-alg → Dias-alg

Unit no, unless it is a commutative algebra

Comment

Ref. [10] F. Chapoton, Un endofoncteur de la catégorie des

opérades. Dialgebras & related operads, 105–110,

Lect. Notes in Math., 1763, Springer, 2001.
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Name Dipterous algebra

Notation Dipt

Def.oper. x ∗ y, x ≺ y

sym.

rel.

{
(x ∗ y) ∗ z = x ∗ (y ∗ z) (associativity)

(x ≺ y) ≺ z = x ≺ (y ∗ z) (dipterous relation)

Free alg. Dipt(V ) =
⊕

n≥1(K[PTn]⊕K[PTn])⊗ V ⊗n,
for n = 1 the two copies of PT1 are identified

Pn Diptn = K[PTn]⊕K[PTn], n ≥ 2

dimPn 1, 2, 6, 22, 90, 394, 1806, . . . , 2Cn, . . .

where Cn is the Schröder number:∑
n≥1 Cnt

n = 1+t−
√
1−6t+t2

4

Gen.series fDipt(t) = 1−t−
√
1−6t+t2

2

Dual operad Dipt!

Chain-cplx Isomorphic to the total complex of a certain explicit

bicomplex

Properties ns, binary, quadratic, Koszul.

Alternative “diptère” in French

Relationsh. Dend-alg → Dipt-alg, x ∗ y := x ≺ y + y ≻ x,

a variation: replace the dipterous relation by

(x ≺ y) ∗ z + (x ∗ y) ≺ z = x ≺ (y ∗ z) + x ∗ (y ≺ z)

to get Hoch-algebras, see [31]. Same properties.

Unit 1 ≺ x = 0, x ≺ 1 = x, 1 ∗ x = x = x ∗ 1.

Comment dipterous = 2-fold in greek (free algebra has two

planar trees copies)

Ref. [41] J.-L. Loday, M. Ronco, Algèbres de Hopf colibres,

C. R. Math. Acad. Sci. Paris 337, Ser. I (2003), 153 -158.
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Name Dual dipterous algebra

Notation Dipt!

Def.oper. x ⊣ y, x ∗ y
sym.

rel.





(x ∗ y) ∗ z = x ∗ (y ∗ z),
(x ⊣ y) ⊣ z = x ⊣ (y ∗ z),
(x ∗ y) ⊣ z = 0,

(x ⊣ y) ∗ z = 0,

0 = x ∗ (y ⊣ z)
0 = x ⊣ (y ⊣ z).

Free alg. Dipt!(V ) = T (V )⊕ T (V )

Pn Dipt!n = K2, n ≥ 2

dimPn 1, 2, 2, 2, 2, 2, 2, . . . , 2, . . . ,

Gen.series fDipt
!

(t) = t+t2

1−t

Dual operad Dipt!! = Dipt

Chain-cplx see Ref.

Properties ns, binary, quadratic, Koszul.

Alternative

Relationsh. As-alg → Dipt!-alg, x ⊣ y := xy =: x ⊢ y

Unit no

Comment

Ref. [41] J.-L. Loday, M. Ronco, Algèbres de Hopf colibres,

C. R. Math Acad. Sci. Paris 337, Ser. I (2003), 153 -158.
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Name Two-associative algebra

Notation 2as

Def.oper. x ∗ y, x · y,
sym.

rel.

{
(x ∗ y) ∗ z = x ∗ (y ∗ z),
(x · y) · z = x · (y · z).

Free alg. 2as(V ) =
⊕

n≥1(K[Tn]⊕K[Tn])⊗ V ⊗n, where Tn =

planar trees for n = 1 the two copies of T1 are identified

Pn Diptn = K[Tn]⊕K[Tn], n ≥ 2

dimPn 1, 2, 6, 22, 90, 394, 1806, . . . , 2Cn, . . .

where Cn is the Schröder number:∑
n≥1 Cnt

n = 1+t−
√
1−6t+t2

4

Gen.series f2as(t) = 1−t−
√
1−6t+t2

2

Dual operad 2as!

Chain-cplx Isomorphic to the total complex of a certain explicit

bicomplex

Properties ns, binary, quadratic, set-theoretic, Koszul.

Alternative

Relationsh. 2as-alg → Dup-alg, 2as-alg → B∞-alg

Unit 1 · x = x = x · 1, 1 ∗ x = x = x ∗ 1.

Comment

Ref. [43] J.-L. Loday, M. Ronco, On the structure of cofree Hopf

algebras, J. reine angew. Math. 592 (2006), 123–155.



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

Encyclopedia of Types of Algebras 2010 239

Name Dual 2-associative algebra

Notation 2as!

Def.oper. x · y, x ∗ y
sym.

rel.





(x ∗ y) ∗ z = x ∗ (y ∗ z),
(x · y) · z = x · (y · z),
(x · y) ∗ z = 0,

(x ∗ y) · z = 0,

0 = x ∗ (y · z)
0 = x · (y ∗ z).

Free alg. 2as!(V ) = V ⊕⊕n≥2 (V ⊗n ⊕ V ⊗n)

Pn Dipt!n = K⊕K, n ≥ 2.

dimPn 1, 2, 2, 2, 2, 2, 2, . . . , 2, . . .

Gen.series f2as!(t) = t+t2

1−t

Dual operad (2as!)! = 2as

Chain-cplx see Ref.

Properties ns, binary, quadratic, Koszul.

Alternative

Relationsh.

Unit no

Comment

Ref. [43] J.-L. Loday, M. Ronco, On the structure of cofree

Hopf algebras, J. reine angew. Math. 592 (2006), 123–155.
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Name Tridendriform algebra

Notation Tridend

Def.oper. x ≺ y, x ≻ y, x · y
sym.

rel.





(x ≺ y) ≺ z = x ≺ (y ∗ z) ,
(x ≻ y) ≺ z = x ≻ (y ≺ z) ,

(x ∗ y) ≻ z = x ≻ (y ≻ z) ,

(x ≻ y) · z = x ≻ (y · z) ,
(x ≺ y) · z = x · (y ≻ z) ,

(x · y) ≺ z = x · (y ≺ z) ,

(x · y) · z = x · (y · z) .
where x ∗ y := x ≺ y + x ≻ y + x · y .

One relation for each cell of the triangle.

Free alg. Planar rooted trees with variables in between the leaves

Pn Tridendn = K[PTn]

dimPn 1, 3, 11, 45, 197, 903, . . . , Cn, . . .

where Cn is the Schröder (or super Catalan) number

Gen.series fTridend(t) = −1+3t+
√
1−6t+t2

4t

Dual operad Triend! = Trias

Chain-cplx Isomorphic to the total complex of a certain explicit

tricomplex

Properties ns, binary, quadratic, Koszul.

Alternative sometimes called dendriform trialgebra

Relationsh. Tridend-alg → As-alg, x ∗ y := x ≺ y + y ≻ x+ x · y,
ComTridend-alg → Tridend-alg, x ≺ y := x · y =: y ≻ x

Tridend = PostLie •Ass

Unit 1 ≺ x = 0, x ≺ 1 = x, 1 ≻ x = x, x ≻ 1 = 0,

1 · x = 0 = x · 1.

Comment There exist several variations (see [12] for instance).

Ref. [42] J.-L. Loday and M. Ronco, Trialgebras and families of

polytopes, Contemp. Math. (AMS) 346 (2004), 369–398.
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Name Triassociative algebra

Notation Trias

Def.oper. x ⊣ y, x ⊢ y, x⊥ y (no symmetry)

rel.





(x ⊣ y) ⊣ z = x ⊣ (y ⊣ z),
(x ⊣ y) ⊣ z = x ⊣ (y ⊢ z),
(x ⊢ y) ⊣ z = x ⊢ (y ⊣ z),
(x ⊣ y) ⊢ z = x ⊢ (y ⊢ z),
(x ⊢ y) ⊢ z = x ⊢ (y ⊢ z),
(x ⊣ y) ⊣ z = x ⊣ (y⊥ z),

(x⊥ y) ⊣ z = x⊥ (y ⊣ z),
(x ⊣ y)⊥ z = x⊥ (y ⊢ z),
(x ⊢ y)⊥ z = x ⊢ (y⊥ z),

(x⊥ y) ⊢ z = x ⊢ (y ⊢ z),
(x⊥ y)⊥ z = x⊥ (y⊥ z).

one relation for each cell of the pentagon.

Free alg. noncommutative polynomials with several variables marked

Pn Triasn = K2n−1

dimPn 1, 3, 7, 15, 31, 63, 127, . . . , (2n − 1), . . .

Gen.series fTrias(t) = t
(1−t)(1−2t)

Dual operad Trias! = Tridend

Properties ns, binary, quadratic, set-theoretic, Koszul.

Alternative Also called associative trialgebra, or for short, trialgebra.

Relationsh. As-alg → Trias-alg, x ⊣ y = x ⊢ y = x⊥ y = xy

Unit Bar-unit: x ⊣ 1 = x = 1 ⊢ x, 1 ⊣ x = 0 = x ⊢ 1,

1⊥ x = 0 = x⊥ 1

Comment Relations easy to understand in terms of planar trees

Ref. [42] J.-L. Loday and M. Ronco, Trialgebras and families of

polytopes, Contemp. Math. (AMS) 346 (2004), 369–398.
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Name PostLie algebra

Notation PostLie

Def.oper. x ◦ y, [x, y]
sym. [x, y] = −[y, x]

rel. [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0

(x ◦ y) ◦ z − x ◦ (y ◦ z)− (x ◦ z) ◦ y + x ◦ (z ◦ y) = x ◦ [y, z]
[x, y] ◦ z = [x ◦ z, y] + [x, y ◦ z]

Free alg. PostLie(V ) ∼= Lie(Mag(V ))

rep. P(n)

dimP(n) 1, 3, 20, 210, 3024, . . .

Gen.series f (t) = − log
(
1+

√
1−4t
2 )

Dual operad PostLie! = ComTrias

Chain-cplx See Ref.

Properties binary, quadratic, Koszul.

Alternative

Relationsh. PostLie-alg →??-alg, xy = x ◦ y ???

PostLie-alg → Lie-alg, {x, y} = x ◦ y − y ◦ x+ [x, y]

PreLie-alg → PostLie-alg, [x, y] = 0

Unit

Comment

Ref. [59] Vallette B., Homology of generalized partition

posets, J. Pure Appl. Algebra 208 (2007), no. 2, 699–725.
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Name Commutative triassociative algebra

Notation ComTrias

Def.oper. x ⊣ y, x⊥ y

sym. x⊥ y = y⊥ x

rel.





(x ⊣ y) ⊣ z = x ⊣ (y ⊣ z),
(x ⊣ y) ⊣ z = x ⊣ (z ⊣ y),
(x ⊣ y) ⊣ z = x ⊣ (y⊥ z),

(x⊥ y) ⊣ z = x⊥ (y ⊣ z),
(x⊥ y)⊥ z = x⊥ (y⊥ z).

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad ComTrias! = PostLie

Chain-cplx

Properties binary, quadratic, Koszul.

Alternative Triassociative with the following symmetry:

x ⊣ y = y ⊢ x and x⊥ y = y⊥ x

Relationsh. ComTrias-alg → Perm-alg, forgetful functor

ComTrias-alg → Trias-alg

Unit x ⊣ 1 = x, 1 ⊣ x = 0, 1⊥ x = 0

Comment

Ref. [59] Vallette B., Homology of generalized partition

posets, J. Pure Appl. Algebra 208 (2007), no. 2, 699–725.
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Name Commutative tridendriform algebra

Notation CTD

Def.oper. x ≺ y, x · y
sym. x · y = y · x

rel.





(x ≺ y) ≺ z = x ≺ (y ≺ z) + x ≺ (z ≺ y)

+x ≺ (y · z),
(x · y) ≺ z = x · (y ≺ z) ,

(x ≺ z) · y = x · (y ≺ z) ,

(x ≺ z) · y = (x ≺ z) · y ,
(x · y) · z = x · (y · z) .

Free alg. CTD(V ) =quasi-shuffle algebra on V = QSym(V )

rep. P(n)

dimP(n) 1, 3, 13, 75, 541, 4683, . . .

Gen.series fCTD(t) = exp(t)−1
2−exp(t)

Dual operad CTD! = see next page

Chain-cplx

Properties binary, quadratic, Koszul.

Alternative Handy to introduce x ∗ y := x ≺ y + y ≺ x+ x · y (assoc.

and comm.) equivalently: tridendriform with symmetry:

x ≺ y = y ≻ x, x · y = y · x

Relationsh. CTD-alg → Tridend-alg

CTD-alg → Com-alg

CTD-alg → Zinb-alg

Unit 1 ≺ x = 0, x ≺ 1 = x, 1 · x = 0 = x · 1.

Comment

Ref. [39] J.-L. Loday, On the algebra of quasi-shuffles,

Manuscripta Mathematica 123 (1), (2007), 79–93.
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Name Dual CTD algebra

Notation CTD!

Def.oper. x ⊣ y, [x, y]
sym. [x, y] = −[y, x]

rel. to be done

Free alg.

rep. P(n)

dimP(n) 1, 3, 14, 90, 744, . . .

Gen.series fCTD
!

(t) =

Dual operad (CTD!)! = CTD

Chain-cplx

Properties binary, quadratic, Koszul.

Alternative

Relationsh. Trias-alg → CTD!-alg

Lie-alg → CTD!-alg

Leib-alg→ CTD!-alg

Unit

Comment

Ref.
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Name L-dendriform algebra

Notation L-dend

Def.oper. x ⊲ y and x ⊳ y

sym.

rel. x ⊲ (y ⊲ z)− (x • y) ⊲ z = y ⊲ (x ⊲ z)− (y • x) ⊲ z

x ⊲ (y ⊳ z)− (x ⊲ y) ⊳ z = y ⊳ (x • z)− (y ⊳ x) ⊳ z

where x • y := x ⊲ y + x ⊳ y.

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties L-dend = PreLie • PreLie

Alternative

Relationsh. Dend-alg → L-dend-alg via x ⊲ y := x ≻ y, x ⊳ y := x ≺ y

L-dend-alg → PreLie-alg, (A,⊲,⊳) 7→ (A, •)
preLie • preLie = L-dend

Unit

Comment Various variations like L-quad-alg, see [4,5]

Ref. [3] C. Bai, L. Liu, X. Ni, Some results on L-dendriform

algebras, J. Geom. Phys. 60 (2010), no. 6-8, 940–950.
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Name Ennea algebra

Notation Ennea

Def.oper. 9 binary operations

sym.

rel. 49 relations, see Ref.

(tridendriform splitting of As applied twice)

Free alg.

Pn

dimPn 1, 9, 113, ?, ?, . . .

Gen.series f (t) =

Dual operad

Chain-cplx

Properties ns, binary, quadratic.

Alternative

Relationsh. several relations with tridendriform, for instance:

Ennea = Tridend � Tridend

Unit

Comment

Ref. [30] Leroux, P., Ennea-algebras. J. Algebra 281 (2004),

no. 1, 287–302.
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Name Gerstenhaber algebra

underlying objects: graded vector spaces

Notation Gerst

Def.oper. m = binary operation of degree 0,

c = binary operation of degree 1

sym. m symmetric, c antisymmetric

rel. c ◦1 c+ (c ◦1 c)(123) + (c ◦1 c)(321) = 0,

c ◦1 m−m ◦2 c− (m ◦1 c)(23) = 0,

m ◦1 m−m ◦2 m = 0 .

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties binary, quadratic, Koszul.

Alternative

Relationsh.

Unit

Comment To get the relations in terms of elements, do not forget

to apply the Koszul sign rule. Last relation is

associativity of m.

Ref. [20] M. Gerstenhaber, The cohomology structure of an

associative ring, Ann. of Math. (2), 78 (1963), 267–288.
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Name Batalin-Vilkovisky algebra

underlying objects: graded vector spaces

Notation BV

Def.oper. ∆ unary degree 1, m binary degree 0, c binary degree 1

sym. m symmetric, c antisymmetric

rel. m ◦1 m−m ◦2 m = 0,

∆2 = 0,

c = ∆ ◦1 m+m ◦1 ∆+m ◦2 ∆,

c ◦1 c+ (c ◦1 c)(123) + (c ◦1 c)(321) = 0,

c ◦1 m−m ◦2 c− (m ◦1 c)(23) = 0,

∆ ◦1 c+ c ◦1 ∆+ c ◦2 ∆ = 0 .

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties unary and binary, inhomogeneous quadratic, Koszul.

Alternative Generated by ∆ and m only.

Relationsh. BV -alg → Gerst-alg

Unit

Comment To get the relations in terms of elements, do not forget

to apply the Koszul sign rule.

Ref. [29] J.-L. Koszul, Crochet de Schouten-Nijenhuis et

cohomologie, Astérisque (1985), Numéro Hors

Série, 257–271. See also [19].
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Name Magmatic algebra

Notation Mag

Def.oper. xy

sym.

rel.

Free alg. basis: any parenthesizing of words,

or planar binary trees, with product: st = s ∨ t

Pn Magn = K[PBTn]

(planar binary trees with n leaves)

dimPn 1, 1, 2, 5, 14, 42, 132, . . . , cn−1, . . .

where cn = 1
n+1

(
2n
n

)
(Catalan number)

Gen.series fMag(t) = (1/2)(1−
√
1− 4t)

Dual operad Mag! = Nil2

Chain-cplx

Properties ns, binary, quadratic, set-theoretic, Koszul.

Alternative most often called nonassociative algebra.

Relationsh. many “inclusions” (all types of alg. with only one Gen. op.)

Unit 1x = x = x1

Comment

Ref.



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

Encyclopedia of Types of Algebras 2010 251

Name 2-Nilpotent algebra

Notation Nil2

Def.oper. xy

sym.

rel. (xy)z = 0 = x(yz)

Free alg. Nil2(V ) = V ⊕ V ⊗2

Pn (Nil2)2 = K, (Nil2)n = 0 for n ≥ 3

dimPn 1, 1, 0, 0, 0, 0, 0, . . .

Gen.series fP(t) = t+ t2

Dual operad Nil2
! =Mag

Chain-cplx

Properties ns, binary, quadratic, Koszul.

Alternative

Relationsh.

Unit no

Comment

Ref.
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Name Commutative magmatic algebra

Notation ComMag

Def.oper. x · y
sym. x · y = y · x
rel. none

Free alg. any parenthesizing of commutative words

rep. P(n) ComMag(n) = K[shBT (n)]

shBT (n) = {shuffle binary trees with n leaves}

dimP(n) 1, 1, 3, 15, 105, . . . , (2n− 3)!!, . . . ,

dimComMag(n) = (2n− 3)!! = 1× 3× · · · × (2n− 3)

Gen.series fComMag(t) = 1−
√
1− 2t

Dual operad ComMag!-alg: [x, y] antisymmetric, [[x, y], z] = 0.

Chain-cplx

Properties binary, quadratic, set-theoretic, Koszul.

Alternative

Relationsh. ComMag ֌ PreLie, x · y := {x, y}+ {y, x}, cf. [6]

Unit 1x = x = x1

Comment

Ref.
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Name Anti-symmetric nilpotent algebra

Notation ComMag!

Def.oper. [x, y]

sym. [x, y] = −[y, x]

rel. [[x, y], z] = 0

Free alg. V ⊕ Λ2V

rep. P(n)

dimP(n) 1, 1, 0, . . . , 0, . . .

Gen.series fComMag!(t) = t+ t2

2

Dual operad ComMag

Chain-cplx

Properties binary, quadratic, set-theoretic, Koszul.

Alternative

Relationsh. Lie-alg → ComMag!-alg

Unit no

Comment

Ref.
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Name Quadri-algebra

Notation Quad

Def.oper. xտ y, xր y, xց y, xւ y called NW, NE, SE, SW oper.

rel.

(x տ y) տ z = x տ (y ⋆ z) (x ր y) տ z = x ր (y ≺ z) (x ∧ y) ր z = x ր (y ≻ z)

(x ւ y) տ z = x ւ (y ∧ z) (x ց y) տ z = x ց (y տ z) (x ∨ y) ր z = x ց (y ր z)

(x ≺ y) ւ z = x ւ (y ∨ z) (x ≻ y) ւ z = x ց (y ւ z) (x ⋆ y) ց z = x ց (y ց z)

where

x ≻ y := xր y + xց y, x ≺ y := xտ y + xւ y

x ∨ y := xց y + xւ y, x ∧ y := xր y + xտ y

x ⋆ y := xց y + xր y + xտ y + xւ y

= x ≻ y + x ≺ y = x ∨ y + x ∧ y
Free alg.

Pn

dimPn 1, 4, 23, 156, 1162, 9192, . . .

dimPn = 1
n

∑2n−1
j=n

(
3n

n+1+j

)(
j−1
j−n
)

Gen.series fQuad(t) =

Dual operad Quad!

Properties ns, binary, quadratic, Koszul.

Alternative Quad = Dend � Dend = PreLie •Dend

Relationsh. Related to dendriform in several ways

Unit partial unit (like in dendriform)

Comment There exist several variations like P�P (cf. [4,30])

Ref. [1] M. Aguiar, J.-L. Loday, Quadri-algebras,

J. Pure Applied Algebra 191 (2004), 205–221.
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Name Dual quadri-algebra

Notation Quad!

Def.oper. xտ y, xր y, xց y, xւ y

sym.

rel. To be done

Free alg.

Pn

dimPn 1, 4, 9, 16, 25, . . . , n2, . . .

Gen.series fQuad
!

(t) = t(1+t)
(1−t)3

Dual operad

Chain-cplx

Properties ns, binary, quadratic, Koszul.

Alternative

Relationsh. Quad! = Dias � Dias = Perm ◦ Dias (cf. [60])

Unit

Comment

Ref. [60] B.Vallette, Manin products, Koszul duality,

Loday algebras and Deligne conjecture.

J. Reine Angew. Math. 620 (2008), 105–164.
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Name Duplicial algebra

Notation Dup

Def.oper. x ≺ y, x ≻ y

sym.

rel.





(x ≺ y) ≺ z = x ≺ (y ≺ z),

(x ≻ y) ≺ z = x ≻ (y ≺ z),

(x ≻ y) ≻ z = x ≻ (y ≻ z).

Free alg. Dup(V ) = ⊕n≥1K[PBTn+1]⊗ V ⊗n, for p.b. trees s and t:

x ≻ y the over operation is grafting of x on the leftmost

leaf of y; x ≺ y the under operation is grafting of y on

the rightmost leaf of x

Pn Dupn = K[PBTn+1]

dimPn 1, 2, 5, 14, 42, 132, 429, . . . , cn, . . .

where cn = 1
n+1

(
2n
n

)
is the Catalan number

Gen.series fDup(t) = 1−2t−√
1−4t

2t = y, y2 − (1− 2t)y + t = 0

Dual operad Dup!

Chain-cplx Isomorphic to the total complex of a certain explicit

bicomplex

Properties ns, binary, quadratic, set-theoretic, Koszul.

Alternative

Relationsh. 2as-alg → Dup-alg → As2-alg

Unit

Comment The associator of xy := x ≻ y − x ≺ y is

as(x, y, z) = x ≺ (y ≻ z)− (x ≺ y) ≻ z.

Appeared first in [8]

Ref. [40] J.-L. Loday, Generalized bialgebras and triples of

operads, Astérisque (2008), no 320, x+116 p.
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Name Dual duplicial algebra

Notation Dup!

Def.oper. x ≺ y, x ≻ y

sym.

rel.





(x ≺ y) ≺ z = x ≺ (y ≺ z),

(x ≺ y) ≻ z = 0,

(x ≻ y) ≺ z = x ≻ (y ≺ z),

0 = x ≺ (y ≻ z),

(x ≻ y) ≻ z = x ≻ (y ≻ z).

Free alg. Dup!(V ) = ⊕n≥1 n V
⊗n

noncommutative polynomials with one variable marked

Pn Dup!n = Kn

dimPn 1, 2, 3, 4, 5, 6, 7, . . . , n, . . . ,

Gen.series fDup
!

(t) = t
(1−t)2

Dual operad Dup!! = Dup

Chain-cplx see ref.

Properties ns, binary, quadratic, Koszul.

Alternative

Relationsh.

Unit

Comment

Ref.
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Name As(2)-algebra

Notation As(2)

Def.oper. x ∗ y, x · y
sym.

rel. (x ◦1 y) ◦2 z = x ◦1 (y ◦2 z)
for ◦i = ∗ or · (4 relations)

Free alg.

Pn As
(2)
n = K[{0, 1}n−1]

dimPn 2n−1

Gen.series fAs
(2)

(t) = t
1−2t

Dual operad As(2)
!
= As(2)

Chain-cplx

Properties ns, binary, quadratic, set-theoretic.

Alternative

Relationsh. 2as-alg → Dup-alg → As(2)-alg

Unit

Comment Variations: As(k)

Ref.
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Name As〈2〉-algebra

Notation As〈2〉, compatible products algebra

Def.oper. x ∗ y, x · y
sym.

rel. (x ∗ y) ∗ z = x ∗ (y ∗ z)
(x ∗ y) · z + (x · y) ∗ z = x ∗ (y · z) + x · (y ∗ z)
(x · y) · z = x · (y · z)

Free alg. similar to dendriform and duplicial

rep. Pn As
〈2〉
n = K[PBTn+1]

dimPn cn = 1
n+1

(
2n
n

)

Gen.series fAs
〈2〉

(t) = 1−2t−
√
1−4t

2t

Dual operad An (As〈2〉)!-algebra has 2 generating binary operations

and 5 relations:

(x ◦i y) ◦j z = x ◦i (y ◦j z) and
x ◦1 (y ◦2 z) = x ◦2 (y ◦1 z).

Chain-cplx

Properties ns, binary, quadratic, Koszul.

Alternative

Relationsh. (As〈2〉)!-alg → As(2)-alg → As〈2〉-alg

Unit

Comment equivalently λ x ∗ y + µ x · y is associative for any λ, µ

Variations: As〈k〉, Hoch-alg.
Do not confuse As(k) and As〈k〉.

Ref. [15] Dotsenko, V., Compatible associative products and

trees. Algebra Number Theory 3 (2009), no. 5, 567–586.

See also [24], [48].
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Name Lie-admissible algebra

Notation Lie-adm

Def.oper. xy

sym.

rel. [x, y] = xy − yx is a Lie bracket, that is∑
σ sgn(σ)σ

(
(xy)z − x(yz)

)
= 0

Free alg.

Pn Lie-adm(n) =?

dimPn 1, 2, 11, ?, ?, . . .

Gen.series fLie-adm(t) =?

Dual operad Lie-adm!

Chain-cplx

Properties ns, binary, quadratic, Koszul ??.

Alternative

Relationsh. As-alg → PreLie-alg→ Lie-adm-alg

Unit

Comment

Ref.
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Name PreLiePerm algebra

Notation PreLiePerm

Def.oper. x ≺ y, x ≻ y, x ∗ y
sym.

rel.





(x ≺ y) ≺ z = x ≺ (y ∗ z),
(x ≺ y) ≺ z = x ≺ (z ∗ y),
(x ≻ y) ≺ z = x ≻ (y ≺ z),

(x ≻ y) ≺ z = x ≻ (z ≻ y),

(x ∗ y) ≻ z = x ≻ (y ≻ z),

Free alg.

rep. P(n)

dimP(n) 1, 6,

Gen.series

Dual operad PermPreLie! = Perm ◦ PreLie = Perm⊗ PreLie

Chain-cplx

Properties binary, quadratic, set-theoretic.

Alternative

Relationsh. PreLiePerm = PreLie • Perm, see [60], p. 132.

Zinb-alg → PreLiePerm-alg → Dend-alg

Unit no

Comment

Ref. [58] B.Vallette, Homology of generalized partition posets,

J. Pure Appl. Algebra 208 (2007), no. 2, 69–725.
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Name Alternative algebra

Notation Altern

Def.oper. xy

sym.

rel. (xy)z − x(yz) = −(yx)z + y(xz),

(xy)z − x(yz) = −(xz)y + x(zy),

Free alg.

rep. P(n)

dimP(n) 1, 2, 7, 32, 175, ??

Gen.series f (t) =

Dual operad (xy)z = x(yz),

xyz + yxz + zxy + xzy + yzx+ zyx = 0

dimAltern!(n) = 1, 2, 5, 12, 15, . . .

Chain-cplx

Properties binary, quadratic, nonKoszul [16].

Alternative Equivalent presentation: the associator as(x, y, z)

is skew-symmetric: σ · as(x, y, z) = sgn(σ)as(x, y, z)

Relationsh. Ass-alg → Altern-alg

Unit 1x = x = x1

Comment The octonions are an example of alternative algebra

Integration: Moufang loops

dimP(n) computed by W. Moreira

Ref. [54] Shestakov, I. P., Moufang loops and alternative

algebras.

Proc. Amer. Math. Soc. 132 (2004), no. 2, 313–316.
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Name Parametrized-one-relation algebra

Notation Param1rel

Def.oper. xy

sym. none

rel. (xy)z =
∑
σ∈S3

aσσ · x(yz) where aσ ∈ K

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad x(yz) =
∑
σ∈S3

sgn(σ)aσσ
−1 · (xy)z

Chain-cplx

Properties

Alternative

Relationsh. Many classical examples are particular case: As, Leib,

Zinb, Pois

Unit

Comment Problem: for which families of parameters {aσ}σ∈S3

is the operad a Koszul operad?

Ref.
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Name Magmatic-Fine algebra

Notation MagFine

Def.oper. (x1, . . . , xn)
n
i for 1 ≤ i ≤ n− 2, n ≥ 3

sym.

rel.

Free alg. Described in terms of some coloured planar rooted trees

Pn vector space indexed as said above

dimPn 1, 0, 1, 2, 6, 18, 57, . . . , Fn−1, . . .

where Fn = Fine number

Gen.series fMagFine(t) = 1+2t−√
1−4t

2(2+t)

Dual operad MagFine! same generating operations, any composition

is trivial dimMagFine!n = n− 2

fMagFine!(t) = t+ t3

(1−t)2

Chain-cplx

Properties ns, multi-ary, quadratic, Koszul.

Alternative

Relationsh.

Unit

Comment

Ref. [26] Holtkamp, R., Loday, J.-L., Ronco, M.,

Coassociative magmatic bialgebras and the Fine numbers,

J. Alg. Comb. 28 (2008), 97–114.
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Name Generic magmatic algebra

Notation GenMag

Def.oper. an generating operations of arity n, a1 = 1

sym.

rel.

Free alg.

Pn based on trees

dimPn

Gen.series fGenMag(t) =
∑

n bnt
n, bn = polynomial in a1, . . . , an

Dual operad same generating operations, any composition is trivial

dimGenMag!n = an, f
GenMag!(t) =

∑
n ant

n

Chain-cplx

Properties ns, multi-ary, quadratic, Koszul.

Alternative

Relationsh. For MagFine! an = n− 2.

Unit

Comment Give a nice proof of the Lagrange inversion formula for

a generic power series (computation of the polynomial bn)

Ref. [37] Loday, J.-L., Inversion of integral series

enumerating planar trees. Séminaire lotharingien Comb. 53

(2005), exposé B53d, 16pp.
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Name Nonassociative permutative algebra

Notation NAP

Def.oper. xy

sym.

rel. (xy)z = (xz)y

Free alg. NAP (V ) can be described in terms of rooted trees

rep. P(n) NAP (n) = PreLie(n) as Sn-modules

dimP(n) 1, 2, 9, 64, 625, . . . , nn−1, . . .

Gen.series fNAP (t) = y which satisfies y = t exp(y)

Dual operad NAP !

Chain-cplx

Properties binary, quadratic, set-theoretic, Koszul.

Alternative

Relationsh. Perm-alg → NAP -alg

Unit no

Comment This is right NAP algebra

Ref. [32] Livernet, M., A rigidity theorem for pre-Lie algebras,

J. Pure Appl. Algebra 207 (2006), no. 1, 1–18.
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Name Moufang algebra

Notation Moufang

Def.oper. xy

sym.

rel. x(yz) + z(yx) = (xy)z + (zy)x,

((xy)z)t+ ((zy)x)t = x(y(zt)) + z(y(xt)),

t(x(yz) + z(yx)) = ((tx)y)z + ((tz)y)x,

(xy)(tz) + (zy)(tx) = (x(yt))z + (z(yt))x.

Free alg.

rep. P(n)

dimP(n) 1, 2, 7, 40, ??

Gen.series f (t) =

Dual operad

Chain-cplx

Properties binary.

Alternative Relation may be written in terms of the Jacobiator

Relationsh. Altern-alg
−−→Moufang-alg→ NCJordan-alg

Unit

Comment Integration: Moufang loops.

From this presentation there is an obvious definition of

“nonantisymmetric Malcev algebra”.

Ref. [51] Shestakov, I., Pérez-Izquierdo, J.M., An envelope

for Malcev algebras. J. Alg. 272 (2004), 379–393.
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Name Malcev algebra

Notation Malcev

Def.oper. xy

sym. xy = −yx
rel. ((xy)z)t+ (x(yz))t+ x((yz)t) + x(y(zt))+

+((ty)z)x+ (t(yz))x+ t((yz)x) + t(y(zx)) =

(xy)(zt) + (ty)(zx)

Free alg.

rep. P(n)

dimP(n) 1, 1, 3, 9, ??

Gen.series f (t) =

Dual operad

Chain-cplx

Properties cubic.

Alternative

Relationsh. Altern-alg
−−→Malcev-alg, Lie-alg →Malcev-alg

Unit

Comment

Ref. [51] Shestakov, I., Pérez-Izquierdo, J.M., An envelope

for Malcev algebras. J. Alg. 272 (2004), 379–393.



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

Encyclopedia of Types of Algebras 2010 269

Name Novikov algebra

Notation Novikov

Def.oper. xy

sym.

rel. (xy)z − x(yz) = (xz)y − x(zy)

x(yz) = y(xz)

Free alg.

rep. P(n)

dimP(n) 1, 2, ??

Gen.series f (t) =

Dual operad

Chain-cplx

Properties binary, quadratic.

Alternative Novikov is pre-Lie + x(yz) = y(xz)

Relationsh. Novikov-alg → PreLie-alg

Unit

Comment

Ref.
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Name Double Lie algebra

Notation DoubleLie

Def.oper. [x, y], {x, y}
sym. [x, y] = −[y, x], {x, y} = −{y, x}
rel. Any linear combination is a Lie bracket

Free alg.

rep. P(n) See Ref.

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties binary, quadratic.

Alternative

Relationsh.

Unit

Comment

Ref. [14] Dotsenko V., Khoroshkin A., Character formulas

for the operad of two compatible brackets and for

the bihamiltonian operad, Functional Analysis and Its

Applications, 41 (2007), no.1, 1-17.
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Name DipreLie algebra

Notation DipreLie

Def.oper. x ◦ y, x • y
sym.

rel. (x ◦ y) ◦ z − x ◦ (y ◦ z) = (x ◦ z) ◦ y − x ◦ (z ◦ y)
(x • y) • z − x • (y • z) = (x • z) • y − x • (z • y)
(x ◦ y) • z − x ◦ (y • z) = (x • z) ◦ y − x • (z ◦ y)

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties binary, quadratic.

Alternative

Relationsh. relationship with the Jacobian conjecture (T. Maszczsyk)

Unit

Comment

Ref. T. Maszczyk, unpublished.
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Name Akivis algebra

Notation Akivis

Def.oper. [x, y], (x, y, z)

sym. [x, y] = −[y, x]

rel. [[x, y], z] + [[y, z], x] + [[z, x], y] =

(x, y, z) + (y, z, x) + (z, x, y)− (x, z, y)− (y, x, z)− (z, y, x)

(Akivis relation)

Free alg.

rep. P(n)

dimP(n) 1, 1, 8, . . . ,

Gen.series f (t) =

Dual operad

Chain-cplx

Properties binary and ternary, quadratic.

Alternative relation also called “nonassociative Jacobi identity”

Relationsh. Akivis-alg → Sabinin-alg,

Mag-alg → Akivis-alg, [x, y] = xy − yx,

(x, y, z) = (xy)z − x(yz)

Unit

Comment

Ref. [2] Akivis, M. A. The local algebras of a multidimensional

three-web. (Russian) Sibirsk. Mat. Zh. 17 (1976), no. 1,

5-11, 237. See also [7,55]
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Name Sabinin algebra

Notation Sabinin

Def.oper. 〈x1, . . . , xm; y, z〉,m ≥ 0

Φ(x1, . . . , xm; y1, . . . , yn), m ≥ 1, n ≥ 2,

sym. 〈x1, . . . , xm; y, z〉 = −〈x1, . . . , xm; z, y〉, and for ω ∈ Sm, θ ∈ Sn

Φ(x1, . . . , xm; y1, . . . , yn) = Φ(ω(x1, . . . , xm); θ(y1, . . . , yn)),

rel. 〈x1, . . . , xr , u, v, xr+1, . . . , xm; y, z〉
−〈x1, . . . , xr, v, u, xr+1, . . . , xm; y, z〉
+

r∑
k=0

∑
σ
〈xσ(1), . . . , xσ(k);
〈xσ(k+1), . . . , xσ(r);u, v〉, xr+1, . . . , xm; y, z〉

where σ is a (k, r − k)-shuffle

Ku,v,w

[
〈x1, . . . , xr; y, z〉+

r∑
k=0

∑
σ

〈xσ(1), . . . , xσ(k); 〈xσ(k+1), . . . , xσ(r); v, w〉, u〉
]
= 0

where Ku,v,w is the sum over all cyclic permutations

Free alg.

rep. P(n)

dimP(n) 1, 1, 8, 78, 1104, . . .

Gen.series fSab(t) = log(1 + (1/2)(1−
√
1− 4t))

Dual operad

Chain-cplx

Properties quadratic, ns.

Alternative There exists a more compact form of the relations which

uses the tensor algebra over the Sabinin algebra

Relationsh. Mag-alg −→ Sabinin-alg, 〈y, z〉 = yz − zy, 〈x; y, z〉 =??

Akivis-alg −→ Sabinin-alg, 〈y, z〉 = −[y, z],

〈x; y, z〉 = (x, z, y)− (x, y, z), 〈x1, . . . , xm; y, z〉 = 0,m ≥ 2

Unit

Comment Integration: local analytic loops

Ref. [50] D. Pérez-Izquierdo, Algebras, hyperalgebras, nonasso-

ciative bialgebras and loops. Adv. Math. 208 (2007),

834–876.
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Name Jordan triple systems

Notation Jordantriples or JT

Def.oper. (xyz) or (x, y, z)

sym. (xyz) = (zyx)

rel. (xy(ztu)) = ((xyz)tu)− (z(txy)u) + (zt(xyu))

Free alg.

rep. P(2n− 1)

dimP(2n− 1) 1, 3, 50, ??

Gen.series f (t) =

Dual operad

Chain-cplx

Properties ternary, quadratic, Koszul ?.

Alternative

Relationsh.

Unit

Comment Remark that the quadratic relation, as written here,

has a Leibniz flavor. Dimension computed by

Walter Moreira

Ref. [47] E. Neher, Jordan triple systems by the grid

approach, Lecture Notes in Mathematics, 1280,

Springer-Verlag, 1987.
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Name Totally associative ternary algebra

Notation t-As〈3〉

Def.oper. (xyz)

sym.

rel. ((xyz)uv) = (x(yzu)v) = (xy(zuv))

Free alg.

P2n−1

dimP2n−1 1, 1, 1, . . . , 1, . . .

Gen.series f t-As
3

(t) = t
1−t2

Dual operad t-As〈3〉 ! = p-As〈3〉

Chain-cplx

Properties ns, ternary, quadratic, set-theoretic, Koszul ?.

Alternative

Relationsh. As-alg → t-As〈3〉

Unit

Comment

Ref. [23] Gnedbaye, A.V., Opérades des algèbres (k + 1)-aires.

Operads: Proceedings of Renaissance Conferences, 83–113,

Contemp. Math., 202, Amer. Math. Soc., Providence,

RI, 1997.
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Name Partially associative ternary algebra

Notation p-As〈3〉

Def.oper. (xyz)

sym.

rel. ((xyz)uv) + (x(yzu)v) + (xy(zuv)) = 0

Free alg.

P2n−1

dimP2n−1

Gen.series f (t) =

Dual operad p-As〈3〉 ! = t-As〈3〉

Chain-cplx

Properties ns, ternary, quadratic, Koszul ?.

Alternative

Relationsh.

Unit

Comment

Ref. [23] Gnedbaye, A.V., Opérades des algèbres (k + 1)-aires.

Operads: Proceedings of Renaissance Conferences, 83–113,

Contemp. Math., 202, Amer. Math. Soc., Providence,

RI, 1997.
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Name Lie triple systems

Notation LTS

Def.oper. [xyz]

sym. [xyz] = −[yxz],

[xyz] + [yzx] + [zxy] = 0.

rel. [xy[ztu]] = [[xyz]tu]− [z[txy]u] + [zt[xyu]]

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties ternary, quadratic, Koszul ?.

Alternative the relation admits many different versions due to

the symmetry

Relationsh. Lie-alg → LTS-alg, [xyz] = [[xy]z]

Comment Appreciate the Leibniz presentation

Integration: symmetric spaces

Ref. [45] Loos O., Symmetric spaces. I. General theory.

W. A. Benjamin, Inc., New York-Amsterdam (1969)

viii+198 pp.
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Name Lie-Yamaguti algebra

Notation Lie− Y amaguti or LY

Def.oper. x · y, [x, y, z]

sym. x · y = −y · x, [x, y, z] = −[y, x, z]

[x, y, z] + [y, z, x] + [z, x, y] + (x · y) · z + (y · z) · x
+(z · x) · y = 0

rel.
∑

cyclic[x · y, z, t] = 0

[x, y, u · v] = u · [x, y, v] + [x, y, u] · v
[x, y, [z, t, u]] = [[x, y, z], t, u]− [z, [t, x, y], u] + [z, t, [x, y, u]]

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties binary and ternary, quadratic, Koszul ?.

Alternative Generalized Lie triple systems

Relationsh. LTS-alg→ LY -alg, x · y = 0, [x, y, z] = [xyz]

Unit

Comment

Ref. [28] M. K. Kinyon, A. Weinstein, Leibniz algebras,

Courant algebroids, and multiplications on reductive homo-

geneous spaces. Amer. J. Math. 123 (2001), no. 3, 525–550.
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Name Comtrans algebras

Notation Comtrans

Def.oper. [x, y, z] and 〈x, y, z〉 (2 ternary operations)

sym. [x, y, z] + [y, x, z] = 0,

〈x, y, z〉+ 〈y, z, x〉+ 〈z, x, y〉 = 0,

[x, y, z] + [z, y, x] = 〈x, y, z〉+ 〈z, y, x〉.

rel.

Free alg.

rep. P2n−1

dimP2n−1

Gen.series f (t) =

Dual operad

Chain-cplx

Properties ternary.

Alternative

Relationsh.

Unit

Comment

Ref. [56] J.D.H. Smith, Multilinear algebras and Lie’s Theorem

for formal n-loops, Arch. Math. 51 (1988), 169–177.
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Name Interchange algebra

Notation Interchange

Def.oper. x · y, x ∗ y
sym.

rel. (x · y) ∗ (z · t) = (x ∗ z) · (y ∗ t)

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties binary, cubic, set-theoretic.

Alternative

Relationsh. Strongly related with the notions of 2-category and

2-group

Unit if a unit for both, then ∗ = · and they are commutative

(Eckmann-Hilton trick)

Comment Many variations depending on the hypotheses on ∗ and ·
Most common · and ∗ are associative.

Ref.
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Name Hypercommutative algebra

underlying objects: graded vector spaces

Notation HyperCom

Def.oper. (x1, . . . , xn) n-ary operation of degree 2(n− 2) for n ≥ 2

sym. totally symmetric

rel.
∑

S1⊔S2={1,...,n}((a, b, xS1), c, xS2) =∑
S1⊔S2={1,...,n}(−1)|c||xS1|(a, (b, xS1 , c), xS2) ,

for any n ≥ 0.

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad Gravity algebra, see Ref below

Chain-cplx

Properties

Alternative

Relationsh.

Unit

Comment

Ref. [21] E. Getzler, Operads and moduli spaces of genus 0

Riemann surfaces, The moduli space of curves

(Texel Island, 1994), Progr. Math., 129, (1995), 199–230.
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Name Associative algebra up to homotopy

operad with underlying space in dgVect

Notation A∞

Def.oper. mn for n ≥ 2 (operation of arity n and degree n− 2)

sym.

rel. ∂(mn) =
∑

n=p+q+r
k=p+1+r
k>1,q>1

(−1)p+qrmk ◦ (id⊗p ⊗mq ⊗ id⊗r).

Free alg.

Pn (A∞)n = K[PTn] isomorphic to C•(Kn−2) as chain complex

where Kn is the Stasheff polytope of dimension n

dimPn

Gen.series f (t) =

Dual operad

Chain-cplx

Properties ns, multi-ary, quadratic, minimal model for As

Alternative Cobar construction on As¡: A∞ = As∞ := ΩAs¡

Relationsh. Many, see the literature.

Unit Good question !

Comment There are two levels of morphisms between A∞-algebras:

the morphisms and the ∞-morphisms, see [44] for instance.

Ref. [57] J. Stasheff, Homotopy associativity of H-spaces. I, II.

TAMS 108 (1963), 275-292 ; ibid. 108 (1963), 293312.
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Name Commutative algebra up to homotopy

operad with underlying space in dgVect

Notation C∞

Def.oper. mn for n ≥ 2 (operation of arity n and degree n− 2)

which vanishes on the sum of (p, n− p)-shuffles,

1 ≤ p ≤ n− 1.

sym.

rel. ∂(mn) =
∑

n=p+q+r
k=p+1+r
k>1,q>1

(−1)p+qrmk ◦ (id⊗p ⊗mq ⊗ id⊗r).

Free alg.

P(n)

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties multi-ary, quadratic, minimal model for Com

Alternative Cobar construction on Com¡: C∞ = Com∞ := ΩCom¡

Relationsh.

Unit

Comment

Ref. [27] T. Kadeishvili, The category of differential coalgebras

and the category of A(∞)-algebras.

Proc. Tbilisi Math.Inst. 77 (1985), 50-70.
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Name Lie algebra up to homotopy

operad with underlying space in dgVect

Notation L∞

Def.oper. ℓn, n-ary operation of degree n− 2, for all n ≥ 2

sym.

rel. ∂A(ℓn) =
∑

p+q=n+1
p,q>1

∑
σ∈Sh−1

p,q
sgn(σ)(−1)(p−1)q(ℓp ◦1 ℓq)σ ,

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties multi-ary, quadratic, minimal model for Lie

Alternative Cobar construction on Lie¡: L∞ = Lie∞ := ΩLie¡

Relationsh.

Unit

Comment

Ref. [25] V. Hinich, and V. Schechtman, Homotopy Lie algebras.

I. M. Gel’fand Seminar, 128, Adv. Soviet Math., 16, Part 2,

Amer. Math. Soc., Providence, RI, 1993.
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Name Dendriform algebra up to homotopy

operad with underlying space in dgVect

Notation Dend∞

Def.oper. mn,i is an n-ary operation, 1 ≤ i ≤ n, for all n ≥ 2

sym. none

rel. ∂(mn,i) =
∑

(−1)p+qrmp+1+r,ℓ(id, · · · , id︸ ︷︷ ︸
p

,mq,j , id, · · · , id︸ ︷︷ ︸
r

)

sum extended to all the quintuples p, q, r, ℓ, j satisfying:

p≥ 0, q≥ 2, r≥ 0, p+ q + r = n, 1≤ ℓ≤ p+ 1 + q, 1≤ j ≤ q

and either one of the following:

i = q + ℓ, when 1 ≤ p+ 1 ≤ ℓ − 1,

i = ℓ− 1 + j, when p+ 1 = ℓ,

i = ℓ, when ℓ+ 1 ≤ p+ 1.

Free alg.

rep. Pn

dimPn

Gen.series f (t) =

Dual operad

Chain-cplx

Properties ns, multi-ary, quadratic, minimal model for Dend

Alternative

Relationsh.

Unit

Comment

Ref. See for instance [44]



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

286 G. W. Zinbiel

Name P-algebra up to homotopy

operad with underlying space in dgVect

Notation P∞

the operad P is supposed to be quadratic and Koszul

Def.oper.

sym.

rel.

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties quadratic, ns if P(n) = Pn ⊗K[Sn].

Alternative Cobar construction on P ¡: P∞ := Ω P ¡

Relationsh.

Unit

Comment

Ref. See for instance [44]
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Name Brace algebra

Notation Brace

Def.oper. {x0;x1, . . . , xn} for n ≥ 0

sym. {x; ∅} = x

rel. {{x; y1, . . . , yn}; z1, . . . , zm} =∑{x; . . . , {y1; . . .}, . . . . . . , {yn; . . . , }, . . .}.
the dots are filled with the variables zi’s (in order).

Free alg.

rep. P(n) Brace(n) = K[PBTn+1]⊗K[Sn]

dimP(n) 1, 1× 2!, 2× 3!, 5× 4!, 14× 5!, 42× 6!, 132× 7!, . . . ,

cn−1 × n!, . . .

Gen.series f (t) =

Dual operad

Chain-cplx

Properties multi-ary, quadratic, quasi-regular.

Alternative

Relationsh. Brace-alg →MB-alg

Brace-alg → PreLie-alg, ({−;−} is a pre-Lie product)

If A is a brace algebra, then T c(A) is a cofree Hopf algebra

Unit

Comment There exists a notion of brace algebra with differential

useful in algebraic topology

Ref. [53] Ronco, M. Eulerian idempotents and Milnor-Moore

theorem for certain non-cocommutative Hopf algebras.

J. Algebra 254 (2002), no. 1, 152–172.
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Name Multi-brace algebra

Notation MB

Def.oper. (x1, . . . , xp; y1, . . . , yq} for p ≥ 1, q ≥ 1

sym.

rel. Rijk , see Ref.

Free alg.

rep. P(n) MB(n) = (K[PTn]⊕K[PTn])⊗K[Sn], n ≥ 2

dimP(n) 1, 1× 2!, 6× 3!, 22× 4!, 90× 5!, ??× 6!, ???× 7!, . . . ,

2Cn × n!, . . ., Cn = Schröder number (super Catalan)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties multi-ary, quadratic, quasi-regular.

Alternative Used to be denoted by B∞ or B∞
confusing notation with respect to algebras up to

homotopy

Relationsh. Brace-alg →MB-alg

Brace-alg → PreLie-alg, ({−;−} is a pre-Lie product)

If A is a brace algebra, then T c(A) is a cofree Hopf algebra

(and vice-versa)

Unit

Comment There exists a notion of MB-infinity algebra with

differentials useful in algebraic topology

(and called B∞-algebra)

Ref. [43] Loday, J.-L., and Ronco, M. On the structure of cofree

Hopf algebras J. reine angew. Math. 592 (2006) 123–155.
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Name n-Lie algebras

Notation n-Lie

Def.oper. [x1, . . . , xn] (n-ary operation)

sym. fully anti-symmetric

rel. Leibniz type identity, see next page

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties n-ary

Alternative

Relationsh.

Unit

Comment

Ref. [17] Filippov, V. T. n-Lie algebras. (Russian)

Sibirsk. Mat. Zh. 26 (1985), no. 6, 126140, 191.

English translation: Siberian Math. J. 26 (1985),

no. 6, 879–891.
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Name n-Leibniz algebras

Notation n-Leib

Def.oper. [x1, . . . , xn] (n-ary operation)

sym.

rel. [[x1, . . . , xn], y1, . . . , yn−1] =∑n
i=1[x1, . . . , xi−1, [xi, y1, . . . , yn−1], xi+1, . . . , xn]

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties n-ary

Alternative

Relationsh.

Unit

Comment

Ref. [9] Casas, J. M.; Loday, J.-L.; Pirashvili, T.,

Leibniz n-algebras. Forum Math. 14 (2002), no. 2, 189–207.



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

Encyclopedia of Types of Algebras 2010 291

Name X±-algebra

Notation X±-alg

Def.oper. xտ y, xր y, xց y, xւ y.

sym.

rel.

(տ) տ=տ (տ)+ տ (ւ), (ւ) տ=ւ (տ), (տ) ւ +(ւ) ւ=ւ (ւ),

(տ) տ=տ (ց)+ տ (ր), (ւ) տ=ւ (ր), (տ) ւ +(ւ) ւ=ւ (ց),

(ր) տ=ր (տ)+ ր (ւ), (ց) տ=ց (տ), (ր) ւ +(ց) ւ=ց (ւ),

(տ) ր=ր (ր)+ ր (ց), (ւ) ր=ց (ր), (տ) ց +(ւ) ց=ց (ց),

(ր) ր=ր (ր)+ ր (ց), (ց) ր=ց (ր), (ր) ց +(ց) ց=ց (ց).

(ր) ց −(տ) ց = + տ (ւ)− տ (ց) , (16+)

(ր) ց −(տ) ց = − տ (ւ)+ տ (ց) . (16−)

Free alg.

Pn

dimPn

Gen.series f (t) =

Dual operad Both sef-dual.

Chain-cplx

Properties ns, binary, quadratic.

Alternative

Relationsh. Dend � Dias։ X± ։ Dend � Dias

Fit into the “operadic butterfly” diagram, see the reference.

Unit

Comment

Ref. [38] Loday J.-L., Completing the operadic butterfly,

Georgian Math. Journal 13 (2006), no 4. 741–749.



December 29, 2011 15:28 WSPC - Proceedings Trim Size: 9in x 6in OUA10Proc

292 G. W. Zinbiel

Name put your own type of algebras

Notation

Def.oper.

sym.

rel.

Free alg.

rep. P(n)

dimP(n)

Gen.series f (t) =

Dual operad

Chain-cplx

Properties

Alternative

Relationsh.

Unit

Comment

Ref.
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Integer sequences which appear in this paper, up to some shift and up

to multiplication by n! or (n− 1)!.

1 1 1 1 1 · · · 1 · · · Com,As

1 2 0 0 0 · · · 0 . . . Nil

1 2 2 2 2 · · · 2 · · · Dual2as

1 2 3 4 5 · · · n · · · Dias, Perm

1 2 5 12 15 · · · ?? · · · Altern!

1 2 5 14 42 . . . cn−1 . . . Mag,Dend, brace,Dup

1 2 6 18 57 . . . fn+2 . . . MagF ine

1 2 6 22 90 . . . 2Cn . . . Dipt, 2as, brace

1 2 6 24 120 · · · n! · · · As,Lie, Leib, Zinb

1 2 7 · · · ?? . . . Lie-adm

1 2 7 32 175 · · · ?? . . . Altern

1 2 7 40 · · · ?? . . . Moufang

1 2 9 64 625 . . . nn−1 . . . P reLie,NAP

1 2 10 26 76 . . . ?? . . . Parastat

1 3 7 15 31 . . . (2n − 1) . . . T rias

1 3 9 · · · ?? · · · Malcev

1 3 11 45 197 . . . Cn . . . T riDend

1 3 13 75 541 · · · ?? . . . CTD

1 3 16 125 65 · · · (n+ 1)n−1 · · · Park

1 3 20 210 3024 · · · a(n) · · · PostLie

1 3 50 · · · ?? · · · Jordan triples

1 4 9 16 25 . . . n2n! . . . Quadri!

1 4 23 156 1162 · · · ?? . . . Quadri

1 4 23 181 · · · ?? . . . see PreLie

1 4 27 256 · · · nn · · · PreLiePerm

1 8 · · · ?? . . . Akivis

1 8 78 1104 · · · ?? . . . Sabinin

References

1. Marcelo Aguiar and Jean-Louis Loday. Quadri-algebras. J. Pure Appl. Alge-
bra, 191(3):205–221, 2004.

2. M. A. Akivis. The local algebras of a multidimensional three-web. Sibirsk.
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